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PREFACE TO THE THIRD EDITION 


The thooT'v of (‘ommunicalicm (‘ircuits as })ros('nio(i in this textbook is 
intended as first-course material for all studc'iits of (‘ornmunication 
eiif^iruH^ring, r(‘f»,ardl(‘ss of the fre(iu(-n(*y ranj^e with which they will be 
concerned. The basic principles of communication transmission lines 
and th(Mr associatc'd n(‘tworks ar(‘ pr(‘sented, covering the frecpiency 
ranfi;(‘ from voic(‘ frequencies throu^^h the v(ny high frequencies which 
are coming into use today, ('liaplers XIT, XfIT, and XTV on Wave 
Ciuid('s and XV on Coaxial Ckibl(‘s aj)])ly entirely to th(' rnicrow'ave 
region. Throughout th(‘ t(‘xt, wherever the problem at hand could be 
appi*opriat(»ly a])})lied to the high-fnHjuency range this w^as don(‘. 

Owing to the importance of the use of microwaves in the deve^lop- 
ments which have takcai plac(' and wdiich wall continue to take place, a 
rather ext(*nsiv(‘ treatm(‘nt of microwav(‘ transmission by mcaiiis of 
rectangular and cylindrical w'av(‘ guides and coaxial cables is present('d. 
This tnaitiiK'iit has been included also because of th(' increasing impor¬ 
tance of a knowU'dge of Maxwell’s equations. It secmis clear that, as 
more progn'ss is mad(‘ into th(‘ fi(‘ld of the hyper-frecpierKac's, (waay 
ek'ctrical engiiu'eriiig student should have at haist an ('lementary knowl¬ 
edge of th(‘ field theory to provide him with th(‘ necessary background 
for more advanced work. The treatment pr(\s(aited herewith is designed 
to lead the student into the elements of this theory and at the same time 
to provide* practical applications in modern high-frequency transmission. 

An effort has been made to cover the essentials of transmission and to 
lead logically to su(*h subj(*cts as filters, impedance matching, and w^ave 
guides. No attempt has been made, howover, to present a complete 
treatm(*nt of any pai’ticular field. The books and p(*riodicals to whicli 
reference's are* maele ai’c suggested as aelditional reading material for 
the)se* stuelents who wash to progr(*ss further into the study of these sub- 
je*cts. The present work is w’ritten on the basis of twx)-dimensie)nal 
fie*lds in the* developme*nt and use e)f e(iuatie)ns, and at high freepiencie's 
a three-eiimensiemal fielel arises wdiich would alter certain concepts as 
presented in this t(*xt. lIe)wover, te) keep the work on an unelergraduate 
level we che)e)se to restried it to a two-dimensional field basis. Also no 
account has been taken of the fact that a 2-ware line can become a 
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radiator of energy when tlie dimensions of the liiu' ar(' (•om])aral)l(' to the 
wavelength of th(‘ transmitted fn'qiu'ncy. 

A knowl(‘dge of ealeulus and th(' elements of a-e th(‘ory on th(‘ part of 
the student has been assumed. More advane(‘d mathematics is neechnl 
for certain portions of the text, and such material, as needed, has been 
included in suitabh' app(mdix(\s which may b(‘ ('itluM* assigiH'd or omittc'd 
according lo the students’ mathematical background. For those whose 
knowledge of electromagnetic theory is limitcnl an a])i)('ndix is dc'voted 
to the development, in a simple manner, of Maxwell’s ecpiations in the* 
form in which they an^ most useful tor tlu' pi-(\sent tr(*aim(*nt of wave 
guidc^s and coaxial cablets. The many example's whic'h are introducc'd 
throughout the text and the chapter probk'ins are desigiu'd to illus¬ 
trate definite points of tlu' text matc'rial as well as to provide problem 
exercises. 

Since the text treats of communication (‘ircuits from the low' voice 
frecpiencies through the microwave' re'gion it is beliewc'd that it will se*rve 
nice'ly as introductory mate'rial for any field of e*ommunie*ation which tlu' 
student proposes to e'liter. 

In revising the text for the third edition, the authors havT sought to 
ineamse the usc'fulne'ss of the boejk further by the' addition of consiele'r- 
able new' material and by a change' in e*ertain tre'atme'iits to e*onform with 
the proce'durc's wliiedi are becenning stanelard now' on account of the' gre*at 
advane*es maele during World War II. (chapter 1 has be'e'ii alme)st 
('iitirely rc'written and greatly impren'e'el. The* e*hapte'r on impe'dane'e* 
matching has again been extenele'el and bre)Ught me)re ne'arly up te) date. 
To confeam with the cemtent of more aelvanceel course's the* tre'atment e)f 
attemiatiem in wave* guide's has be'e'ii ba.se'd on Pemiting’s theore'm. An 
impen’tant advance is the aelelition e)f many nc'W' pre)blems, and an e'xt-en- 
sion of the discussion in many j^lae'C's w here* e'xpeiience of the past se'veral 
years has inelie^ated that such wemld be helpful. 

The authe)rs w'ish te) expre'.ss thc'ir appi'ee*iatie)n to Profe'ssor (J. F. 
Ce)rcoran e)f the Fniversity e)f Maryland, and to Professor T. J. Higgins 
of the University of Wisce)nsin, lor tlic'ir many valuable sugge'stions and 
aid givem during the pr('paratie)n of this third e'ditie)n. 

L. A. WARF 
H. R. rep:d 

Iowa City, Ia. 

College Park, Md. 



CONTENTS 

CHAPTEK PA(;e 

Intkodcction ix 

1. Tkansmession-Limo Pauameters J 

II. Networks, T and tt Sections 30 

III. \etw«)rk Theorems 48 

IV. The Line Composed of Finite Section^ 57 

The Imne Hwtno Fniformio' Oistrho ied Par\meters 71 

VT. OPEN-ClIKTIIT AND ShoRT-CiRCTHT LiNE.s 01 

\'II. Reflection Ijosses 120 

VIII. 1'he Power-'I'ransmission Line — Efficiencies 135 

IX. Constant-/v Fii/i'Ers MO 

X. .U-Oerived and Composite Filti rs 175 

XL Imped vNc'E 'Fransformation ISO 

XIL ri/rRMIKrU-FltEQUENCV TRANSMISSION IN WaVE Cl TIDES — ( I ENERAL 246 
XlII. Cltrahkjh-Freotency KE(TAN(,rL\R Wave (Itides 270 

.XIV. rLTKAHKJH-I'REQrENC’Y CYLINDRICAL WaVE (ItIDES 295 

XV. IOlectromacne'pk' Theory of C'oaxial Lines 323 

X\T. Transmission-Line Experiments 333 

Appendix 

I. .\n Intuodiumton TO Fourier Series 344 

11. Loop Equations 351 

III. Hyterbolk’ Functions 355 

IV. Alternative Solution for Z,, and y 362 

V. Alternative Deriyation of FIquations 6 5 and 0 6 364 

VI. Maxwell’s Equations 370 

VII. Elements of Bessel P^i^nctions 381 

VIII. Wire Table, Standard .Vnnealed and Hard-Drawn Copper 388 

IX. Natural Hyperbolic P'unctions 389 

Index 397 


vii 




INTRODUCTION 


"I'ho transfer of information eoiistilutes the basis of modern civili¬ 
zation. The theory associated wilh the operation of transmission lines 
is fundamental to thf* general probh'm of IransfcT of intelligeiuje and 
arises in all forms of electrical communication systems. Not only is 
t.he theory important in communicjation hut it also has its application 
in the equally imix)i*tant transmission of yx)\ver. Only in eommuni- 
(!ation, however, due primarily to the wide range* of frecpiencies involved, 
does it rea(‘,h its gr('at(\st complexity and, ii- may be added, its greatest 
interest. It must be not(‘d, however, that, of the two general types 
of electrical communication, (1) tel(‘phonic or wired and (2) radio or 
wireless, radio involves some of the most difli(‘ult of wire-transmission 
problems. Thus in any fic'ld where it. is necessary to transmit informa¬ 
tion, the wire-transmission line is of basic impoi*tance and well merits 
t.he attention of every student of electrical engineering. 

The transmission of information differs in one important aspect from 
the. transmission of ]x)wer, and this iK)int is one which has often been 
jxissed over too lightly. Basically, from a i)ower st.andpoint, th(* 
telephone line is one of very low efficiency while the iK)\ver line should 
be of very high efficiency. In order to understand this distinction it is 
advisable to consider l)ri(*fly the essentials of telephone transmission. 
The only way in wiiich a signal may be transmitted to a distant ix)int. is 
by producing at the distant receiving end a change of some kind which 
will be correctly interi)reted as meaning a definite event at the sending 
end. In a iK)WTr line under constant load and stable conditions the 
only thing know^n at the receiving end about, the sending end is that a 
gcnenitor is operating at a certain frequency and at approximately a 
certain voltage. If the receiving-end voltage suddenly drops to zero it 
may be inferred that something has thrown the generator off the line or 
that the line has broken down. In any case* the information available 
at the receiving end of a power line concerning the sending end is dis¬ 
tinctly limited. 

In the telephone line, using the term in the general sense of meaning 
any communication line, the information relayed to the receiver must 
be supplied in the form of fluctuations of voltage or frequency, or both. 
In the simplest case this may be brought about by using a key or 
switch at the sending end which will make and break the circuit in a 
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previously ap;reed manner (oi- the various letters of lli(' alj)hat)et. nhs 
is the method of the teh'p’aj)!! line. On the other hand, the frequeney 
and amplitude of the f2;(‘nerated wave may he varied in such a way as 
to proiluee the sound of the voice at the receiver end. The important 
j)oint is that a t('lephone line should, in general, be capable of trans¬ 
mitting iin(‘hanged, or nearly so, a rather large number of frequenci(‘s of 
varying amplitudes. 'W'ith the telegra])h line above mentioned there 
is still this problem of transmitting a wide frecjiiency band because the 
square-top pulse j:)roduced by o})erating the k(\v is made up of a very 
wide band of fr('(|uencies. In gcaieral, however, this band is inten¬ 
tionally limited in width to strike a balance between (piality and cost 
of transmission. It is thus seen that a faithful reprotluction of the 
sending-end wa\’e, ovon if it involves only a \’ery small amount of powc'r, 
is all that is reciuired at the receiving end. Tims we may not be as 
(‘oncerned about the power rec(u\Td as w(‘ are about th(‘ fidelity of 
reproduction. This is in distinct contradiction to the power line where 
power is the important element. It must not be thought, however, 
that receiver-(Mid powca* in communication lin(‘s is to be disregarded. 

Communication transmission may be looked upon in two different 
ways. In a s(*nse it is a pi*oblem in transieiits where it is n'cpiired to 
find the shape of the pulse received when a given pulse is introduced at 
the sending end, or it may be, as is usually tlu^ case a problem of 
transmission of a great number of frecjuencies each tak(‘n separatedy.^ 
Part of the problem is to show that if transmission ])henomena can be 
determined for a single freqiuaicy, arbitrarily selected somewhere in 
the frequency range, they are solvable for th(' band of frecpiencies. 
This is true for the ordinary line (‘xcept for the effects of such phe¬ 
nomena as interference and int(Tchannel modulation. Thus to begin 
with there exists a single fre(]uency problem whose solution must be 
approached through a series of simple developments, 

^ See Appendix I. 
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TRANSMISSION-LINE PARAMETERS 

Transmission-line problems are eonecTiied with some (*oml)inati(m of 
the four fundamental parameters: self-induct/ince />, wire-to-wire 
capaciUinee C, series resistance and shunt eonductanee G. The 
IraiisMission of voice freciuencies involves all lour parameters sinc(^ a 
transmission line is composed of the three inlerrelated circuits -the 
el(‘ctric, the magnetic, and the dielectric. TIk^ (*lec1ric circuit is formed 
by the wires of the line whereas the magiu^tic and di(‘lectric (*ircuits lie 
in the medium surrounding the wires. In transmission-line calculations 
tlie four parameters are assumed to l)(‘ constants of the circuit ; that is, 
they are independ(‘nt of tlie current which may be flowing through the 
line. "i1ie present treatment will he limited to linear circuits only. 

A tjansmission liiu*, although appealing simple, is a somewhat (‘om- 
plex circuit in which all four i)arameters, L, (\ It and G, are so inter- 
relat(Ml as to lead to rather involv(‘d theoretical developments and to 
many difficulties in actual practice. 

The pr(\s(‘nt chaj)ter is concerned with a biief review' of some of the 
facts connected with A, (\ It and G of a line. It is assumed that the 
student has already dealt with this material elsewhere, so that brevity 
may seem to h(* the rule. The aim is to arrive witJi as litth' disturbance 
as possible at the fundann'iital T and tt configurations of s(c(ions of a line, 
and it should be kept in mind that th(»se fundamental T and tt sections 
are in reality the starting points for the major parts of this text. 

1. The Essentials of a Line. Two paralkd w in's of comijarativelj^ 
low' resistance, pi’opt'rly supported and insulated from each other, make 
up the simple ti'ansmission line. On such a line it is only necessary to 
connect a suitable transmitter to one end and a n'ceiver to the other. 
If the line is not too long, a (‘hange in the applied voltage at the sending 
('iid will be noted })y an appropriate change in the reading of an am¬ 
meter at the i’('ceiving (md. If a variable-frequency generator is con¬ 
nected to the sending end, a suitable piece of equipment connected at 
the i*e(‘eiving end will make a record of any change in either the fre¬ 
quency or the magnitude of the generated ernf. Thus for a short line, 
little difficulty is encountered in the transmission of the requisite ele¬ 
ments of communication. 
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As the line is leng;thened eertain diffieulties l)ej 2 ;in to arise. In the 
first place, if the line is very long and if an^^ refi^rence to (*ircuit param¬ 
eters other than resistance is omitted for the present, it is found that 
the resistance alone soon becomes so great that a very high voltage 
would be required at the sending end in order to obtain a readable 
current at the receiving end. As an illustration, suppose that two lines 
are made of No. 19 AWCl copper wire and the lengths of the lines are 
50 feet and 1000 miles. Assume identical generators having an internal 
resistance of 50 ohms and a generated emf of 10 volts to be connected 
to each line. (In order to obtain maximum curivnt readings, a 
milliammeter of zero internal resistance will be assumed to be coniK'cted 
directly across the receiving end of each lin(\) 'Phe I’esistance of the 
50-foot line is 0.805 ohm, and the re(*eived current i^ 197 rnilliamperes, 
a value wdiich is easily measured. The resistance' of the 1000-niile line 
is 85,020 ohms, and the received current is 0.117 milliampere, a value 
w’hich is ))elow’ the range of the ordinary indicating instrument. The 
long line, therefore', is seen to require semie kind of auxiliary equipment 
in ewder to make successful communication possible'. 

Actually, as the line is lengthene'd, reactance due te) sedf-inductance 
and re'actance due to capacitance become serious. Also a e*ertain 
amount e)f leakage of current from one wire to the othe'r be'gins to be 
objectionable. Since the reactances are functions of the freeiuency 
transmitted, it is immediately seen that a new^ kind of difficulty has come 
into being because the transmission characteristics of the lint*, being 
functions of the reactanct's, become different for differt'iit fretiuencies. 
In the transmission of ordinary speech fretpiencies, for instance, part of 
the frequency range will be treated differently from other parts, that is, 
will arrive sooner or later, or will be of lowTr or higher relative intensity. 
It thus becomes necessary to investigate the fundamental parameters 
of a line in order to determine just how^ important they are in trans- 
mission-line calculations. 

2. Self-Inductance of Conductors in Terms of The s(*lf- 

inductance of a conductor may be evaluated in terms of the self flux 
linkages {N<l>) established by the conductor per unit current flow^ in the 
conductor. A unil flux linkage is one unit of magnetic flux linking with 
or encompassing the entire emuiactor current. Thus <^ext shown in 
Fig. 1-1 represents a unit flux linkage with the conductor if 0ext = 
BjAx - unity, because the flux in question links the entire conductor 
current. In a quantitative sense, <t>ext in the figure is distributed over 
the entire area {dx *1). 

The flux <^int shown in the figure encompasses only a fractional part of 
the entire conductor current and as such represents only a partial flux 
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linkage with (he conductor. If the current density is uniform over the 
cross-sectional area of the conductoi-, encompasses or links with 
fractional part of the conductor current, and hence in the 
expression L = N<t>/iy is reduced by the ratio of to 1. The 

value of .r in the above fraction is of course less than or equal to r since 
internal flux linkages are being considered. 



f'lG. 1-1. Klcnicntal length of conductor &ho\Ning and 0cxt* 


The concept of partial flux linkage is important in the calculation of 
inductance of all conductors since the internal flux linkages of a con¬ 
ductor are usually an appreciable percentage of the total flux linkages. 
This percentage is particularly high in coaxial cables at the lower 
frequencies. 

The inductance of the conductor shown in Fig. 1-1 due to the internal 
flux linkages is usually calculated on the basis of unit length of conductor 
and is 


U 


int 




per unit length 


[ 1 - 1 ] 


where I is the total conductor current, 

Bx = (magnetic flux density), 

jjLQ = permeability of free space (47r X 10"“^ in rationalized mks units), 
Pr = relative permeability of the conductor material. 
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SincT interrifil flux linkii^»:(\s are })ein^ considered wliere .r < r, 

//j. = (magnetic field intensity^) 

27r.r 


TT.r 


Ijr = • / (the current linked hy //j.) 


7rr“ 


Thus Bjc in equation 1-1 becomes 
Ix 


yL[)lir - ~> Webers s(i m (in inks units) 
'lirr 


and 


MoM 


0 7rr“ 27r/’“ Stt 

X Hr’ 


henry meter 


[ 1 - 2 | 
fl 31 


^^here Mri idainly the n'lative permeability of th(‘ conductor mati'rial. 

The self-inductaii(*e of the conductor per unit length due to external 
flux linkages from .r = r to x = a is 


^ ^ jT ^n X ' 


(1) X (B,(lx) 


per unit length [1-4] 


where 


Bjc = MoMr/^x = MaM/ ;;;— U > r) 

Zwx 


Hence />ext (from x = r to :r = a) is 

MOM/ /’"dj' moM/ , n: 

— In 
27r r 


-'ext 


_ ^7 

27r t/r X 2l 


[1-5] 


= 2nr2 X 10 "In - henry/meter [1-0]^ 

r 


where Mr 2 is the relative permeability of the medium outside the con¬ 
ductor. 

^ In gciKTul, rationalized mks units are employed. In this system of units // is 
(‘xpresscd directly in amper(*-turns per meter and B in w(‘bers ptT square meter. 
Hx — IxI^ttx follows directly from the circuital law of majrmdism; that is, the line 
integral of the magnetic field intc’iisity taken around any closed path equals the 
current enclosed. 

^ Throughout tliis text the symbol In will mean logarithm to the base €, and log 
will mean logarithm to the base 10. 
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The total self-indu(*tan(*e of the eoiKhietor per met(T h'ligth due to 
internal and exteinal flux linkages out to j- = a. is Lmt + or 

3. Self-Inductance of Parallel Wires. Communieation lines, the 
type primarily under consideration in this text, are usuall}' composed 
of two pai*all(d wii'os, and as such it is necessary to derive an expression 
jziivin^ the total s(‘lf-inductance of 
the i)air. The flux set up by the 
curixmt /] of tlie t wo-conductor lin(‘ 
shown in 1-2 may be divided 
into four componcuits'^: (Ij inter¬ 
nal flux within the conductor i(seh', 

(2) flux passiniz; Ix'tween th(‘ two 
^^iles, (3) flux (lossin^' th(‘ second I\‘irallcl (•f)n(luclors liaving 

wire, and (d) flux surrounding; botli separationr/. (7 1 equals/oin magnitude.) 
wires. Similarly, the second conduc¬ 
tor also set s up a flux which may be divided int o co?*responding; (*(xnponent 
parts. The flux which surrounds l)oth conductors does not link any net 
curnuit and lumce produces no flux linkaj 2 ;es. Some of tlie flux whi(*h 
crosses the second conductor surrounds nearly all the (Mirnmt I> of tlu' 
second conductor while some surrounds only a very small portion. d"he 
flux which passes between the wires links th(' total curnuit /i, Jiiid in 
det('rmining tlu' external flux linkaf 2 ;es the integ;ration is carried from 
.r = /• to .r = d, tli(‘ <*ent(*r of the second conductor, thus taking; into 
effect, api)roximately, the flux Iinkag;es which have part of their paths 
through the s(H*ond conductor. In more advanced texts it is proved 
that for nonmagnetic conductors this integration gives exact results. 

The self-inductance of a parallel-wire line, taking into consideration 
both conductors then becomes 

L = 2 + 2iXr2 In X 10“^^ henry loop meter [1-8] 

where a of equation 1-5 is now ecpial to r/. If the conductors are of 
magnetic material a small error exists in this cx|uation which becomes 
negligible when d ^ r. 

® In gcn(‘ral electromagnetic theory the basic definition of the inductance of a 
circuit is defined as that paramt'ter which if multiplied by i“/2 yields the energy W 
stored in the mngiu‘tic field of the circuit when caiT 5 ^ing current i. Thus W = L7^/2, 
or L *= 2W/i^, and the calculation of L depends on the calculation of W rather than 
on flux linkages per unit current. Since, however, the flux-linkage concept is the one 
normally employed in elementary courses, it will be used here. 



+ 2fir2 bi b) ^ henry/meter [1-7] 

2 T / 
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In terms of logarithm to the base 10, 

L = + 9.210/x, 2 X 10“^ henry/loop meter [1-9J 

If nonferromagnetic materials are involved, as is usually the case, 

L = + 9.210 log X 10~^ henry loop meter [1~10] 

or 

L = ^0.1(109 + 1.482 X Un' henry mile of line [1-1IJ 


As the frecjuency and radii of the conductors increase the intc^rnal 
self-inductance decreases in accordance with a relationship which is 
derived in Art. 11 and illustrated in graphical form in Fig. 1-9. At 
high frequencies where skin effect is very pronounced the internal 
self-inductance term of equations 1~8 through 1-11 is negligible, and 


L==41n-X 10 ^ henry/ loop meter 
r 


11 - 12 ] 


or 

L = 1.482 log - X 10~^ henry/mile [l'“13] 

r 

for nonferromagnetic materials. 

As an illustrative e.xample, calculate the inductance of a transmission 
line made of No. 19 AWG copper wires spaced 12 inches center to center. 
This wire has a radius of r = 0.01794 inch. Th{‘ use of equation 1-11 
leads to the following; 

= JM_ = o69 

r 0.01794 

and 

L = (0.1609 + 1.482 log 669) X 10~^ 

= (0.1609 + 4.19) X 10-"^ 

= 0.00435 henry/mile of line 

4. Self-Inductance of Coaxial Cables. In the coaxial cable one 
conductor is a hollow cylinder whereas the other is a cylindrical rod 
inside the outer cylinder and concentric with it. These two conductors, 
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being parts of the same eireiiil, carry the same current; thus, if the 
current in one is /, the current in the other is —I. 

The self-inductance of the inner conductor is due to three distinct 
types of linkages. (See Fig. 1-3.) 



Fi(i. 1-3. Coaxial pair. 


(a) In the region from r = 0 to r = rj, the internal flux leads to an 
('xpression for self-inductance similar to equation 1 -2, 

.T Mrl X 10“^ 

^^ • ax = 

2irii 


tj\ = MdMrl / — • 

Jo 


henry meter [1-14J 


{h) In the region from /q to ro, from equation 1 -5, 

/I r — = 2Mr2 X 10“^ X In ~henry meter [1-15] 

J,., 27r t/n X Vi 

where a has been replaced by the radius r 2 . 

(c) In considering a linkage \\hich lies between and it is noted 
that the current linked is all of the current in the inner conductor 
plus a fi'actional pai't of the current in the outer conductor. Again, on 
the basis that the curnmt is uniformly distributed over the (‘ross section 
of the conductor, the current linked is 



where /^ut 



= —Accordingly the self-inductance for this region is 

MOMr.l r' rfi - (lx 
2ir Jn rs — rj x 


2ir(ri 




= r rl In — - 1 (rf — r|)l X 10 ^ henry/meter (1-16] 

^3 ”■ ^2 L r2 ^ J 
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The total self-imliietaiice for the inner eonduetor thus becomes 


An ~ + 2/i,2 hi + “2 2 ^3 In - (/3 — r2 ) 

I ^ ^ ^2 L ^’2 ^ 


X 10“^ 
henry meter [1-17] 


The inductance due to the current in the outei* conductor may bo 
determined in a somewhat similar manner. In this ch'rivat ion tlu'n* will 
be only one term, that due to flux in the re^^ion bet wecm /•2 and /‘.-j, because 
a uniform current flowing’ in a hollow (*onductor cannot produc(» flux 
inside the cylinder.* Tlu^ fractional part of a compl(‘t(» linkaj^c' of the 
flux at r = .r with the current /„u, in the out(‘r conductor is 


•» 2 *> 
7r.r“ — 7r/*2 *r“ — / o 

7r/*3 — wri rfj ~ ri 


The current producinf>; the flux throug;l> (lie ('lenient r/.r is 

r t t t- + / 1 = h'"’ ^ - il• / - I— ~ ’"-•H • / 

L7rr3 — TT/’o J L7rr3 — tt/j J TrrjJ 

where = —/out- Tlius the self-inductance of tlu' ontca* conductor 
becomes 

ri (lx 


•^out 


2t 


3 .r“ ~ rz .r*' — rj dx 

— m —— _ • —- _ , 

t/12 /’3 7*2 /’3 ““ 7'>2 X 


= -r^i r~ T + ’’1)1 X to ^ 
n - '5 L '3 - '2 '2 4 J 

henry meter [1-18] 


The total self-inductance of the coaxial pair is the sum of the expressions 
1-17 and 1-18. 


L = 


Mrl 

2 


+ 2Mr2 In — + r- 2 — — ” + 7 ^2 “ J ^'i\\ X 10 ^ 

^’1 ^’3 - nui - ^2 '2 4 “ 4 ui 

lienry meter [1-19] 


Equation 1-19 yields the correct total self-inductance of a (*oaxial line 
at low frequencies (uniform current densities in the conductor), but for 
practical values of r 2 and the third term is negligibly small, and so the 


^ This fact follows directly from the circuital law of magiu'tism since th(' line 
intej^ral of free-space magnetic intensity around any clos(*d path in a magnetic field 
is equal to zero, provided the path of integration does not link with a currerit-carrying 
region. The path of integration around the inside of the conductor would not link 
a current-carrying region; hence H is z(*ro inside the conductor. 
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l()\v-fro(iuon(‘y solf-induclanoo is (‘xpn'ssod as 

+ 2fjLr2 Jn X 10“^ hemy/meter [1-20] 

If nonferroniiignotir niatorials are employed, 

/. = Q + 2 In X 10“^ heniy, meter [1-21] 

or 

L = ^0.08045 + 0.741 lof; —^ X 10“*^ henry mile [1-22] 

F{)i‘ very hij*;h frcKpieneies and thus loi hif»)i skin effect, the current is 
confined essentially to th(‘ inner surface of ihv outer conductor and to the 
outer su?*fac(» of the inner c<)nductor. This leads to a condition where 
there is practically no flux inside the innei* condu(‘tor and where tlic 
effective thickness of th(‘ outer conductor is practically zero. Thus the 
t('rms in ecjuations 1-17 and 1 18 rc'duce to thc^ single term : 

L = 2gr2 lii ~ X 10“' henry meter [1 23] 

i'l 

For nonferromagiK'tic material and using a for the radius of the inner 
conductor and h for the inner radius of the outer conductor, 

L - 21n- X 10“'henry meter [I“24] 

a 

or 

!j = 0.741 log - X 10~^)ienrv mile [1^25] 

a 


Note that the inductance as given by ecpuition 1-25 is approximately 
one-half that for tuo parall(4 wires sepai*ated by a distance b as given by 
eijuation 1-11. 


lllmtraiivc Example. The l()w-frc(iuency self-inductance of a coaxial cable 
w ill be calculated giving the comjionents of Lj„ and Lout, thereiiy showing that 
equation 1 20 is valid for the particular cable being considered. For the 
coaxial cable /’i =- 1/04, r 2 =- 1/S, and = 5/32, all in inches. 

From eciuation 1-17, for nonmagnetic materials 




= i + 2 h/=+ 

[2 n /'S 



= (0.5 + 2 In 8 + 0.239) X 10"’ 


- ^ (>i - '•2)J| X 10 ’ 

= (0.5 + 4.16 -1- 0.239) X 10"’ 


= 4.899 X 10“Mienry/meter 
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From cciuiitiori 1 IS, for nonmagnetic materials, 

^out = -r“- o r + ''2)1 X 

— —0.074 X 10 ^ lieniy/meter 
L = y>in + ^^out = 4.S2r) X 10“^ lienry/meter 
From equation 1-20, foi nonmagnetic mateiiaK, 

Z, = Q + 2h/=)xi0-' 


= (0.5 -f 2 In S) X 10 ^ = 4.00 X 10 ^ liemy/meter 

It is to be oliserved that the net effect of the tliird term of equation 1 19 
is to add 0.105 X 10 ^ to 4.()0 X 10~^ henry jrer meter or an inci’case of 3.5 
per cent in the lo\\-frequency value. 

The high-fre{|uency value of self-inductance is given by equation 1-23 and 
for nonmagnetic materials is 

L = 2 In - X 10-' 
n 

= 4.10 X 10 ^ henry/meter 
which is S0.4 per cent of the tiaie low-fr’equency value. 


6. Capacitance of Parallel-Wire and Coaxial Lines. I\iralM-]yirc 
Lines, The capacitance of two parallel wires which are separated Iry 

more than 10 times the radius of 
the wires may be determim^d di- 
rectl}^ from the basic definition of 
capacilance, namely: 




r = ^ 


B\ -q ^ 

In Fig. 1-4 it is only necessary to 

Fig. 1-4. Parallel conductors having +(? units of charge per unit 

separation d. length to one conductor and —q 

units of charge per unit length to the 
other. A cylindrical Gaussian surface of radius x and unit length 
enclosing the +q conductor will then be pierced by +g coulombs of 
electric flux, the density of which is 


D^q — 


coulombs/sq m 


(where x> r) 


[1-26] 


The corresponding electric intensity vector at any distance x from the 
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center of the +(/ conductor is 

\— volts/meter [1-27] 

eQ€r2TX 

where 

€() is the permittivity of free space in rationalized mks units 

€r is the relative permittivity of the medium between the two conductors. 

An expression similar to ecpiation 1 27 may be \\ritteri for and the 
voltage drop from A to /i in P'ig. 1 4 evaluated as 

V = r_ r 

t()ef2iTr \_t/r .r t/d—t y _\ 

0 d ~ r 

=-In-volts [1-28J 

€o€;.7r r 

where the first integral accounts for the efifect of the charge on wire A 
and the second for the charge on B. Since the path of int(»gration may 
be along any path connecting the two wires, the line connecting the 
centers oi the wir(»s is chosen since it is the simplest path. 

The ai)pro\imat(* w'ire-to-wire capacitance p(‘r unit length of line is 


1 

V 


€i)€rTr 



r 


COfrTT 



r 


when 


d'^ r 


[1-29] 


(See Art. 0 where proximity effect is taken into consideration.) Or, in 
more convenient forms, 




30 X 10'^ In 


d — r 


farad/meter [1-30] 


30 X 10-^ In - 
r r 


^ 27.78e, . 27.78€, ,, ^ 

Cu.-io-w = —}---T“ MMl/meter 

d - r d 

In- In - 

r r 


[1-31] 


0.01946, . 0.01946, ,, 
---— gf/mile 

d T 1 ^ 

log- log - 

T T 


[1-32] 


when d^r. 

The above formulas for w’ire-to-wirc capacitance have been derived by 
considering that the conductors are far removed from the ground plane. 
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If the wires iire strung' close to the p;roun(l phirie, the presence of the 
ground increases the wire-to-wire capacitance' to some extent. For 
example, two \o. OOOO AW(1 wire's spaced S feet, cente'r to center, have 
a wire-to-wire capacitance of 0.0074 microfarad pe'r mile, neglecting the 
presence of ground. If these wire's are located only 10 fe'et above the 
grounel plane, the wire'-to-w'ii-e e*apa(‘itaiice' is incieased by \.l] pe'r e'e'iit 
en* te) 0.007(> micre)farad per mile. The per e*e‘nt increase in the wire'-lo- 
wire e*apacitance e)f the ordinary commuiiieiation line elue to the' presc'iice 
of greninel is usually negligibly small anel is not conside'i’ed further in this 
te'xt. (Fe)r de'tails, see Basic Electrical Engineering by (1. F. Corcoran, 
p. 8()4, John Wiley & Sons, New Yenk, 1919.) 

Illustrative Example. It is (k'sircd to dcteriuine the capacitance, wire to 
wire, in microfarads ])er mile, e>f a line constructed of No. 19 AW(1 wires 
spaced 12 inches center to center in air. For this ware and si)acing, 



r 0.01794 


and 

log - = 2.825 
r 

Equation 1-32 becomes, since €r = 1 

0.0191 

Cu^^o-^o = —- = 0.00087 gf/mile 


Coaxial Lines. The capacitance of the 
two cemehictems of a coaxial line or paii*. Fig. 
1-5, may be obtained direcdly from the deriva¬ 
tion given above for parallel-wire lines if it 
is observed that the chai*ge on the outer 
q conductor of the coaxial liiu' establishes no 
ele(*tric field in the region betwec'n the (*oii- 
ductors. (This follow^s directly from (lauss’ 
theorem.) 

Fig. 1-5. Coaxial pair. J'he expression for the electric-field inten¬ 
sity in the region between the twaj conductors 
is given by equation 1-27, and the voltage difference between the con¬ 
ductors due to the assigned + and — charges is 

€oCr27r Ja X €oe7.27r a 



[1-33] 
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The capacitance of the two conductors per unit length of line is 

“ F ~ . h 


Jn- 

a 


[1-34] 


or, in more convc'iiient forms, 


(\o = 


•farad meter 


18 X 10‘'ln- 


[1-35] 


55.5()6,. 

(\o = -r“ meter 

In!: 

a 


11 m 


(\o = mile 

a 


lUusiratwe Exuwplv. Let it he icciuiicd to deteiniiiie the enpiiritancc of 
the coaxial cable ftiveii in tlie illustrative example of Art. 4 in which €r is unity, 
the dielcctnc lieiiii; an. Fiom eciuation 1-30, 

(\o — *^*^* ^^^ 20.7 //yul/metcr 

In (S 

where a = n — lai in. 

6 = r2 =• j b m- 

or, from equation 1-37, 

eVo = — = 0.013 /if/mile 

loi» S 


6. Parallel-Wire Capacitance Taking Proximity Effect into Consider¬ 
ation. If the centcr-to-center separation of the cylindrical conductors 
shown in cross s(‘ctioii in Fig. 1 0 is less than about 10 times the radius 
of the conductors, the attraction of the +q and —q charges effects a 
sensible redistribution of the line charges ^vhich in turn affects the wire- 
to-wire capacitance to some extent. The redistribution of charge is 
indicated in Fig. 1-0 by s < d where s is the separation of the line 
charges w^hich are employed to represent the actual charge distributions 
present on the cylindrical conductors. (In the derivation of equation 
1-29, it w^as tacitly assumed that the actual surface charges could be 



14 


TRANSMISSION-LINE PARAMETERS 


rophicod with lino charf 2 ,os whicli coinoidod with the centers of the 
conductors.) 

In Fig. 1 (), the potential difTerence between surface 1 and surface 2 
due to both the +q and —q line charges, is 




3GX1()‘V/, 1 / 

-In — volts 

€r CL 


The potential difTerence V ]2 hs of course a constant and (*ould be eval¬ 
uated directly, provided // and a' were known. Since h' and a are 
unknown at this stage of the (haivation, it is desirable to show that with 
the line charges separated by a distance s there exist eciuipotential 



Fig. 1-6. R(‘di.stribution of charge for calculation of t)roximity cfToct. 


surfaces which are circular in cross section, one pair of w hich has c(‘nters 
located at a- = d/2 and jc = —d/2. And tlusse tw^o etiuipotential sur¬ 
faces are of exactly the corri'ct size to accommodate the tw^o line con¬ 
ductors which are themselves ecpiipotential surfaces. To this end, the 
potential at any point in the vicinity of the two line charges, such as 
point F in Fig. 1-6, is w^ritten as 

18 V lOV h 

Vp = - - In - volts (due to both +q and —q) [1-39] 

a 

For Fp to be constant, 

- = fc 11-40] 

a 

where A; is a constant to be determined. 

It follows from Fig. 1-6 that 

L = +2/2 and a = 
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From ('qiiiition 1-40, 




V'V .,1 


(2 + -v + ^ 

t-') +"■] 

[1-41] 


It follows thilt 


..2 _ ^ + I)-. , (A-2 + I)- s 


(A- - 1) 


•w + 


(A-- - Ij^ 




[1 42] 

, , (A^ + 1)- ,s-“ 

whoro tlio ■ - -- • — lias boon addod In lioth sidos of tho oqiia- 

lion in oi'dor to roinplrto tho s(|iiare in .r. Kcjuation 1—12 may be 
Avritton as 



(/ r + 1) .1^ 

- 1)'2^ 


+ r 



[1-48] 


Unis showing tliai lli(3 cross soction of tho oijuipolential siirfa(*es oslab- 
lishod by the +r/ and — r/ lino chargos an' circles, d'he conductor 
ociiiipotential surl’aces liavi* radii oiiiial to r; hence 


Since tlio center of tho +f/ conductor is known to lie at ^ = 0 and 
X = 2, it follows from eciuation 1 t3 that 


(/ /r + 1 .V 

2 "" F”- 1 ‘ 2 


[1--45] 


Solving equations 1-14 and 1-45 for A* in terms of the known values of 
d and ?•, there is obtaim'd 


and 



A‘ = —7 = —- zb 
a 2r 


■It, 


V 


12 


sGxio'v, , <r^ 


3(iX10'ln(t + ^(t) _l) 


farad/meter 


[l- 40 ]'^> 


[1-47] 

[1-48] 


® Tho use of the minus sign before^ the radical leads to a mathematical incongruity. 
When d is large compared to r, (‘ciuation 1-48 reduces immcdiah'ly to eiiuation 1-30, 
but such is not tho cas(» if tht‘ minus sign is used before the radical. 
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Equation 1-48 yields results which are somewhat more accurate than 
the results obtained by equation 1-30, but where d is large compared to 
r the difference is negligible. 

Equation 1-48 may be expressed in terms of the inverse hyperbolic 
cosine® of d 2r. Since tables of hyperbolic functions are readily avail¬ 
able (see Appendix IX), the following form of ecpiation 1-48 may be 
used to aclvantage: 

C = - ^ -j-farad/meter [l-48a] 

3G X 10*^ coslr^ ^ 

2r 


Illustrative Examj)le. In Fig. 1-C it will be assumcil that the conductors 
are surrounded by air (€r = 1) and that = 4 cm and r — 1 cm. bet it be 
lequired to find the capacitance of the two conductors per meter length by 
means of equations 1 31, 1-4S, and l-4Sa, leeognizing that eejuation 1-31 can 
yield only an api)io\imate result since, in this case, the pioximity effect 
cannot be neglected because of the low ratio of d to r. 

The appro.ximate lesult obtained by means of equation 1-31 is 


C 


w — io — n 


27.7S 27.78 27.78 


. d — r In 3 1.1 

In- 

r 


25.2 MAtf/meter 


From equation 1-48, 
f w — to — w ^ •——— 


10^2 


36 X lOMn I — + 
2r 




___ 

30 In [2 + v/2- 


27.78 
In 3.73 


27.78 

1.317 


21.1 jutjuf/meter 


^ -j- €~® 

® The hyperbolic cosiiK* of x (abbreviated cosh x) is by definition-- (See 


Appt'ndix III and Appiaidix IX.) 


If 

^ + 6-^ d 

COhh X = - = — 

then — - €® + 1 


2 2r 

r 

and 


~ 1 


X ~ cosh"^ — * In 
2r 
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From equation l-48a, 


10*2 


36 X lOV-osh-i- 


2r 

103 27.78 

--;—=-— 21.1 ju/xf/meter 

36 X cosh-^ 2 1.317 


where cosh ^ 2 is obtained from the tabular values ^<iven on page 389. 

7. Series Resistance. It is in tlio sorios resistance of a current- 
carrying line that the greatest percentage of the line loss occurs. The 
loss in (piestion is the result of the irreveisihle transformation of electric 
energy to heat energy in the series resistance. If this loss is to be 
properly accounted for, the series resistance must be evaluated as 
accurately as possible for the particular conditions under which the line 
is operating. 

The series resistance is a function of both the operating temperatui’e 
and the operating freqiumcy as well as the size* of the line conductors 

and the conductor material. It will be remembered that in general for 

direct currents 

= [1-49] 

where p is the resistivity of the conductor material, 

I is the length of the conductor, 

A is the cross-sectional area of the conductor. 

As applied to a loop of a two-conductor line of length 

^loop = Pi -7" -+■ P2 “j-* [1-50] 

Ai A2 

where the subscripts 1 refer to one of the two conductors and the sub¬ 
scripts 2 to the other. 

In practice the unit length of I is often selected as 1 foot and the unit 
of A is selected as 1 circular mil. In this case p is expressed in ohm- 
circular-mils per foot, which for standard annealed copper is 10.37 ohms 
at 20°C\ For hard-drawn copper (97.3 per cent conductivity), p is 
10.66 ohm-circular-mils per foot at 20°C\ (See Appendix VIII for table 
of standard annealed copper and hard-drawn copper conductors.) 

The value of p and hence of R varies considerably with temperature. 
For the case of copper the variation in resistance with variation of tern- 
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peraturo can be accounted for quite accurately by means of the following 
I’elationship: 


R 2 _ 24 0 + f o 
R\ 240 + /i 


[1-51] 


where Ri and Ry are th(‘ resistan(‘es at tlie temperatures /i and I 2 degrees 
centigrade, resiKTtiv(4y. The number 210 in ecjuation 1 51 is actually 
the reciprocal of the zero-d(‘gree-centigrad(' value of the temperature 
coefficient of resistivity. The coefficient is 0.00427 for annealed copper 
and 0.00415 for hard-drawn copper; hence 240 repres(‘nts a compromise 
between th(*se two grades of (*opper. 

In derivations which a]‘(‘ carricnl out in inks units it is sometimes 
desirable to know the r(\si^tivity of the mat (‘rial in ohm-s(iuar(‘-rneters 
per nuder. If the resistivity in ohm-circular-niils per foot (ptmf) 
known, it follows that the rc'sistivity in ohm-s(iuare-meters i)(‘r meter 
(Pm) is 

= p„„/(5.0(i X l(r"’)(3.28) 

= i().(i X 10“' 

For the cas(‘ of hard-drawn coi)i)er the resistivity is 
= IG.t) X 10“^^' X lO.OO 

= 1.77 X 10“^ ohm-square-met('r meter at 20'^(^ 

It is this value of p which is used in the following two sections where 
the series r(\sistancc is considered as a function of fietiuency. A dis¬ 
cussion of resistance variation with tcunperature at high frcHiuencies is 
given in “ The Transmission C4iaractei*istics of Open-Wire Telephone 
Lilies,’^ by K, I. Grcnm, B.S.TJ., Oct. 1930. 

IlluMmiive Example. Let it be required to determine the ivsistanee per 
lOOO-foot loop of line made up of coiieeiitric cylindrical conductors having a 
No. 14 hard-drawn copjjcr conductor for the inner cylinder and a hard-drawn 
(;opper tube of r 2 = 0.10 in. and rs = 0.130 in. for the outer cylinder. Resist¬ 
ance to be determined at an ojjcrating teinj)erature of 35°(k 

From the wire table the resistance per 1000 feet of No. 14 hard-drawn 
copper conductor is 2.595 ohms at 20°C. 

I 

For the outer conductor use p 2 from equation 1-50. 

A2 
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where A 2 = dj — di — 200- — 200“ = 27,000 eir mils 

From equation 1 50, 

= 2.595 + 0.:iS0 - 2.9SI ohms at 20°(J 


To determine the resistance at 55°C use ecjualioii 1-51: 


7 ? 


lOO]) 


240 + h 
240 + h 


X Hi 


- X 2.9S1 - 3.155 olims at 35°C 

210 + 20 


8. Change in Resistance and Inductance Because of Skin Effect. When 
a wire is earryiiij* an alteuimiing currenl 01 in general any current whose 
magnitude is varying, the current lias a 1en(i(mcy to crowd toward the 
surfai^e of the wire. 'Diis })lienoin(‘non is called nkin Tlu^ reason 

for its existence may l)(‘ seen from the following eliunentary analysis. 
Assume the wire to lie di^'ided into a large number of v(uy small circular 
elements all exactly alike and parallel to the conductor axis. Assume 
also that the wire is carrying a cunxail which is uniformly distributed 
throughout the cross section and that this current begins to in(*rease in 
value. The elements near the axis have more flux encircling them and 
h(‘nce have a higlua' s(‘lf-inductance (because of the higher number of 
flux linkage's) than those ne'ar the surface'. Hence an easier ])ath feir 
current wall lie toward the surfae*e of the cemducteir, and since the 
material is uniform, the current w ill se'e*k to flow along the paths of least 
impeelancc. 

Another conce'pt e)f skin e*ffe'ct may be explaineel in terms of Rl and 
XI drops. The' drop over any unit length of each of these elc'ments, 
since they are in parallel, must be the same for all. ddiei’efore, because 
of tlie higher inductance anel hene*e higlier resultant voltage elrop near 
the center e)f tlie wire, then-e must be' higher RI drop ne'ar the surface. 
Since the resistance e)f all eiemients is the same', it fedlow’s again that the 
current near the surface must be' greate'i-. Ile'iice there must be a redis- 
tribiitiem e)f current throughe)Ut the wire wiie'n a e*urrent of variable 
magnituele is flowing. An incre'ase in current in the e)uter pe)rtions of 
the wire will e*ause a greate'r heat loss than the reeluction due te) a elecrease 
of current neai* the e*e'nter. This reelistrilnitiem of curre'nt must result 
in an ine*rease e)f total ceaiductor resistance since effective resistance is 
defined in terms of heating effect, wiiich is proportional to current 
squared. 

The correction factor to apply to solid round w ires to account for the 
redistribution of current due to skin effect is show n in Fig. 1-7 where the 
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ordinate reprohents the ratio of the etTective a-c resistance, Tine, to the 
zero frecpiency oi- d-c resistance, Iidr> (The derivation of the results 
shown in Fip;. 1- 7 arc p,iven in the foll(n\ing sections.) 



0 Q l I I I I I I I I I I I I I I 1 I I I I I 

^ a^O 20 40 60 80 Scale B 100 

•I -go 1 2 3 4 ScaleA 5 


Fici. 1-7. Correction factor for skin effect for solid round wire to be apj^lied to 

re.si.^tanco. 


The ratio Rac^T^de i« a function of the frecpiency, the conductor mate¬ 
rial, and the radius of the conductor. These variables are usually 
grouped together as indicated by mr on the abscissae of Fig. 1-7, where 


mr 



(in rationalized units) 


[1-52] 


and r is the radius of the conductor. 



o) = 27r/ (radians/sec) 

M = MoMr (the product of the permeability of free space and the 
relative permeability of the conductor material) 

p = resistivity of the conductor material 
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The product mr may be evaluated in any systematic set of units since it 
is a dimensionless factor/ but, if unrationalized units are employed, it is 
necessary to use m = p. The reason foi* the difference in the 

forms for m will become evident after the derivation of Rac Rdf con¬ 
sidered. (See Art. 9.) 

llludraiive Example. In order to illustrate the use of Fig. 1-7 let it be 
required to find the rcsistanre of lOOO feet of No. 10 AAVC hard-drawn (‘opi)er 
conductor at 20°C o])eiating at a f]e(|uencv of 4 megacycles. (See Appendix 
VIII for the dimensions and d-c resistance of the conductor.) 

In rationalized inks units, the kno\Mi ilata arc 

^ ^ ^ 0 Q254 = 0.001294 motor 

2 

// — /Zfl = Itt X lO""^ (sinre/Xr of copper is essentially unity) 

p = 1.77 X U)^''ohm-s<i m/meter (See Art. 7.) 

CO == 27r/ — St X Hf’ radians/sec 
Rdc — 1.027 ohms 


hence 


7nr 


= ( K XJiT (1.294 X 10 ») = 54.: 

\\ 1.77X10-'' / 


The ratio Rac/Rdc fui* = 54.7 is found from the B scale of Fig. 1-7 to he 19.6 

and/fa, = 19.6 X 1.027 = 20.1 ohms. 

The same result might be obtained emjdoying any other set of systematic 
units. In the unrationalized ab-egs system, for e.xample, where 



and p = 1.77 X 10^ abohms-sq cm/cra 


/ kr X Sjt X 10® X 1 
1.77X10® > 

) (0.1294) = 54.7 

^ Since mo is dimensionally EU ^ (where F represents force), Mr is dimensionicvss, 

and 0 ) is dimensionally T b it follows that 



-1 /pl /-2/2 

rH^ 

or, since RI^ is dimensionally equal to 


,, It-w 



SFHh'-'- 



22 


TRANSMISSION-TJNE PARAMETERS 


vvliich is the same as that o])tair\e(l when rationalized inks units are em¬ 
ployed. 

The reason for tlu' dual evaluation of mr is io emphasize the fact that 
7)1 — yj cojLi ‘p in rationalized units and m = X^AwLOfi/p in unrationalized units. 
Botli forms of m ajiiiear in the literature. 

9. Derivation of Rar R<ic Consider any cylindrical element of a solid 
round conductor which has a radius .r and an axial lenf 2 ;th of unity. A 
cross-sectional view' of one such elenu'iit is shown by the ahde i*ectaiigle 



in Fig. 1-8. (Qualitative reasons for the difTeren(‘e in current density J 
at nadii of .r and (.r + dx) w'ere given in Art. 8. Matheniatically, 

J is the current density at a distance x from the center; 

^r/.r^ is the current density at a distance (x + dx) from tlu^ center. 


It should be recognized that in general J (or J) is a function of both x 
and time f. 

If the frequency of the alternating current carried t)y the conductor is 
fairly high, an appreciable r/0 d( voltage is generated in the ahde loop of 
Fig. 1-8 which for voltage ecpiilibrium requires unbalanced RI drops 
along the ab and cd paths. These RI drops may be written on a unit 
length basis as 


Rab^ nh P J ah — pJ 

A 

11-53] 

ReJ cd = P-^' led = p{j + 

11-54] 


Since 


I 

& ' dl — - 77 (around any closed loop) 

ct 
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we may write 


/ d I \ d(l) 

J^ah^ab ^cdJ(d ~ P \ ”}“ T I ~ TTi 

\ dx / dt 


from which 


dJ dB, dixH, ^ 

p — ax =- dx = - dx 

dx dt di 


p — = p~ ~ (assuming p, constant) [1-56] 


dx dt 


If rationalized mks units are employed, 

11X = arapere-turns meter fl-57] 

27r.r 

where lx is the current enclosed within the ttx^ iiortion of the conductor 
area or the current which establishes 

Recognizing that J is n function of x as well as of /, 




Ix = I J2Trxdx 


From equations 1-57 and 1-58, 


xHx = I Jxdx 


If this equation is differentiated with respect to x, there is obtained 

X Hx — Jx 

dx 


+ j 

dx x 

which if differentiated with respect to t yields 
d^Hx 1 dHx __ dJ 

dxdt X dt dt 

Equation 1-56 rearranged gives 

d/Ix __ P dJ 
dt p dx 


[1-62] 
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and, differentia tod witli respe(*t to .r, 


_ p 

dtdx ~ p ’ d.r“ 

Siibstitiitiii{»; the above values for d//j. Of and d^//r OxOt 
1-01, an equation in J is obtained 


[1-03] 
in equation 


O-.I 1 OJ fJL ^ 
d.r“ X Ox p Of 


[1-04] 


If the current in the conductor is a sinusoidally time-varying current 
having an angular frequency of co, ./ may foi‘ analytical purposes be 
represented as where = cos ojf + j sin w/ and Jx is a function 

of X only, rnder these conditions equation 1-01 becomes 


0\fx [ Ojx 
* Ox 



[1-05] 


where ./( = a/”“ 1) is used in its customary sense to mean an operator 
which advances the time phase of a complex quantity through 90°. 

Equation 1-05 is a Bessel’s ecjuation which defines the current dis¬ 
tribution wdthin the conductor, and a solution of this equation w’ill yield 
the results shown in Fig. 1-7. This equation is customarily written as 


O^J X 1 OJ X 

ITT 

Ox X Ox 


- jnrJx = 0 


[ 1 - 00 ] 


where m = \/(jip.lp^ and, since this derivation has been performed in 
terms of rationalized units, the value of p to employ is Air X 10"“^ if the 
mks system is used. 

10. Solution of Equation 1 66. If m in (‘(|uation 1 (>(> is assumed to 
be constant for any specified conductor, a solution of this equation for 
Jx takes the form: 

Jx = €io + + d 2 X^ + a^x'^ + a^x"^ + -f + a^x'^ -f a^^x^ 

+ ••• [1-07] 

—jm^Jx = — jm‘^a\i—jnra\x—jnra.\x ^—— 

1 1 

-. —^ = ai - + 2a2 -h Saaa; + 4a4X^ -|- imx^ -f 7070 :^ + + 

X ox X 


aVx 


+ 2a2 + ba^x -f- 12a4X^ -f- 20a^x^ -f + 42a7X^ -f SGasx® + 


If the a’s can be evaluated and determined uniquely in terms of the 
boundary conditions, then the assumed form of Jx will be useful pro- 
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vided the infinite seizes (‘onverges rapidly. Since ao is the value (»f Jx 
at X = 0, the other o’s w ill he evaluated in terms of uq. It is to he noted 
that the above three functions whose sum is always zero (see ecjuation 
1 OG) have been arran^^ed in columns of 1 .r, constants, .r, x^, etc. With 
this arranj*ement a ^z,iven a can he e\aluated in terms of oo almcnst by 
inspection, as 

2(12 + 2^2 — =" 0 


or 

Qo ~ - 

\ 


The a\s are then se(*n to he 
«! = 0 , 02 = —^~ 


Vfroi 

-i—"’ 





2*(2lf’ 


Of, — 
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= 0 , 


Of, = 


jm-aj 

3(i 


2'’(3!)-’ 


07 = 0, 


_ jm^aa _ m’^a o 


09 = 0, Olo = 


J7tras 

Too 




etc. 


Hence 

J: 


4 4 


/ .nrj:^ m".v 

= an^l+,/-22 - 


- J . 


vAv'‘ 






+ j 


2'’(3!)- 2'’(4!)- 

_ . \ 
21“ (5!)^ 2i^(()!)^ / 


.10 


^ = ao ‘ 7 


called her m.r 


0 


. /nrx^ 
+ J(i() I “ 22 ” 






2<>(3I)2 2^^5!)2 

• • called hei jn.v • • • 



The seri(\s designated by her mx and that for hei 771 X are abbreviations 
for the real and imaginary parts of the Bessel function J(){j^^mx), 
Note: J is used as a mathematical symbol in the solution of Rossers 
ecjuations and here as a current density. The text material should 
clearly indicate the subject matter under discussion so that no confusion 
should arise from this dual usage of the symbol J. 

11. Evaluation of Rac ^Rfir and L ar The voltage di*op along any 

path like ah or cd in Fig. 1-8 is equal to the voltage drop along the outer 
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lamination where x = r since the flow of current is diix'cted alonfi; the 
axial length of the conduct or. The voltage drop along the outer lamina¬ 
tion per unit length of conductor is 

Cr = pJr = pao(ber mr + j bei inr) [1-09] 

This voltage drop divided by the total conductor current I represents 
the internal impedance of the conductoi- pen* unit length. At any instant 
of time 

1=1 Jj2TX(h' = 2x^0 / X{her rnx + jhei7nx)(Lv [1-70] 

•/) t/O 


Employing the series forms shown in equation l-()8 for ber inx and bei 
mx, it is easily shown by termwise intt'gration that 


2Taorr/mr 0/nV'* lOmV^ \ 

"" ~ 2'’(3!)- / 

(.culled bei^ mr .) 

./4otV ]2/7i"r“ V 

V2-*(2!)^ “ ^(4!)- 2'-((iT)2 ~ ■')_ 

(.calked —ber' mr .) [1 71] 


w’here bei' mr is the first derivative of bei mr, and ber' mr is the first 
derivative of ber mr, as may be readily checked by differentiating bei mr 
and ber mr with respect to inr. 

The internal impedance per unit length of conductor is 




€f 

1 


pm 

27rr 


/ ber mr + j bei mr \ 
\bei' mr — j ber' mr/ 


[1-72] 


Rationalizing gives 


Zi = 


pm 

27rr 


' (ber mr bei' mr—bei mr ber' mr) +j (bei mr bei' mr+ber mr ber' mr)' 


bei'^ mr -T ber'^ mr 


[1-73; 


The real part of equation 1-73 is interpreted to be the effective series 
resistance of the conductor and the j part as the internal inductive 
reactance of the conductor per unit length. Thus 

= Rac + jwLac (per unit length) 


[1-74] 
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11 

~ 2 

on a per unit length basis, 


Trr*' 



Rut 

mr 1 

^ber mr bei^ mr — 

bei mr lier 

Rd< 


y, bei'“ mr + 

?nr 


[1 - 75 ] 


Since* the* d-c internal helf-inelnctance ih m Stt units of inductance per 
unit lenj»th of conductor (see equation 1-2) and since the internal 
inductive reactance is 




d)ei mr h(‘i^ rnr her mr her^ mr\ 
hei'^ rnr + her^*^ nir > 

})ei mr hei^ mr + bur mr ber^ mr\ 
bei^“ mr -f- ber'^“ mr ) 


[1-70] 


[1-77] 


By means of eeiuation 1-75, the ratio Han fUi be evaluated for 
vaiious values of mr and plotted as shown in Fig 1 -7. 

By means of eeiuation 1-77, the ratio ljac/Ld< may be evaluated for 
various values of mr and plotted as shown in Fig. 1-9. 

lUaslrdlivc Example. In oidei to illustiatc the uso of cciuations 1 75 and 
1-77 lot it be required to determine these ratios for an mr value of 3 . Boi mr 
and bei mr are evaluated from tlie lespective soiies given in equation l-OS and 
her' mr and bei' mr from the series given in eciuation 1-71. 

ber mr = lier 3 — —0.2214 

bei mr = bei 3 — 1.9370 

ber' mr = bei'3 — —1.5099 

bei' mr = bei' 3 == 0.(S805 


From eeiuation 1-75, 

^ - 1 . r (-0-2214)(0.8 S05) - (1 .937 6 )(-1.5699) 

Rdo~ "L O. 8 SO 52 d- 1.5099“ 

It will be obseived that this ratio agrees ^\ith that shown in Fig. 1-7 and 
indicates that the a-c lesistance is 1.318 times the d-c resistance. From 
equation 1-77, 

^ ^ 1 33 r (b9370)(0.88 05) F (-Q .2214)(-1.5099) 

Ldo " ‘ L O.88O52 -h l.OOOO'-^ 

This result agrees with that shown in Fig. 1-9 and indicates that the internal 
self-inductance of a conductor (operating under conditions such that mr = 3) 
is 0.845 times the low-frequency or d-c internal inductance. 
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mr 

Fic. 1-9. Correctioii f{u*tor for skin ottect for solid round wire* to be applic'd to 
inductance. Multiply the term due to internal flux linkaso by th(‘ ratio Ijui Ldc 


The value of mr = 3 may of course l)e obtained in a variety of ways. The 
value of m for a copper \^ire carryint? a current of 10,000 cycles per second is 


w 


Icoj^L _ hw X 10’ X 47r X 10“^ 

VT ” V i.77 X 10 


For mr = 3, 

3 

r = - 

2115 


0.00142 meter or 0.142 cm 


The same value of mr would apjdy to a coi)per conductor which is half the 
diameter and carries a current of 40,000 cycles per second. 


12. Approximate Expressions for Rac at Very High Frequencies. At 

very high frequencies, the a-c resistance of a conductor of ordinary size 
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is approximately (he same as the d-e i*esistanee of a hollow conductor 
having*; the same outer dinumsion^ and a thickness of 


8 



meter 


[1-78] 


wliore p is the resistivity in ohm-sciuare-metei’s per meter, 

/ is tlie fixHjuency in cycles per second, 
iJLj is the relative permeability of tlie (*onductor material. 



Fio. 1-10. Exponential decay of current from surface of conductor. 


liquation 1-78 is called the depth of penetration formula, and it may be 
used to derive approximate expressions for the a-c resistance of either 
parallel-wire lines or coaxial cables. As applied to a solid round (*on- 
ductor, it is evident that the effective area of the equivalent hollow 
conductor is 

As = irr^ — 7r(r — 6)^ = 27rr5 — [1“79] 

® Aft(‘r Maxwell’s equations have been ronsiden'd, it can be shown that, as a good 
approximation, the current d<*nsity decays exponentially in magnitude from the 
surface' of the conductor, as indicated in Fig. 1-10. (See Appendix VI.) Tlu' total 
current in a conductor of any fixed width y is 

00 not) 

f J{y,U) = // / = ySJ. 

0 t/O 

where Js is the current density at th(‘ surface. 

Thus the total current I may be taken into account by th(' simple expedient of 
assuming a uniform current density of over the entire depth of penetration 6. By 
means of this assumption the high-fretiuency resistance is approximated as 

provided Rdc is evaluated as pl/yh^ where y is the periphery of the conductor. 



30 


tkansmihsion-lixp: pakamkteks 


If 5 is very small compared to r, the a-c resistance of the conductor 
may be written as 


= — = ^ 
2Trd 


_1_ 

2t X 503 


rm 


ohms/meter of single conductor 


[1-80] 


where indicates that tlie radius of the conductor is to be expressed in 
meters. 

Convenient working exprc'ssions for Hue may be obtained directly from 
eciuation 1-80. Jn ti’an.smission-line work it is often desirable to have 
Iia( nf a coppeu* line expressc'd in ohms ])(‘r loop ni(‘te‘r and in ohms per 
loop mile. In this case p = 1.77 X 10~^ ohm-scpin pc^r met('r and 
Pr = 1* Inserting these values into (‘(luation 1-80 and expressing the 
radius in centimeters rather than in meters, there is obtained for parallel 
hard-drawn copper conductors, 

Jiac = 8*1.2— X 10 ' ohm loop meter [1“81| 

rn 

or 

v7 

Rac = 135 — X 10“^ ohm mik' of line [1“82] 


where is the radius of the conductor in centimeters and / is the trans¬ 
mitted fre(iuency in cycles per s(‘cond. 

For a coaxial line composed of hard-drawn copp(‘r conductors, 


or 


Ttac 

liac 




X 10 ^ ohm/meter 


X 10 ohm/mile 


[1-83] 

[1-84] 


where a is the radius of the inner conductor, b is the inner radius of the 
outer conductor, each in centimeters, and/ is the transmitted frecpiency 
in cycles per second. 

In using equations 1-80 through 1-84 at intermediate frequencies 
(those in the order of 100,000 cyc’les per second) oik' may estimate the 
degree of approximation involved by noting the magnitude of relative 
to 2r5 where 8 is evaluated by means of eejuation 1-78. It will be 
remembered that of equation 1-79 was considered to be negligible 
relative to 2 TrB in arriving at equation 1-80. 


Illustrative Example, In order to emphasize the limitations of equations 
1-*81 through 1-84, let it be required to find the ratio Rac/Rdc of a copper 
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conduotor 0.J42 ociitimoter in ladiu'^ o])eratin^ at 10,000, 1,000,000, and 
10,000,000 cyclos por second })y means of ecpiation 1 SI and compare tlie 
results with those ^iven in Fij». 1-7. The latter values are the more precise 
since they are })asetl on equation 1-75. 


Rdc 



1.77 X 10-« X 


2 

T (0.00142)2 


— 0.00559 ohm/2-metei lenstli of wire (loop meter of line) 


Employing equation 1-Sl, at 10,000 cycles pei second, gives 


7? 


at 


.S4.2 X -s/lO.OOO X 10 ^ 
0.142 


0.00593 ohm/loo]) meter 


^. o.Mr.95 _, 

Itdc 0.00559 


The value of inr of this conductor opeiating at 10,000 cycles j)cr second is 
mr 

From Fig. 1-7, 


= J-^-^ = J'~ X (0-00142) = 3 

\ p \ 1.77 X 10 " 




= 1.32 at mr = 3 


For this case, from o(|uation 1-78, 

[1 77 y i()-s 

5 = 503 , - --= 0.0006()9 meter or 0.0669 cm 

\ 10' X 1 

and (= 0.00447) is not negligihle relative to 2r5<.,„ (== 0.019). 

The Jesuits of the calculations for the other fiecpiencies are made in a 
similar manner, and all arc given in tlie following table for comparison. 

/ R(u R(i< ^cm 


cycles/.sec 

from eq. 1-81 

mr 

from Fig 1-7 

^f/rt 

2r5(in 

2rScm 

10^ 

1 06 

3 

1 32 

0 00447 

0 019 

0 235 

10' 

10 6 

30 

10 9 

0 0000447 

0 0019 

0 0235 

10’ 

33 5 

94 8 

33 8 

0 00000447 

0 0006 

0 0075 


As sliown in the table, the corrcsijondence becomes better as the value of 6^ 
becomes smaller relative to 2r5. 


13. Shunt Conductance. Whvn two parallel conductors have a 
potential difference between them, a certain amount of current will flow 
because of the finite resistance of the insulation. For a line mounted 
on glass insulators this leakage may be very small in dry weather. For 
a cable where the wires are close together and the insulation is not too 
good, or perhaps damp, the leakage may be rather large. Since we 
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customarily speak in terms of units of I mile of line, it is usual (o state 
conductance as a c(‘i‘tain numlua* of mhos (or micromhos) per mile. 
Tlie phenomenon of k'akage on a line is analoj^ous to having; a large 
number of veiy high-resistance wires, uniformly spaced along tlie line', 
connected Ix'twTen tlie two wires. Conductan(*e is usually treated as 
all lumped at one place in each section of a line or uniformly distributed 
along the line. A(*tually it ma}^ be neitlier, but any erroi* due to this 
discrepancy is ent irely negligible. Leakage conductance will be denoted 
by the letter C, and it is in general spe(*ilied on a per-unit-length-of-line 
basis if it has a significant effect on the operation of the line; otherwise 
it is considered to be zero. 


o—WAA^- 


-y wyAA—j— 


o——^/AAAA/ ' ^ ' V , 00(^/ " " V QOQ / nAAAAA/ " ' v. QQQ o 

0 12 3 


Fig. 1-11. Representation of a transmission line. 


14. The Short Line with Lumped Constants. We have seen that a 
line has distributed along its entire length a great number of infinitesi¬ 
mal series resistois, (*oils, cap<*icitors, and shunt resistors. The con¬ 
sideration of these units to the present time is sufficient to tell us how' 
these are arranged. With every elennmt of length along the line, no 
matter how'^ small, there is associated a small series n'sistance /L an 
inductance L, a shunt capacitance C, and a shunting resistor whose value 
of conductance we have designated as (j (= Iz/fsi,). Thus it is clear 
that, if accuracy is desircxl in the schematic njpresentation of a line, the 
line should be drawn somewhat as shown in Fig. 1-11, wdiere the kmgth 
of each section, as 0 to 1, 1 to 2, etc., is infinitesimal, ft thus appears 
that a diagram of the communication line cannot be drawm exactly 
correctly. Furthermore, for the purposes of calculation according to ele- 
mentaiy circuit methods, such a circuit does not lead to exceptional 
simplicity. 

The next best compromise, and one which immediately suggests 
itself, is to employ, not an infinitesimal section, but a section of finite 
length. It is clear that, if one uses as a section the entire line of per¬ 
haps many miles and places the shunt capacitance and conductance 
across the center, the results would be considerably in error. Actually 
current is leaking across the line all the w^ay from the generator, and 
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thus, as wo proceed along the line to the center, the current in the w ires 
is ])rogressively different, and the eleineiitaiy inductance and resistiin(*e 
near the center are not carrying the same current which started from die 
generator teiminals. However, in placing the capacitance and con¬ 
ductance across th(‘ center of the liiu*, the assumption would be mad(* 
that no change in current occurs until the current arrives at the center. 
Thus a compromise must be made between a long section w’hi(*h is too 
inaccurate and a very short section. Since all sections can be con¬ 
sidered alike, the characteristics of one short s('ction can be calciilatcKl 
and the results extended to include the required number of sections 
necessary to make up the entire line. 



(a) T section (6) n section 

Fic 3. 1-12. Kc'prosciilation of a transmission line. 

Thus it is possible to settle on a relatively short section as re])resent- 
ing the line provided that the total capacitance across the line, or any 
other parameter, is made etjual to the measured or calculated amount for 
that length. This stattancmt does not imply that the capacitan(‘(^ and 
leakage conductance must be across the center of the se(‘tion. Indeed 
they may be divided with a part placed at one end and the remainder 
at the other end. In other wwds, both the s(‘ctions shown in Fig. 1-12 
are permissible since these tw^o sections have the same total L, (\ /f, 
and G. However, if calculations are made using these two sections 
while employing a given generator voltage at one end and load resistor 
across the other, the same results Avill not be obtained, nor will either 
answer be correct. Frecpiently the results obtained using either type 
of section are sufficiently good for practical purposes. AVork on trans¬ 
mission lines thus usually begins w ith a consid(M-ation of these relatively 
simple components - the elementary sections 

PROBLEMS 

(All copp(‘r roiuluotors sp(*cifi('(l in tlicsc problems are assumed to be hard drawn 
and operating at 20°C, unless otherwise noted.) 

1-1. Given a line constructed of two paralh'l No. 000 conductors spaced 15 inches 
center to center, find the low-frequency self-inductance in henrys of 5 miles of line. 
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1-2. Find the sHf-induftanco p(‘r loo]) iiudor in inicn)li(‘nrys of a parall(‘I-wirc 
lin(‘ oporating at a V(‘ry IukIi fr(‘(iuon(*y (whore* the iiitornal inductance of th(‘ con¬ 
ductor is ncgligifjly small) if the hue is made of copper tubing' having an outside 
diauK'ter of ’ ^ incli separaf<*<l center to center by a distanc(‘ of 0 incljes. 

1-3. Find th(‘ low-frequency inductance per mi*ter l('ngth of an unorthodox 
parallel-wire* transmission line which is ce)mpe)se'd e)f one Nei. 10 iron wi?*e and one 
No. 10 (*e)pper wii’c. The* e*(*nter-to-cent<*r separation is 12 inches, and the average 
re*]ativc p(*rme'ability of the iron wire is 100. 

1-4. Calculate the self-inductance of the inner conductor of a ce)axial arrange‘ment 
when carrying low-fiveiuency currents if n = r-j = C 2 > and r.s ~ all in 
ine*h(*s. Note* that the units eif ri, ro, and r.i are* immaterial, proviele‘el all units 
emj)loye*d are* ide'ntical. Nonferromagn(*tic mat<‘iials luv (‘inplove^l. 

Calculate the* .se')f-inductane*e* eif the eniter ce>ndue*te)r of this ceiaxial arrange‘me'nt. 

Evpre'ss the teital se'lf-inductane*e* in he*niys per inefe*j‘anel in inillih(*nrys ])e*r mile. 

Calculate the* self-indue'tance* ed this coaxial arrnnge‘ine*nt when ve'iy high-fre'que*ncy 
currents are cjirrie*el. Compare with the teital self-ineluctance e)btaine‘el whe‘n lejw- 
fre*quene*y currents ai’e cairie*d. 

1-5. Re*pe*at Preib. 1-4 feir a ceiaxial arrangemie'nt wherein rj = f '2 = 3s» 

Jill inche‘s. 

1-6. The raelius of the iniu'r conducteir of a ceiaxial cable is 0.1 ce*ntimet(’r, and 
the inne*r radius eif the* e)utt*r e’emeluctor is 0.4 ce*ntun('te*r. Find the le)w-f]‘equency 
ineluctance in millihenry.s per mile* e)f cable ne'gle'Cting the flux linkage*s in the outer 
conductor. 

1-7. Assume that a rne*tal tape having fe‘r?*e)magne‘tic preipertie's anel a thickne*ss 
e)f 0.02 cemtimeter is spirale*el around the inne*r conelucteir e)f tlie coaxial enable* of Prob. 
1-0 to form a single laye*r. (The* tape* is insulat(*d from the* inne*r condue'tor.) The* 
relative* perrne'ability of the tape* is assumed te) be* constant at a value of 50. Find 
the self-inductance* in millihe'nrys per milt* of cable*. 

1-8. A line* is e*e)nstructe*el of two paralle*! Ne). 000 copper cemeiucteirs spaceel 15 
incht*s center to center. Finel the capacitance* of the* line* in micreifarads pe*r mile. 

1-9. Find the* capacitance in micromicreifarads per loop meter of the parallt*!- 
wire line described in Preib. 1-2. cr = 1. 

1-10. Find the capacitance* in micrtifaraels per leieip mile of the* ctiaxial cable ele- 
scribed in Prob. 1-6 if a elie*le*ctric mate*rial having a relative pt*rmittivity of 5 is 
employed between the* inner and outer cemeluctors. 

1-11. Find the ca]>acitance in micromicreifarads per looj) int*fer of a parallel-wire* 
line e*e)nsisting eif two Ne). 00(K) AWG copper wirt*s spaceel 1.38 inches center to center. 

€r — !• 

1-12. The* conducte)rs of Fig. I - 6 have a center-tei-center se*paration of 4 centi¬ 
meters and a radius e)f 1 centimt'ter. Calculate the separation e)f the* two equivalent 
line charge's which may be used to re'place the distributed e*haiges on the two con- 
ducte)rs with due* regard for the proximity effect. 

1-13. What is the a-c resistan(*e e)f a conductor operating under conditie)ns such 
that mr — 20 if the d-c resistance is known to be 0.0 ohm? 

1-14. What is the) ratio Rat/Kh of an aluminum conducte)r having a resistivity 
1.6 times that of hard-drawn cejppi'r if the operating frequency is 500 kilocycles per 
second? The radius of the conductor is 0.3 centimeter. 
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1~16. Evaluate* mr for a liard-drawii (•o])i)or wire 0.482 inch in diameter at GO 
cycl(‘s per second in rationalizeel inks units. 

1-16. If the current density at tlie ce'iiter of the conductor j:;iveii in Proh. 1- 15 
is 1000/0° ampen'S per s(|uan' inch, find Die current density at the* surface of the 
eeinductor in comple*x polar form. 

1-17. (a) Evaluate her mr, he“i mr, hcr^ mr, anel l)f*i' mr feir mr = 2, employing 
only the first two terms eif the* respe‘ctive‘ se‘rie‘s forms of tli(‘se fune'tions. 

(6) Ceimpare the* value*s of her 2 anel be*i 2 founel above with the* feillowing value's 
which are correct to feiur significant figures. 

her 2 == 0.7517 Ix'i 2 = 0.0723 

1-18. Evaluate the* ratio when mr = 2, using the* first two terms eif the 

respe'ctive se'ries for the* be*r, be*i, ber^ and h(*i' function*-' 

1-19. De*termin(* the ratio of the internal .se*lf-induct:ince to the inte*rnal d-c self- 
ineluctance of a conductor operating under conditions such that mr — 2, employing 
her, be*i, ber', and be*!^ functions. 

1-20. A parallel-wire line is cemiposed of two No. 10 AWd hard-eirawn coppe*r 
e*e)ndue*tors se'parated cemte'r to e*enfe*r by a distance of 5 ine*lics. The length of Die 
line is 100 mete'rs. 

{a) Determine the low-freepiency inductance eif the line. 

(6) De'termine the 1000-kilocycle* induedance e>f the line. 

1-21. What is the ratio of c^L/li at a fr(*que‘ncy of 1000 kilocycle's pe'r see*ond of 
the line describe*d in Prob. 1-20? 

1-22. Two paralle‘1 copper coneluctors are* 0.5 ine*h in diamete'i* anel are sjiace*!! 2.50 
inelu's center to cemte'r. The* fre*epiency tei be transmitte'd is 580,000 cycle's per 
see-eind. Find the rcsistane*e* of a mile of the line at this fre'e|uency. 

1-23. What is the* re'sistanee per meter length eif a hard-elrawm eoppe*r e'eindue'teir 
which is elliptical in e*ioss se*ction if the outer periphe'ty is 0.5 inch anel the eiperating 
freciuency is 100 rne‘gae\ycle*s pe'r si*conel? The eiperating tompe*rature is ri0°(\ 

1-24. Fine! the* re'sistance* per me'te*r le*ngth of a ce}p]ie*r e'onelucteir of circular cross 
se'ction which has a periphery eif 0.5 inch and which is opeTating at a fre'eiue'ncy 
of 100 me'gacycles pe'r seconel. The eiperating temperature is ti0°C\ 

1-26. Given a ceippe*r e*oaxial line* having the* folleiwing dimensions: 

Diame'ter of the inner eeinductor = 0.2 cm 
Inner eliaineter eif the eiuter conducieir = 0.8 cm 
Oute*r eiiame'ter of the eiute'r conelueteir = 1.0 cm 

Fine! the resistance per mile of cable if the eiperating frequency is 36 me'gacycles per 
second. 
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NETWORKS, T AND it SECTIONS 

In the previous chapter it was made reasonably clear that a part of a 
transmission line may be represented by a suitable T or tt section. In 
general, it is advisable to be able to reduce any network to some standard 
form such as a T or t section and to use on it c('rtain short-cut methods 
which often greatly simplify the ^\ork invoh^d. This chapter, which 
will treat certain transformations of the elementary T and tt sections, 
will begin with a rather general discussion. 

16. Importance of Network Theorems. In the ordinary simple circuit 
problem, such as that involving a resistance connected across a cell 
which has a certain emf and internal resistance, th(' etpiation represent¬ 
ing Ohm\s Law can be easily used. As circuits become more and more 
complex, one begins to wonder if there should not exist relationships or 
equations which could handle whole groups of minor ideas in somewhat 
the same manner that ()hm\s Law handles the basic ideas of resistance, 
emf, etc., or Kirchhoff’s Laws handle the elements of more general cir¬ 
cuits. The analogv is not exact by any means; neverthek\ss it is 
useful to keep in mind. 

Network theorems provide certain short cuts in the calculation of 
circuits. It is often possible by means of them to reduce a relatively 
difficult problem to a simple one. 

16. 3-Terminal Networks, T and tt Sections. The letter Z with suit¬ 
able subscript will be assigned to represent the impedance of an ele¬ 
mentary R~L-C series circuit where 

any of the three parameters may or 

_ . y o,—vwww^— 1 -vwvwwv- ■ o 

may not be missing. Thus m gen- J I I 

eral |z, |z, 

2 = R +j (^L - —^ I -- - 1 

Any circuit or network, then, will I ’ 

be considered as made up of a num¬ 
ber of Z^e connected in a suitable Fm. 2-1. Network, 

manner. Such a circuit with three 

terminals may be represented as in Fig. 2-1, and elementary T and tt 
sections can always be found in it. It is possible to reduce each ele- 
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menlary tt section to a T section and then recombine all series imp(‘d- 
ances, obtaining a new mesh. It is ix)ssibl(' again to j’cdnce the resulting 
TT sections to T sec*!ions, and such a i)rocedure would eventually reduce 
the entire cir(*uit of P^ig. 2-1 to one T section. 

17. Transformation From tt to T Section and Vice Versa. Let it be 
required to find thc^ T section whi(‘h is eciuivalent to a given tt section 
(at one frequency). The given tt section is as shown in Fig. 2 2a. The 



(a) ir section 


o-i —I '■ — ■ o 

Zt I Zi 



(b) T section 


Fio. 2-2 'rransfoniiation from x to T sec'tion. 


circuit required is that shown in P^ig. 2 -2h. If these circuits are to be 
equivalent, measurements made between the terminals a, c, and d 
must be the same for both circuils. Since there are three imix'dances, 
only three mc'asurements are necnled. Let these be Ihe impedance 
measurements Zab, Zan ^cd> ^t'^d for each measurement let all other 
terminals be disconnected. Then for both circuits 


2 — ^4 (<^7^ 4 " Zc) 
~ + Zn + Zc 

+ Zn + Zc 


+ ^3 


Z\ -f“ Z 2 


Zc(Z a + Zb) 
Za + + Zc 


— Z 2 + Z^ 


[2-1] 

[2-2] 

[2-3] 


These equations can be solvc'd for Zi, Z 2 , and Z 3 in terms of Z^ 4 , Z/^, 
and Zc, or vice versa, provided Za + Zn + Zc 9 ^ 0 . First solve for 
Zu Z 2 . and Z 3 . Add equations 2 1 and 2-2 and subtract equation 2-3 : 

2 Zi + Z2 + Z3 — Z2 — Z3 = 

ZaZb + ZaZc + ZaZb + ZbZc — Z,iZc — ZbZc 


Za + Zb + Zc 







38 


NLT^^0T{K8, T \ND tt SIXTIONS 


or 


27i = 

Zx = 


2ZaZb 

Za -V Zb -V Zc 

ZaZb 

Za + Zb + Zc 


[2-4] 


Going through the same procedure for the other combinations of equa¬ 
tions 2-1, 2-2, and 2-3 yields 


and 


Z2 


ZbZc _ 

Za + Zb + Zc 


[2-5] 


ZcZa 

Za Zb Zc 


[2-6] 


Thus equations 2-4, 2-5, and 2-6 can be used for reducing any tt section 
to an equivalent T section. 

In order to o})tain the ecpiations for the inverse transformation the 
following procedure is suggested. From e(]ua1ions 2-4, 2-5, and 2-6 is 
obtained 


Z1Z2 + ^2^3 + Z'^Z\ 


ZaZbZc + ZbZcZa + ZcZ\Zb 
(Zi + Zb -h- Zc^^ 


ZaZbZc 

Za + Zb + Zc 


[2-7] 


Dividing equation 2-7 by equation 2-4, and then by equations 2-5 
and 2-6 in succession gives 


^ ZIZ2 + Z2Z2 + Z3Z1 



[2-8] 

^ Z1Z2 -b ZoZi “b ZqZi 


II 

[2-9] 

Z1Z2 + Z2Z3 + Z3Z1 

[2-10] 


Thus transformation in either direction can be made, provided, as 
stated above, Za Zb Zc 5 *^ 0. It is necessary now only to show 
that the two circuits are equivalent. Connect a generator across 
terminals a-h in Figs. 2-2a and 2-25 and attach an impedance Zr across 
terminals c-d. In solving these two circuits Kirchhoff’s Laws and 
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determinants will be used as a review of the methods. In the w section 
of Fig. 2-2a: 


E = ZaHi - h) 

0 = ZA{h — h) + ^sh + ^ Ir) 

0 = Zc{Ir — h) + ^rJr 


where E is the generator voltage, 

/i is the generator current, 

I 2 is the current through the impedance Zb, 
In is the current through Zr. 


Thus 


and 


E - hZA - hZA + 0 

0 = ’—I\Za + hi^A + + Zc) — IrZc 

0 = 0 — hZc + Jr{Zr + Zc) 


A = 


Za ^ Za 0 

—Za (Za + + Zc) —Zc 

0 — Zc Zr + Zc 


^ Za{ZbZr + ZbZc + ZcZr) 


Za -Za E 

—Za (Za + + Zc) 0 

0 -Zc 0 


E(ZaZc) _ EZaZc _ 

A (ZrZr + ZrZc + ZcZr)Za 

EZe 

ZrZr + ZbZc + ZcZr 


[ 2 - 11 ] 


From Fig. 2-2h 

E = /i7i + Zsih - Ir) 

0 = z^(Ir - h) + (Z 2 + ZR)rR 
or 

E — Ii (Zi + Z3) — IrZs 

0 = —hZs + Ir(Zz + Z 2 + Zr) 

A ^ Zi + Zz — Zz I 

— Z 3 Z 3 + Z 2 + Zb I 

= Z 1 Z 3 + Z 2 Z 1 + ZiZr + Z 3 Z 2 + ZzZr 
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and 


2i + Zz E 
-Zs 0 


__ 

Z1Z3 + Z2Z1 + ZiZii + Z2Z3 + Z3ZB 


[2-12J 


Divide numerator and denominator of equation 2-11 by Zc. 


ht 


E 


ZtiZu 

Zc 


+ Zu + Z]{ 


Then 
[ 2-1 la] 


Substitute equations 2-8 and 2-10 into equation 2-lla, 


/r = 


ZrZi Z1Z2 + Z2Z3 + Z3Z1 

~z^+ z~ ~ + 


BZ, 


^rZ\ + Z\Z2 + Z>Zii + Z‘,^Zi + Z^Zji 


which ia identical with eciuatioii 2-12. It can also ho shown that the 
input currents are the same f(jir the two circuits. 

The actual procedure in making transformations is oftc'ii somewhat 
involved. In order to clarify the problem, one of the possible i)rocedures 
for changing the circuit of Fig. 2-3a into its equivalent T section will 1)0 
given. 

(tt) Change the tt section /«, Zb, Zc into a T section using equations 
2-4, 2-5, and 2-6. 

( 6 ) The network becomes that shown in Fig. 2-36, where Zu Z2, Z3 
are the elements of the new T section. 

(c) Change the tt section Ze, Zf, Z^ into a T section as shown in Fig. 
2 -3c and combine Z 2 and Z^ into a single imi^edance Z^a- 

{d) Change the tt section Z^, Zi, Zj into a T section as shown in Fig. 
2-^d and combine Z^ and Z 4 into a single impcidance ^ 34 . 

(e) Combine Z 5 and Z^ into one impedance Zr ,7 and change the tt 
section Ze,, Z 57 , Zq into a T section as shown in Fig. 2-3e. 

(/) Combine impedances Z^^, Zio into one impedance Z 3410 . Com¬ 
bine impedances Zs, Zn into one impedance Zgn, and change the tt 
section Z 3410 , Z 2 d, Z^n into a T section as shown in Fig. 2-3/. 

(g) By adding Zi and Z 13 , Z 12 and Z 15 , a T section is immediately 
obtained which will be the final result of the series of transformations. 
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Fkj. 2-3. Network n'diietioii. 


18. T and ir Sections Determined from Impedance Measurements. 

In the preceding articles it has been shown that T or tt sections are 
fundamental to any discussion of electrical communication networks. 
Let the problem be proposed to find the equivalent 'F section if there is 
given a box with four terminals, inside of which is a circuit connected 
in any manner whatever to these terminals. The teiminals are marked 
in pairs, input and “ output.’’ 

The easily measui'ed quantities are the open- and short-circuit imped¬ 
ances at each pair of terminals. If it is possible to obtain Zi, Z 2 , and Z 3 
in terms of these impedan(*es, then equivalent T (and tt) sections may be 
easily set up. Let the two ecpiivalent circuits be as shown in Fig. 2-4. 

Input impedance with output open, Z„ 6 o = Zi + Z 3 [2-13] 


Z2Z3 

Input impedance with output shorted, Zah^i - ~ ^ 

JuO (“ 


12-14] 
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Output impedance with input open, Zcdo = Z 2 + ^3 
Output impedance with input shorted, Zeds = Z 2 + 


Z 1 Z 3 


^1 + ^3 


Subtracting eciuation 2-13 from equation 2-14 

ZoZv - Zl 

2ahs ~~ 2aho = „ Zi — Z3 = 7 \ 7 

^2 i" <^3 -^2 i" -^3 


[2-15] 

[2-16] 


r- 


a 

h 

Input Output 

d 


(a) 


a 




WS^AAA^^—1—WSAAAAA/ 

V—o 


( 6 ) 


Fig. 2-4. Four-terminal network represented as a T section. 


Multiplying liy equation 2-15 


or 


ZedoiZ^abs ^abo) — ^3 


Z3 — zt VZedoi^abo “ Zabs) 


[2-17] 


Then from eipiation 2-13 

Z'l = Zabo — Z3 

~ ^abo ^ ^Zfcdoi^abo ^abs) [2—18] 

and from equation 2-15 

^2 ^ ^cdo ^3 

” Z'cdo ^ ^^cdoi^abo ^aba) [2—19] 

Having found the equivalent T section, the equivalent w section 
can be found from equations 2-8, 2-9, and 2-10; or a set of equations 
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giving Za, Zii, and Zc in terms of the open- and short-circuit impedances 
can be derived. 

There are four equations (2-13, 2-14, 2-15, and 2-10), one of which 
was not used. It is of interest to express this one in terms of the others. 
Substituting ecjuations 2-17, 2-18, and 2-19 into equation 2-16 


Zcda Zcdo ^ A Zrdoi^Ziibo Zabai) 


_j_ \^aho T’ ZrdoiZgbo ^ats)] [i ^ZcdoiZubo ^o^s)] 

^aho 


^rdo^aha 


^abo 


[2-20] 


which can be written 



[ 2 - 21 ] 


19. Simple 4-Terminal Networks. In Art. 17 it was sIioami that a 
3-terminal network may be reduced, at a single frequenc^y, to an equiva¬ 
lent T or ir section. Can the same be said of a 4-terminal network? 


a 

Zz 

_aaaaaaaaaaaaa_ 

e 




< 

< 

SB 

u 

^ 1 


E_i 


Fic. 2-5. A 4-terminaI network. 


If one is allowed to make measurements between any pair of terminals 
the reduction cannot be made. C'onsider Fig. 2-5. Assume that it is 
required to reduce this circuit to a tt section. Obviously if it can be 
reduced to a tt section it can also be reduced to a T section according to 
Art. 17. In order to find Zaj Zb, and Zc for the equivalent tt section it 
is necessary to have three defining equations, and for these use 7a6, 
and Zcd‘ Now suppose the problem is completed and Za, Zb, and Zc 
are found to have some definite values. Obviously, in the tt section, 
Zm == 0, and just as obviously, in Fig. 2-5, Zbd 9^ 0. Thus if it is 
necessary to have an exact equivalence between the two (;ircuits the 
problem is impossible. Usually, however, in work of the kind treated 
here only an equivalence between Zah and Zrd is necessary. Thus let 
only impedances involving the input and output terminals be employed. 
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In order to obtain throe eciuations use 

Zah with c(l oi)en-eii*(*uited = Zabo 
Z„h with cd short-eireuit('d = 

Z,d with nh open-eireuited = Z^ao 

and 


Zfd with ah short-eireuited = Z^di. 


Thus tliere are really four ecpiations for deterinininj*; the three iinpedanees 
Z.i, Z/y, and Z(\ 

■p 7 ~h Zf’) 

or uOo- Z; + Z, ~ 7, + >; + Zc, 

, Zi (Zo + Z4) _z iZyy 

or Z.,^ Z^~ Z, + Zu 

Y ' Z * + Zo + Z4) _ Zc(Zji + Z^i) 

Z] + Zo + Z;{ + Z4 Zi + Z/i + Zr 

It is to be noted in the above ecpiations that Z2 and Z4 always appear 
toftxdher as a sum and nowlien^ se})arately. Thus we can write Z' for 
(Z 2 + Zi) and rewrite the equations: 


Zi{Z; + Z') 

_ Zj (Zii + Zr) 

[2-22] 

Zx + Z-, + Z' 

Zi + Zii + Zc 

za' z 

aZh 

[2-23] 

Zx + Z' ~ Z.x 

+ Zii 

Z-AZx + z') 
Zx + Z; + Z' 

Zf'(Z/i + Z,i) 

Zj -f- Z/^ + Zc 

[2-24] 


It is easily se(‘n that all three of these equations would be satisfied if 

Za = Z, 1 

Zh = Z' Z., + Z^ y [2-25] 

Zc - Z^ ] 

Thus, if the input and output terminals only are to be used, an eejuiva- 

lent TT section can be made to represent the 4-terminal circuit of Fig. 2-5. 
This is of importan 'e in transmission lines and was assumed in Art. 14 
where the impedance of the lower wire was placed in the upper wire. 

Another 4-terminal network of importance is the lattice network of 
Fig. 2-6. I.et it be required to find an equivalent T section to represent 
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the lattice. Uhing the open- and short-cireuit impedances again 

{Z.\ + Zr)(Zit -f Z„) ( ^ s 7 \ ro oci 

Zaho - ' {= Zi + Z-i) [ 2 - 2 ()] 


Za + Z}i Zc + Zj) 

— 2 ii){Zc + Zfj) 

Za + Zji + Zc + Zd 





_ ZoZ:^ \ 

'z^~zj 


(— Zo + Z3) 


[2-27] 

[2-28] 



Fi<;. 2 0. iU‘h\ork. 


Suhstitulo Z„/,,„ Z,/,,, and Z,j„ from (he above into equation 2-17. 
After considerable alj]»e])raic manipulation there is obtained 

- ___ 

" " TZa + Zi<~+ Zv + Zn) 


Note that, in Fig. 2-0, if Zr; - 0 the circuit I’educes to a tt section and 
e(|uation 2 (> ai)plies with the appropriat(‘ chanj»(‘ in notation. '’I'hiis 
the nef 2 ;ati\ e sifi,n in the above ecjuation is to be used to o})(ain the (‘(piiva- 
lence for this spe(*ial case, and the equation is 


Z, - 


Z jjZ~_Zj^^ 

Za + Zji + Zr Z i) 


[2-29] 


Equation 2-29 can b(' substituted into ecjuation 2-18 (or 2-20) to obtain 
7 — 1 + Zr) {Zji + Zd) — {ZfjZr — ZaZd) 

^ Za -F Zb + Zc + Zj) 

^ ZaZb + ZaZj) + ZcZ/j + ZcZu ~ ZbZ c + ZaZu 
Za -F Zb -F Zc -F Zt) 

~ + *^^aZd + ZcZq ro-Qm 

Z^ + Zi, + Zc + Zb ^ ^ 


Similarly from equation 2-19 (or 2-28) can be ol)tained 
^ Z\Z(^ + 2ZaZi) + ZbZj) 

Za + Zb -F Zc -F Zd 


[2-31] 
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Summary, In summarizing the foregoing articles it should be noted 
that 

(а) Any 3-terminal network can be reduced to an equivalent T or tt 
section having only three impedances. 

(б) These impedances may or may not be readily simulated in the 
laboratory, as, for instance, when one or more of them are composed of 
negative resistances. However, as far as calculations are concerned 
they are perfectly satisfactory. 

(c) Any 4-terminal network used for transmission which has two 
input terminals and two output terminals has an equivalent T or t 
section which may be determined by making short- and open-circuit 
measurements at the input and output terminals. 

(d) Any circuit having four terminals to be used in this manner can 
also be reduced to an equivalent T or w section. 

PROBLEMS 

2-1. If the impedances in Fig. 2-3a are all pure resistances (ohms) as follows, find 
the equivalent T section: 


Za = 30 

o 

11 

g 

11 

Zg « 25 

Z, * 20 

Zh = 40 

il 

g 

11 

Ze = 15 

8 

II 


'■ o 

lOQ 

■ o 

Fig. 2“7. For use in connection with Prob. 2-2. 

2-2. Transform the ir section of Fig. 2-7 into an equivalent T section. 
2-3. Transform the network of Fig. 2-8 into an equivalent T section. 


Zi =s 50 ohms resistance 

Z 5 = 10 + ^*10 ohms 

Z 2 = i30 ohms inductance 

Ze = 20 -- jZO ohms 

Z 3 — i20 ohms capacitance 

Z 7 *■ 12 + jlO ohms 

Zi B 60 ohms 



2-4. Transform the resultant T section of Prob. 2-3 into an equivalent v section. 


50 

o- .— 1- 

4=6n 
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Fig. 2-8. For use in connection A\ith Prol). 2-3. 


2-6. Find the equivalent T section of the length of line shown in Fig. 2-9. / = 
79() cycles ^sec. 



2-6. Find tlie op(‘n- and short-circuit impedance's looking into both ends of the 
circuit of Fig. 2-10. 



Fig. 2-10. For use in connection with Prob. 2-G. 


2-7. For a certain T section 

Zah« = 6.7l /-C3.45° olims 

Zahs = 7.28 /15.95° olims 
= 12.4 /6.17° olims 
Find the elements of the T section. 

2-8. Show that the T section obtained through use of equations 2-29, 2-30, and 
2-31 is equivalent to the lattice network. 

2 -9. Derive) equations for a tt section giving Za% and Zc in terms of the open- 
and short-circuit impedance measurements. 



CIIAPTEK III 


NETWORK THEOREMS 

As inoii(ioiu*d in the previous chapter, network theorems contribute 
greatly to tlie ease of handling cralain in’ohlems involving a consider- 
al)le number of impedances and j»erierators. It should be noted that 
only impedances which are linear and bilateral are assumed in these 
theorems, A linear impedance is one which is independent of the 
amount of current flowinp, tlu‘ouj»li it, and a bilateral impedance is one 
which will conduct electricity e(|ually w^ell in either direction. This 
eliminates such elements as \acuum tubes, copper oxide rectifier units, 
etc. The th(H)i‘ems to be taken up in this chapter are. The\enin\s, 
superposition, recipi’ocity, compensation, and maximum power transfer. 
All of these are useful in the material w'hich follow's. 



Fk;. 3-1. Equivalent T section. 


20. Thevenin’s Theorem.* One form of Thevenin\s theorem is; If a 
network containing any number of ffources of emf has in it two terminals 
a and b which are the terminals of a subnetwork, Ihe current through this 
subnetwork is the same as if it were C4)nntcted to a source oj emf whose 
open-circuit emf is the voltage across a and b when Ihe subnehvork is dis¬ 
connected and whose impedance is the equivalent impedance looking back 
into the network from the terminals a and b with all sources of emf replaced 
by their internal impedances. 

As an illustration of the use of the theorem assume that the original 
network between the source of emf and the load impedance is replaced 
by its equivalent T section, as shown in Fig. 3-1, and that Zi, Zg, and 

* For a gCTK'ralized proof of Th'vcnin’s theorem see Bas'ic Electrical Engineering 
by G. F. Corcoran, p. 149, John Wiley & Sons, New York, 1949. 
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Z-^ have been delermin(Ml by moans of equal ions 2-17, 2-IS, and 2 19. 
Them the eurrent In is found from the relation, 


/ - 


E 


Zg + Zl + 


+ Zj^} 
^2 + -^3 + 


vSince 

Ir _ ^3 

I — Iff Zi + Zff 

it follows that 

. ^ ^_ I _ 

^2 + H" ^/? ^ , r , , ^3‘ ^2 4" Z^h) 

^ + Z, + A. 


i^^3 


Z^^Zg + Zl + Z^) + Z^{Zg + Zl) + Zff{Zg + Zj -|- Zjj) 

__ EZ^ _ 

Z^y 4 “ Zl + Z 3 


7 1. a. 7 

z, + z, + z-,^ " 

The voltage across a -h with Zft disconn(H‘ted is 


[3-1] 


Eab - 


EZ^A 


Z^ + Zi 4 - Z 3 


[3-2] 


The impedance Zah, meas\ired back into the terminals a-b with Z/? 
out, is 


Zab — Z 2 + 


Z’AZg 4" Z] ) 

4 - Z'l 4 " Zi 


[3-3] 


Reference to equation 3-1 shows that the current Ir is the same as that 
obtained from a circuit such as is shown in Fig. 3-2 whei'c E^u as given 
by equation 3-2 is the source of emf and Z,,?, as givtm by eciuation 3-3 
is the equivalent internal impedance of the source, in series with Zr, 
Thus the theorem is verified for the network of Fig. 3-1. 

21. Superposition Theorem. If a rieiwork haa two or more sources of 
emf in if, the current through any component impedance is the sum of the 
currents obtained by considering the cmfs one at a Hme, each of the other 
sources of emf being replaced during this procedure by its internal impedance. 
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The truth of this theorem follows from a coiisicleration of the linearity 
of the impedances because, if the fact that curn'iit is already flowing in 
the impedances cannot change the value of th(‘ impedance’s, when an 
additional emf is added to the network at any i)oint the current set up 
by it will not be affected by the current already flowing nor will it aflect 



Fig. 3-2. Illustration of Fig. 3-3 Illustration of superposition 

Thevenin’s theorem. tlieori'in. 


the current already flowing. To illustrate tlu’ superposition theorem 
by a simple example, consider the network of Fig. 3-3. Lot it be 
requirt’d to find the current /.j. First it will be found taking into con¬ 
sideration both sources of emf simultaneously: 

El = Z\Ii + ^3/.^ = /iZi + /2O + /3Z3 
E2 = Z2/2 — Z3/3 = /jO + /2Z2 — /3Z3 
0 = A - /2 ~ /3 

Thus 

Zi 0 Z 3 

A = 0 Z2 — Z3 = — Z1Z2 — Z2Z3 — Z3Z1 

1 -1 -1 

and 



=_ 7 _ 13 , 4 , 

ZiZa + Z2Z3 + 73^1 ^ ^ 

Now consider each source of emf separately. Use single primes for 
currents due to Ei and double primes for those due to E 2 . 

I'= 

z I 

* Z 2 + Z 3 
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Z 


^2_ 

+ ^3 


^1 


^1 + 


^2^3 


^2 + ^3 


__ 

Z 1 Z 2 + -^2-^3 + ^3-^1 


Similarly 




_^ 2-^1 _ 

Z\Zi + Z2Z3 + ^3^1 


Now /J and /J' both flow through Z,^ but in o]»[‘Osito diroftions, as indi¬ 
cated by the arrow directions of Ei and Thus the total current 
through Zj is 

h = Ia ~ /a' 


which gives the same result as ecjuation 3-4. 



F'ig. 3-4. Illustration ot Iociprority Ihcorcni. 


22. Reciprocity Theorem. If a aingJv .source of cmf E produces a 
current in any given conductor of a network^ the same current In will 
he produced at the original location of the source of emf if E and the de- 
lector, reading the current, are interchanged, provided the internal impedance 
of the source of emf and of the detector are identical. 

As an illustration assume that in Fig. 3-4 the T section represents the 
network between the source of emf and detector D. The current In 
in 1) has been shown in Art, 20 to be (when Zr — Zf) 

_ __ 

^ Z2(Z^ + + ^3) + E,^{Zg -f Zi) + Zy(Z^ + Zi + Z3) 


which may be written in the form, 


//e = 


EZa 


(Zi + Z,)(Z 2 + Z,) + Z3(Zx + Z,) + Z3{Z2 + Z,) 


[3-5] 


Now, if E and D are interchanged, the effect is the same as an inter- 



r>2 


ni:t\aot^k tiifx)keais 


change of (Zi + Zy) and (Zo + Zy). How over, it is seen that an inter¬ 
change of thos(' tw(3 impedances in equation 3-5 does not alter the 
ecjuation. Hence the curi'cnt Ir maintains the same value on inter¬ 
change of the emf E and detector 1). 

23. Compensation Theorem, hi any ndwork containing cmf's any 
impedance may hi nplaced by a source of cmf of zero internal impfdance 
uitosi emf is rqual to th( polinlial diffircnce (IZ) in magnitude and phase 
across the imped an a. 

It is to be noted that this replacement does not involve any change 
of cui*rent either in direction or in amount anywheie in the network. 



ib) 


Fig. 3-5. Illustration of compciisa- Fkj. 3-6. Illustiation of maximum 
tioii theoiom. power transioi theorem. 

Thus this theorem will apply even though the impedanci's may he non¬ 
linear and unilateral. The truth of the theorem may be seen by refer¬ 
ring to Fig. 3 T). Here the impedance in question, Z, has been isolated. 
A current / in flowing through it produces at the terminals a~b a volt¬ 
age drop IZ .such that a is positive with respect to h. Now^ as far as the 
netw'ork in Fig. 3-5a, exclusive of Z, is concerned it sees at the terminals 
a-b nothing but this potential difference, Vah = IZ. The amount of 
current carried by Z is determined by this potential difference Vab 
only. Thus to the netw^ork it is a matter of indifference whether 
betw^een a and h there is an impedance Z or an emf E, Fig. 3-55, whose 
value is IZ and which is connected so that a is the positive terminal of 
the source of emf for the instant illustrated. 

24. Maximum Power Transfer Theorem. If a source or so^irces of emf 
which feed through a network are to supply maximum power to an imped¬ 
ance Z at the terminals a-b, Z must be as follows for two different cases: 

(1) If the angle of Z is unrestricted, Z must be the conjugate of the imped¬ 
ance Z^b looking hack into the network at the terminals a-b. 
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(2) If the angle of Z is firedj then the ahsotuie vahus Z and 
be equal. 

According to Tlicvcnin’s tlioorem tlio source of cmf and nct^^ork may 
be represented by the circuil of Fig. 3-0. The current deliveri‘d t)y 
this network into Z will be 

^ah + 2 


a Z — ]{ + jX, then the power delivered to Z will l)c 

E^R 


Re = 


7«h ■\- Z r 


[3-(i] 


Let = /?' + jX'. Then 
E^R 


E-R 


^ |K + R' +“^{A-'+ A"’)|^ ' {R + R'f + (A 

It can be seen by inspecticju that for arbitrary R and R' the maximum 
power will be obtained when A" = — A^^ Then 

P = 

max ^ 


Differentiate this expr(‘ssion with i-esjrect to R and set the derivative' 
equal to zero in oi*der to determine the value of R for maximum power. 

dPntax ^ (/? + R'fE^ - 2E-R[R + R') ^ 
dR {R + /f')^ 


Thei’efoi’e 

/f + /?' - 2/? = 0 

and 

/? = /?' 

Thus for maximum power Z — R' — jX' or the conjugate of 
If the angle of Z is restricted then let 

z ^ z/e 

R — Z cos 6, and X = Z sin 0 


p]quation 3-7 becomes 


E^Z cos $ 

I/P ~^Z cosd+j{X' ^ Z J^n7)p 


E‘'Z cos Q 

{1i' + Z cos B)^ + iX' d" ^ 


13-8] 
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Differentiate equation 3-8 with respect toZ and set the derivative equal 
to zero. Then 

dP [(/?' +Z cnnSf + (X' + coflO —&Z coag{2(/g' + ^ cos6>) coh0 + 2{X' + Z 8in0)sin^l 

dZ DKNOMINATUU 

= 0 

from which 

{R' + Z cos ef + iX' + Z sin 9)'^ 

- 2Z(R' cme + Z cos^* 9) - 2Z(.Y' sin 0 + Z sin^ 9) = 0 

Ii'2 ^ x'2 - Z^ cos^ 9 - Z^ sin=^ 0 = 0 
or 

r ^2 ^ ^/2 ^ R 2 ^ 

Hence the absolute value of Z must be equal to the absolute value 
of Zab. 

PROBLEMS 

3 - 1 . U(iducc the network of Fig. 3-7a to the form in Fig. 3-76. 


+i3a 



Fig. 3-7. For use in {'onnection with Fig. 3-8. For use in connec- 
Probs. 3-1 and 3-7. tion with Prob. 3-2. 


3-2. A bridge network is shown in Fig. 3-8. Find Icb for 

(а) Z = - jO.434 ohm, 

(б) Z « 0.32 - jO.434 ohm. 

3-3. In the network shown in Fig. 3-9 a l-kilohm resistor is to be insert(*d across 
the break The output voltage of the network is to be taken as the voltage 

drop across the l-kilohm r(^si8tor. In the final adjustment of the network a maxi¬ 
mum output voltage is desired per unit of input voltage E, and it is permissible to 
insert in series with the output resistor that value of reactance which will maximize 
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the* output voltage. Find the reactance whicli if placed in series with the ouijmt 
resistor will produce niaximuiu output voltage. Note: Kinj)loy Theveiiin’s theorem. 



3-4. Oiv(‘n the nc'twoik shovm in h’ig 3 -10, de** iniiin L, in eoinpli'x n'ctangular 
form. Hint: TaKe advantage ot tin* '^yieinetry hy ni..king Tlievenin-theorem breaks 
at the j)oint.s of symmt'try. 




jo.ea 


jom 


2+y2R 











■■ 


If 


‘io/o*v 


Fici. 3-10. For use in connection \^ith Prob. 3-4. 


3-6. A network is shown in Fig. 3-11. Find the current in the 3-ohm resistor by 
the method of superi)ositiori. 



Fig. 3-11. For u.s('in connection with Fkj. 3-12. For use in connection \\ith 
Prob. 3-5. Prob. 3-6. 


3-6. Find the value of E in the circuit of Fig. 3-12 by using the metliod of super¬ 
position. /i == 4.88 /57.62° and I 2 = 4.09 /—58.20° amperes. 

3-7. If Zr in Fig. 3-7 is a 3-ohm n'sistor, 6nd the e^mf which can be substituted 
for Zr. 

3-8. A network can be represented as in Fig. 3-13. Find the value of Zr wliich 
will result in the maximum transfer of power. 






Fir.. 3-15. For usr in ronnc 


3-13. Redueo the circuit of Fig. 3-15 to its 
theorem, and find Zif so that the power deli\ 


oooi/’+oor 







CHAPTER JV 


THE LINE COMPOSED OF FINITE SECTIONS 

In the previous chapters it has been €\sta})lished that a communica¬ 
tion line can be considered as composed of a large number of T (or tt) 
sections in tandem. The treatment of such a line leiids to certain 
basic ideas which ar(‘ useful in material to follow, although the treat¬ 
ment, as applied to lines in this chapter, is only approximate. This 
chapter introduces the ideas of characteristic impedance^ propagation 
constant, and distortion and leads to the consideration of certain simple 
transmission lines. 



Fig. 4-1. Infinifo line constructed of T sections. 


26. Characteristic Impedance. A line which is composed of two par¬ 
allel wires of infinite length has distributed along its entire length, resist¬ 
ance, inductance, capacitance, and leakage conductance. If the line were 
divided into a great many small sections there would be associated with 
each of these sections a small L, C, 7?, and G. The true situation, which 
is approached by making these sections infinitesimally small, is treated 
later. However, for the time being, it will be assumed that the sections 
are of finite length and that each section may be considered as a T section. 

The condition shown in Fig. 4-1 exists for a line reaching to infinity 
in one direction. The input impedance to this line, Zo, obviously has 
some definite value. Suppose that at some distance along the line, as 
at A, the Hue is cut and the first part is taken away. Then, clearly, the 
impedance Z,' looking into what is left (still an infinite length of line) 
is still equal to Zq because^ conditions have not beem changed. This is 
true whether one section or a hundred sections are cut off at the end of 
the line, and furthermore there is no restriction on the length of the 
sections. 

For the immediate purpose consider one section only, at the beginning 

57 
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of the line. Then there exists the condition that the section itself has a 
certain input impedance, Zo, and at its outjmt it also works into an 
impedance of Zq. This situation 
is as shown in Fig. 4-2. 

Here it must be noted that the 
notation has been changed be¬ 
cause of the essential equality of 
theZi and Z 2 as used in the prev¬ 
ious chapter. The relation be¬ 
tween the old and the new nota¬ 
tion, which is shown below, is 
specifically mentioned because many ])ooks on this subject make use 
of both systems. 

Old System New System 

Zi Zi /2 

Z2 -<^1/2 

Z3 Z2 

This is certain to cause confusion unless the student is very careful al¬ 
ways to distinguish between the two systems. The new system is such 
that the following holds: 

Zi is the total series impedance per section, 

Z 2 is the total shunt impedance per section. 

Referring again to Fig. 4~2, it is seen that there is no possibility of 
determining by impedance measurements at a-h whether the line is 
actually infinite toward the right or is terminated, after even one section, 
by the impedance Zq. This Zq is called characteristic impedance or 
iterative impedance. The term characteristic impedance will be used in 
this text. If the section is not uniform, then Zq is called the iterative 
impedance only and the name characteristic impedance does not apply. 
The characteristic impedance is the impedance which, if used for a 
terminating impedance, causes the line to act as an infinite line. Since 
it is an infinite line a wave started at the sending end will continue to 
travel out to infinity. Thus a wave sent out on such a line will travel 
only outward and will never be reflected, just as a water wave in a 
canal of infinite length will never be reflected because it never meets 
the end or any discontinuity. In other words, a line terminated in Zq 
will not cause reflections. This will be taken up later in more detail. 

It is of interest to determine Zq in terms of Zj and Z 2 . This can be 


?i A 



Fig. 4-2. T section terminated in Zq. 
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done using Fig. 4-2 and the following development: 


2 


z + 

^0 - TT + 


:(f +a) 


Zx 


+ Z 2 + Zo 


o Zr Z\ 2 fO ZiZ() Z1Z0 
+ Z0Z2 +Zi 5 = +Z0Z2 


or 


Thus 


^ 

^or = ± ^ 


[4-1] 


whore the subscript 07' is used to refer to a T section. 

It is also useful to have an expression for Zq in terms of the open- and 
short-circuit impcHlances. First the valiu's of Zaho nnd Z^bs 'vhl be calcu¬ 
lated and then these will be cominmid to give ecpiation 4-1. 



Z 1 Z 2 




f + Z 1 Z 2 

f + ^2 


[4-2] 


[4-3] 


If equations 4-2 and 4-3 are multiplied together there results 


Z? 

^aboZabs — 'T ^ ^1^2 

4 


or on referring to equation 4-1 it is seen that 




= ± ^ZiZ2 + -^ = dz VZabo^abs 


[4-4] 


Let it be required to find the characteristic impedance of a tt section 
making use of the elements in the T section of Fig. 4-2. This tt section 
and its terminating impedance Zq will be as shown in Fig. 4-3. It has 
been arranged so that the total series impedance and shunt impedance 
for the section remain the same as for the T section. 



00 


THK LTMO (X)MIH)SK1) OK KIMTl^: SKCTIOXS 


TLsin^ it proctHlure similar to that precod in j», eciuaiioii 4 1 results in the 
following, dev(‘lopment: 

2Z, 


Thus 


= 


n rw fw \ ^ZlZ{'\ 

Z\ 4“ —“ 
|_ 2^2 4“ Z{\_ 


from which 


2 Z 2 4" 4- 


2 / 2^0 


2^2 4 “ Z{'s 
\Z\Z% 4 " ^Z{)Z\Zy 4 " '^ZoZj, 


42^2 4" ^ZoZy 4“ ^2Z\Z2 4~ Z^Zi 4“ ^Z{)Z2 



] 

-^^0 1 

__J 

2 Z , 1 

_] 

! 1 

2 Z , 1 


K](. 4-3 TT s('(*ti()ii tcimniuU‘(l in Zo. 


7 - — 

Z() — 


4^2 4" Z\ 

zjzj 

za% + -7 

1 


Zott — 


Z 1 Z 2 




_ Z\Z2 

Zf Z^r 


[4-5] 


which can be seen to be the case by reference to equation 4-1. Here the 
subscript Ott refers I o the tt section. 

When the sections are infinitesimal in length the Zf/4 term disappears 
and then Z 07 ' ^ ^ott- (See Chapter ^^) 

It can also be easily showm that 

Zqtt = i ZaboZahs [4~~6] 

where Zaho and Zabs are measured on the tt section. 

Although both signs before the radical JZiZ 2 + -~ or VZaboZahs are 

of signifi(‘ance in general theory, only the positive radical is employed 
in subsequent derivations. 
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26 . Illustrative Example. To find tlip value of /or for a T scetion having 
Zi = 50 + , 712 .) = KU.O Ai8.2° ohms 
Zi = 200 - jlOO = 223.0 /-26.6° ohms 


Thus 


ZoT = 

ZiZi = 30,100 /41.C° 

z\ = 18,120/130.4° 


ZoT 




100/41.0° + 


18.120/1.30.4° 


= -^22,510 + j20,(K)0 - 3280 + y3l25 
= Vl(),230 + j23,125 
= 173.G/25J° ohms 


[4-1] 


Twct it ])e reiiuired to find also the value of Zq^ when Zi and Z 2 are rearranged 
into a TT section. Ilei’e equation 4-5 applies. 


Accordingly 



^ 30,100/41.6° 

;-— = 173.4/l6.5° ohms 

173.0 725.1° - - 


27. Propagation Constant. A section such as that illustrated in Fig. 
4-2 has been shown to rei)resent a part of a line. If the total number of 
such parts that make up a line is known and if the effect which each 
section has on the transmitted signal is known, it is possible to calculate 
the effect of the entire line on the transmitted signal. To this end it is 
necessary to determine the effect, on a transmitted signal, caused by 
the impedances of a single section. In Fig. 4-2 it will be considered 
that the input current is /i and that the current delivered into Zo, that 
is, into the remainder of the line, if any, is / 2 . The euri-ent I 2 can be 
written in terms of Ii as follows: 


/o — 




h 


+ Zor + Z2 
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or 


Z, 


h 

h 


+ Z{)T + Z2 


2Z3 


+ 




+ 1 


Z\ 

'+2-^ + 




+ 


4Z| 


[4-7]* 


The ratio /i I 2 , is (‘ornplex and may })e expressed as Ae^^, In other 
words the current in passing Ihiough this single section is (‘hanged in 
both magnitude and phase in accordan(‘e witli ('(piation 4-7. 

The cliange in magnitude is caused by the flow of current through the 
shunt imp(Klance Z 2 , n-nd the change in phase is due to the finite amount 
of time required for the current to be propagated through the section. 
The change in pliase may be interpreted as a time lag between the signal 
input and the signal output. The angle 13 is independent of the phase 
angle whi(‘h exists between the current and voltage at a particular point 
on the line, and the two should not })e confused. 

As an example, find the complex current ratio of the T section having Zi 
= 5()+jI25 and .^2 “ 200 — j100 wh(m terininatc‘d in its characteristic 
impedance. This ratio is given by Cfiuation 4-7: 


h 

Z 2 

4Zi 


' 2Z<1 'SjZi 4Zi 


- = 0.003 /94.S° = -0.0505 + 7 O. 6 OI 
= 0.0907 /1S9.6° = -0.0894 - j0.0151 


Thus 


I- 


0.0253 + ,'0.3005 + \/-0.0505 + jO.OOl - 0.0894 - ,'0.0151 


= 1.455 + ,'0.908 
= 1.716 /31.95° = 1.716e*®‘®®" 
whence 

A = 1.71G and jS = 31.95° 

The propagation constant, written as y, is defined as the logarithm to 
the base e of this complex current ratio. Hence 

, /l h y 

Y = In — or - = 

h h 

^ Equation 4-7 is valid also for the tt section. See Prob. 4-10. 


[4-8] 
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Thus 

V (= a + J^) = = In [l + ^ + [4-9]=' 

In this equation, a, the real part of y, is defined as the allcnuation con¬ 
stant and is the wavelength constant, or phase constant. Equation 4-9 
may be written as 

y = a + jl3 = In A + In = In A + jfi [4-10] 

where ^ is in radians, and a, expressed as In A , is the logarithm of the 
absolute value of the ratio given by equation 4-7. Note then that a 
expresses the amount of change in the absolute value of the current and 
P the change in phase of the current. The unit of a is the neper, defined 
by 

iV = In ^ [4-11] 

J2 

Thus 1 neper (corresponds to a current ratio of 2.71828. 

From the previous example ^ = 1.716 /31.95®. Let it he required to find 

h 

y, a, and /3 for the section. From equation 4-10, 

7 = a + y/3 = In A + 3 ^ 

= In 1.716 +J31.95® 

= 0.540 +i0.558 

Thus 


a = 0.540 neper 
= 0.558 radian 

The above results mean that in traversing the section the current vector 
magnitude decreases by 0.540 neper and the vector itself is rotated through 
0.558 radian. 

28. Attenuation. In the study of psychology and acoustics it is 
known that the ear considers as equal changes those changes which are 
in the same ratio. Thus the change from 20 to 30 milliwatts (10-milli¬ 
watt change) would seem the same as the change from 200 to 300 milli¬ 
watts (100-milliwatt change) because 30/20 = 300/200. These levels 
are equally spaced on a logarithmic scale. This leads to the logical use 
of some unit in attenuation which is proportional to the logarithm of the 

^ See also equation 7-17 for an alternative expression for y. 



64 


THE LINE COMPOSED OF FINITE SECTIONS 


change ratio. The use of a logarithmic scale leads also to a certain 
simplification in calculations. 

The attcnuaiion factor is defined as the ratio of currents Ii lo 
In the previous article the logarithmic method of n'presentation was 
assumed whei*e there was written a; = hi /j Yo. Now it is advistihle to 
investigate the pi’ocedure for taking care of a number of sections in 



tandem, each of which has a certain value of a. Consider Fig. 4^. 
Over any numlM'v of these sections the attenuation factor will he 

A/-fl ^2 /fi ///4I 

The propagation constant will be 
7/ = + j^t = In 

= (ai + ^2 + + • * •) + j(0l 4- /^2 + fti + • * •) 


where 


= In — + In — -f In y- + 
I2 Jii I4 


— 0:1 -|- ao 4 " -f- 


Thus the total attenuation constant at for v sections in tandem is equal 
to the sum of the attenuation constants of the sepai*ate sections, and fit 
is the sum of the individual phase shifts of the n sections. If th(' sec¬ 
tions are all alike, the total attenuation in nepers is N = na and the 
total phase shift in radians is nfi. 

As shown above, the neper corresponds to a current ratio change of 
2.71828. This is a rather large change, and accordingly a new unit is 
defined on the basis of power ratio and logarithms to the base 10. Thus 
the hel is defined: 

p 

Number of bels = log — 

1^2 

where P\ and P 2 are the input and output powers respectively. For a 
practical unit the decibel which is one tenth of a bel is used. The num- 
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her of (locibels (db) is given by 

p 

Number of db = 10 log -p K-12] 

1 2 

wliieli is a positive quantity in losses, that is, foi* Pi > Po. One decibel 
thus corresponds to a power i*atio of 1.259. If the sending- and receiv¬ 
ing-end impedances of a line remain constant at th(' value Zo during 
a ratio change, and since power is proportional to the (airrent squan^d, 
it follows that 

db= 10 loir 

= 2010^7 [ 4 - 13 ] 

1 2 

Since is independent of the position along the line at which it is 
measured: 

El = Z()/i 
£0 == Zq/o 


so that the ratio E[ TJo same as /] 72. Thus 

El 

db = 20 log ^ [4-14] 

rj2 

One decibel thus corresponds to a current (or voltage) ratio of 1.122. 

1 db ^ 0.115 neper 1 neper = 8.()8() db 

In its original definition, the decibel is the unit of powder attenuation 
whereas the neper is a unit of attenuation of current (or voltage). If, 
how^ever, the netwa)rk is terminated in its characteristic impedance 
either decibels or nepers may be employed to specify the attenuation, 
and it is in this sense that the neper is a unit of attenuation which is 
8.()8() limes larger than the decibel. 

29. Illustrative Example. Find the ratio of ])ower input to })ower output 
for the 4' section of the ])recediiig examples ami determine the loss in decibels. 

The current ratio has been given as 1.716. According to equation 4-13 this 
corresi)onds to a number of decibels given by 

db = 20 log 1.716 

= 20 X 0.234 = 4.68 
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Since the section has been terminated in its characteristic impedance, its 
input impedance is also Zor (= Zqt / 6°) . The input power thus becomes 

Pi = IiZqt t‘os d 

and the output power is 

P 2 ~ ^2^OT cos d 

The power ratio then becomes 

^^il = (1.716)2 = 2.94 
P2 I2 

Equation 4-12 gives 

(lb = 10 log 2.94 ■= 4.08 

which agrees with tlie decibel loss calculated from the current ratio. It will 
be noted, however, that this agreement depends on the equality of the input 
and output imi)e(lances. 

30. Line Attenuation and Power Levels. Obviously attenuation is 
detrimental to the best interests of the communication company as it 
not only means low transmission efficiency but, what is more important, 
it introduces distortion due to the fact that a differs as the frequency 
changes. These facts necessitate a careful consideration of its effects 
and present the problem of its elimination if possible. As an illustration 
to bring out a few interesting facts, consider a hypothetical unloaded 
cable pair 2000 miles long made of No. 19 AWG copper wire which is 
terminated in its characteristic impedance and whicdi has the following 
characteristics at 796 cycles per second: 

a = 0.1118 neper/mile 
Zq = 524.7 ohms 

The total N for the entire line is A = 0.1118 X 2000 = 223.6 nepers, 
and the ratio of input to output current Is/h = ® = 10^^. This 

means that if one ampere were introduced at the sending end the output 
current Ir would be 1/10^^ = 10""^^ ampere. Since there is a flow of 
63 X 10^^ electrons per second for one ampere, the number of electrons 
per second received at the receiving end would be 

63 X 10^^ X 10-"^^ = 63 X 10“®“ 

or one electron would arrive at the receiving end every 500 X 10“® years. 
This brief summary indicates that attenuation is very detrimental on 
actual commercial fines. 

The power ratio for the above line would be 

//«v 
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Suppose one microwatt were required at the receiving end; then the 
input power would be X 10"^ = 10^^^ watts, whic.h would be sus¬ 
pected of being more power than is available in the world. Obviously 
such a line used in this way would not work. 

The difficulty is overcome by providing amplifiers, or so-called 
“ repeaters,'' spaced along the line at reasonable intervals. One 
repeater at the line center would not be satisfactory because a simple 
calculation shows that it would receive power at too low a level (down 
in the noise area) and would have to supply power at such a high level 
that suitable vacuum tubes are not available nor likely to be for some 
time. The student is advised to work out this problem for himself to 
see just what is involved. A commercial repeater may have a gain, as an 
illustration, of 60 decibels and for this purpose may be considered to 
deliver a power of 5 watts. 

The power ratio corresponding to GO decibels is given by R in 
— 60 = 10 log R (Sec equation 4-12) 
log/i = — 6 
R = 10“® 

where the negative sign appears before the GO because there is a gain. 
The input power = 5 X 10““^ = 5 microwatts. 

Since the repeater has a gain of GO decibels, receiving power at 5 micro¬ 
watts and delivering at 5 watts, it should be placed at points of the line 
where the power level has dropped to 5 microwatts. The repeater will 
then raise the power level at this point to 5 watts and the line from this 
repeater to the next will again reduce the power to 5 microwatts, and 
so on across the country. Thus each section of the line produces an 
attenuation of 60 decibels. In this hypothetical case, what should be 
the distance between repeaters? 

The current ratio corresponding to 60 decibels is given by Rc in 
60 = 20 log Rc (See equation 4-13) 
log Rc = 3 

Rc = 1000 = ^ 

Nepers, N = In 1000 = 0.1118 X number of miles 


Number of miles 


6.91 

0.1118 


61.8 


Therefore 
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Thus in tiie 2000 niilos of line, 33 repenters would be necessary to accom¬ 
plish transmission, and at no time would the power level he either too 
low^ or too hifth. 

The abcn e illustraticjn which employs both nepers and decibels should 
serve as an introduction to the use of these units. It should t)e kept in 
mind that the assumption w^as implicitly made that the line impedance 
remained constant at Zq throughout the calculation. Use Avas made of 
this fact when it was stated that the 60 decibels represented both the 
poAver gain and tlie current gain. 

From A\hat has been considered previously it is easily seen that, since 
a is a function of Zi and Zo, and thus of the fnHiiumcy, the amount of 
amplifier gain must be different for different fre(iuencies. The differ¬ 
ence in attenuation for different frecpumcies produces a distortion of the 
re(*eived signal which is fnqurncy dislortion. Also, since d is a 

function of frecpiency, the phase of signals at different fi’etiiKuicies may 
not b(' a linear functiem of the fi*e(piency, thus causing a dela> or advance' 
of certain parts of the range over other parts. This is called dday 
dislorlion. 

The immediate question which may be asked noAv is “ What can be 
done to decrease attenuation and to make (:i the correct function of 
frequency?” These ciuestions ai-e considered in the next chapter. 

PROBLEMS 

4-1. Calculiitc ZoT, OL and ft at 1502 cycles per sc'concl for the T section shown in 
Fig. 4-5. 


0.02 h 


0.02 h 



Fig. 4-5. For use in connection with Prob. 4-1. 

4-2. (o) Calculate Zojt at 1502 cycles per S(‘cond for tlu* tt section shown in Fig. 
4—6. 

(6) Calculate the attenuation in decibels and phast* shift in degrees at 1502 
cycles per second. 

i,0.1iuf 


I 

1 


g 

0.02 hS 


Fig. 4-6. For use in connection with Prob. 4-2. 
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4-3. A line ropr('S(‘nf('(l iis IIT section has a st*ri('s impodanco, Z] = 80 + Jw (0.050) 
and a sl)unt impedaiuv*, Z 2 = —j (co0.r>20 X 10 ohms. Find its charact(‘nstic 
impedance at 790 cycles per second. 

4-4. I'ind the cliaractiaistic imj)edance if the impedance' (‘lements of Proh. 1-3 
are rearrange'd into a tt section. 

4-6. Find a and for the se'ction of line me'iitioned in Proh. 4-3 if it is tc'i-minated 
in Z(). 

4-6. Assume that a line' is composed of 20 T sections such as in Proh. 4-3. Find 
the total attenuation in decilx'ls, assuming that the line is ])ro])erly t(‘]niinat(*d. 

4-7. If 1h(‘ line' of Proh. 4-0 has a 1-volt geaierator with an inte'rnal im])edancc 
of too ohms rc'sistance coimecled at the sending end, find the curri'iit at the reci'iving 
end and the power received. 

4-8. Calculate the t'flicic'ncy of the line of Proh. 4-7. 

4-9. A portion of a line is represented as a tt section in which Zi = Zr == 
— 7 ; (w0.500 X 10~‘^) and Z/y = 50 -p Ja>0.010 ohms. Find th(‘ characteristic im¬ 
pedance of this s(‘ction at 1000 cycles ])(‘r second. 

4-10. Prove that ecjuatioii 4-7 is valid for th(' tt sc'ction as shown in Fig. 4-3. 

4—11. Find a and for th(' tt section of Pi oh. 4—t). The tt section is to he t('rmi- 
nated in its charact(‘ris1ic imiu'dance. 

4-12. T(‘n T s('cti()ns ohtaiiKMl through rearrangc'meiit of the (‘li'iiK'nts of the tt 
section of Proh. 4-9 art' conneett'd in tandem, and the jt'sulting lint' is terminated in 
its characteristic impedance. If the input current to Iht' lint' is 10 milliam])eres, 
find the currt'iit anti tht' vt)ltagt‘ at each junctitm hetwet'ii st'ctions. 

4-13. («) Dett'rmine tlu' maximum It'iigth of line that can ht' useil to transmit 
power untler the following conditions: 

Sentling-t'iid power = 5 X 10“"’ watt 
Rt'ci'iving-entl ptiwt'r = 10 X 10“^ watt 
Line attt'iuiation = 0.10 neper ])('r mile 
Out' rt'pt'ater station having a gain t)f 00 tih 

(5) What is the maximum distance frtmi tht' sentling end tt) the rt'peatt'r in 
order that tht' pt)wt*r input io tht' repeater he not less than 5 X lO"® watt? 

(c) A\'hat is the power output of the rept'att'i* in jiai t h? 

4-14. A 20-mile length of coaxial transmission line has a characteristic imjit'danco 
of 5 0 / 0 ° ohms anti an attt'nuatit)n t)f 2 tlecihels per mile. Assuming that tht' lint' is 
terminated in its characteristic impetlance and that the power input is 0.5 watt, find 
(tt) the output power in milliwatts, (h) the output current in milliainperes. 



Fig. 4-7. For use in connection with Proh. 4-15. 
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4 - 16 . A lino is mndo up of 15 sections as shown in Fig. 4-7 and is terminated in 
its characteristic impedance. Zi = 20 /30° ohms and Z 2 = 250 /45° ohms. 

(a) Find the input impedance. 

(h) If Zg = 600/0^ohms, find the input current and power. 

(c) Find the total attenuation in decibels. 

(d) Find th(‘ efficiency of the line. 

4 - 16 . Assume that the 2000-mile line of Art. 30 has an input power of 5 watts and 
must deliv(‘r 1 microwatt at the receiving end. A r(']M'at(T is to be placed at the 
cent(*r of the line to make this possible (a) What is the power input to the repeater? 
(/>) What is till* power output? (r) Find the gain of the repeater in decibels, (d) 
Is such an amplifier possible with present-day equipment? 



CHAPTER V 


THE LINE HAVING UNIFORMLY DISTRIBUTED PARAMETERS 

Th(‘ natures of Zo, a, and 13 have been touched upon, havinj^ been 
defined and ti’eated on the t)asis of finite section*^ of line. It is now 
proposed to detc'rniine their ex])ressioiis as used on a linc^ wliich has 
imiforinly distributed i)arameters instead of lumped parametcMs and 
whose length is either infinite or properly t(*rniiriated. This pi’oblem 
involves the cutting of the line into incremental lengths and using the 
methods of the calculus. Tin* present chapter will i)roce(‘d through 
tliat development and will tr(\‘it a few special lines which ai’e of par¬ 
ticular interest. The material 
leads to the consideration of re¬ 
flection caused by impi’oper termi¬ 
nations, that is, by terminating 
impedances different from Zo- 
31. An Infinity of Infinitesimals. 

Assume that a line is divided into 
an infinity of infinitesimal lengths, traiwnissi.m line. 

d.r, and that one such section ol the 

line is as shown in Fig. 5-1. Each length d.r has associated with it an 
ineremeiital Zi and Z 2 . A change in previous notation is made as 
follows: 

Ij(»t z mean Zi, series impe^danee ptT unit length (usually a mile) of line, 
and y mean 1 /Z 2 , or the line sliunt admittance per unit length. 

Thus for the elemental length (Lr the series impedance is zd.r, and the 
shunt admittance is ydx. At the input terminals of the element in 
question the voltage across the line is F, and the current into the element 
is /. The voltage di-op across the element, along the line is 

dV = Izdx 

and as the current flows through the element, there is a decrease 

dl = Vydx 
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Tho following development is ])jised on these equations. 


dx 

dl 

dx 

Differentiating equation 5-1 giv('s 


Iz 

Vy 


d-v _ <u 

dx^ dx 

Su])stituting equation 5-2 into this equation gives 


[5-1] 

[5-2] 


d-V 

dV^ = [5-3] 

Similarly, by first differentiating equation 5-2 and then substituting 
from e(iuation 5-1 there is obtained 


fl 

dx 




[5 4] 


The usual procedure in electrical engineering is to assume solutions 
of these equations and try them out. Based on a study of differential 
ecpiations, a safe guess for the solution of equation 5-3 is V = 

If this turns out satisfactorily the solution of equation 5-4 is most 
easily found by substituting for V in equation 5-1. Making the above 
substitution in equation 5-3 

d^V 

-, = Aah- = zyA.- 
From this it is seen that 


or 


= zy 

a = d=V^ 


Thus, since a takes two values, the solution becomes 
V = Ai^’^ + 


[5-r,j 
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Sulxstituting into equal ion 5-1, there results 

Z dx 

_ A\'^y sTy, ^ S^yx 




[5 () 


The constants of intep;ratioii A and B can be evaluated from any known 
])Oundary conditions. Tor ])Oundary conditions use Vr and Ir as receiv¬ 
ing-end values when x = 0. For this condition tli(‘n 


and 


Vr = A + B (from equation 5-5) 

Fy 


'- 4 :- 4 : 

Solving for A and B 


(from equation 5-6) 


or adding 


Then'fon' 




and 


kL 

\y 2 


Equation 5-5 becomes 

V 




-Vzyx 


15-7] 


[5-8] 
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Inequations 5-9 and 5-10 are general equations of a li*ansmission line 
when the distance is measured from the receiving end. lliese equa¬ 
tions can he written in terms of sending-end voltage and current and 
with distance measured from the sending end, piovided —x is substi¬ 
tuted for X in equations 5-9 and 5-10. Since, in the above derivation, 
positive ,v direction is measured back along the line from the receiving 
end (with .r = 0 at the re(*eiving end), distances along the line (with 
u; = 0 at the sending end) are to be regarded as —x. Substituting 
— X for X in these e(iuations gives 


or 


V = Vs cosh {—Vzyx) + Is sinh (- Vzy x) 
7=4 cosh (— x) + Vs sinh (- x) 

V = Vs cosh X — Is sinh Vzy x 


sinh Vzy X 


I = Is cosh X — Vs sinh Vzy: 


[5-11] 

[5-12] 


since cosh ( —x) = cosh x and sinh (—x)— —sinh x. 

32. Determination of Zq. Let equation 5-11 be used, and impose 
the condition that the line be infinitely long. Under this condition it 

^ Refer to Appendix III for a discussion of hyperbolic functions. 




DETTOKMTNATION OF Zo 


75 


has been seen that the input impedance is the eharacteristic impedance 
Zq. Tims, if the input impedance can he found, Zo is d(‘termined. 
At infinity both V and / are zero. Thus, leaving in the .r which —► co, 
we obtain from eciuation 5-11 


Ks cosh Vzy X = 4 sinli Vzy x 
ion 5-13 

cosh \^zy X ^ y 


Hence from equation 5-13 


\ zy X 


- 4 , 


Zo 


[5—13] 

[5-14] 

[ry-15] 


since tanh oo = 1. 

Let us note in passing how^ this Zo compares with that found pre¬ 
viously for a finite section of line. In Chapter T\’ 



^0 - 

[4 n 

Since Zo = 1 y, and Zi i 

s the present z 



jz z^ 




f l-la] 

In this derivation 

II 



Thus the difference lies in the z^/4 term which is not present in the 
treatment of the uniform line or w'hen the sections are infinitesimal. 
(See Appendix IV.) 

The Zo as given in equation 5-15 for a line with distributed param¬ 
eters besides Ix'ing called characteristic impedance is also called surge 
impedance. 


33. Illustrative Example. A transmission line, constructed of 104-mil- 
diameter copper wire with an IS-inch spacing between wires, has the following 
measured parameters per loop mile (measured C will differ from that calculated 
by means of equation 1-32 because of the effective relative ])erniittivity of the 
medium between the conductors differing from unity): 

R = 10.15 ohms 
L = 3.93 mh 

C = 0.00797 juf wire to wire 
G = 0.29 fjL mho 
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Dctonninp tlio clhMractoristic impodaiicc Zo for this line at 790 cyclos por 
second (co = 5000) eciiiation 5-15 for the infinitely lon» line, and com¬ 

pare with that found by usin^ ecjinition 4 la. 

z ^ R+ jo)L = 10.15 4-J5000 X 0.00393 - 10.15 + 19.05 

= 22.12 /02.0(S° ohms 


y - a +jco(^ - (0.29 +i5000 X 0.00797) X lO"*' 

= (0.29 +j39.S.'5) X lO-o = 39.85 X 10 ° /89.58° mlio 


jz I 22 12 0 -- 0 ^ /- ; - 

?o = -/ - = \/ - ■■=——r =- 10'\^..V)5 /-20.90“ 

yy >39.85 X I0-<- /89..58° - 


= 745/-13.1.5° oliiir 


From ecpiation 4-la for a section of line one mile lonj;, 

Zo = . r + = V'.555’^()*~20.90“ + 1(22.12/02.08“)2 

■\y 4 - - 

= V554,880 7-20.89° = 744.9 -13.4 5° ohms 

If the section is 1000 feet lon^ instead ol 1 mile, then 

Zq = V 555 X 10* 7-20.90° + ! (4.19,02.0cS°]^ 

= 745 /-13.45° ohms 


34. Determination of Propagation Constant. The propagation con¬ 
stant represents the change in magnitude and phase in a Avave as it 
passes along the line. Thus, in order to find this constant, it Avould be 
helpful to have an eciuation of V in terms of Vf, and x or an ecpiation for 
I in terms of 4 and x. 

Written in terms of exponentials, ecjuation 5-12 is 


/ = 



2 


y gvzyx _ ^-\zyjr 


Zo 2 


[5-16] 


Yl 

^0 


+ 


'• + 7 

A) 


— y/zyx 


[5-17] 


If the line is terminated in its chaiacteristic impedance, then the 
input impedance is Zo, and F./Zo = /,. The first term of equation 
6-17 then drops out, and the equation reduces to 

7= = 7.«-l'* 


[5-18] 
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Thus at a distance 1 we have 


1 ! 

1 

[5-10] 

or 

In = yl 

[5-20] 


// 


where yl now plays the same part as the y of eciualion 1 - 8 , wliieli de- 
liiied the propagation constant. Tims yl is thi' proi)aj;ation constant 
for the lenp,th under consideration, and y (=\ zy) is the propagation 
constant per unit length, wliich is taken liere to he the mile. 

Similarly, equation 5-11 \\ill yield 

I- = K) 21] 

y/ 

or 

hi ^ = 7 / 1 .) 22 ] 

The constant y was given in Chapter IV as a mor(‘ or less compli¬ 
cated function of Zi and Z 2 . The great simplifi(*ati()n in its present 
(‘xpression is to he noted. In ord(T to det(‘rmine a and /?, the real 
and imaginary parts of y as previously deliiK'd, it is only necessary to 
evaluate as a complex (luantity and take th(‘ real and imaginary 
parts. 

In equation 5-18 (and 5 21 also) y may he complex. Thus 

J ^ j lfi)x 

Mjc 1st 

— = <“'**(rc)s— jam fix) = / — fix [5-23] 

*6 


This show’s that as one proceeds along the line the absolute value 
1 ^ 'h decreases according to the constant and the vector Ijc/h rotates 
clockwise at a rate fixed by /3. This is repeating again what has already 
been pointed out concerning a and jS. 

In equation 5-23, ^ occurs as circular radians per unit length. Since 
a occurs in the equation in a manner similar to jS, it might be expected 
that a also should be expressible in something analogous to radians. 
Equation 5-23 can be written as 


“ = (cosh ax 


sinh ca) (cos fix — j sin fix) 


[5-24] 
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wheroiii the complex ratio h Is is expressed in terms of hyperbolic 
and circular functions. (See Appendix 111.) The 1:^ occurs only in the 
circular functions and, as l)efore mentioned, is in radians per mile. 
The attenuation a occurs only in the hyperbolic functions and by 
analogy may be said to be in hyperbolic radians per mile. Thus it 
is seen that the neper corresponds to a unit called the “hyperbolic 
radian per mile,” and thus there is an analogy between a and p which is 
useful to keep in mind although the concept of a hyperbolic radian per 
mile is difficult to visualize. 

36. Illustrative Example. Consider the line of Ai’t. 33 to ])C 200 miles in 
length, and detenniiic the relation })etwcen the vector 7^ /« and distance x, 

y = V 2 y = V22.12 ,02.(>,s° X 39..S.) • y.so.r),'^ 

= 0.()297 /r().13° = 0.00712 +^0.0288 
a = 0.00712 neper/milc 
15 = 0.()2(S8 radian/mile 

Iz _ ^-0 00712j^-;0 0288x _ — O 02SS r 

7« 

For j = 50 miles 


_ ^-0 35f) 

1.44 radians 

= 0.70/-82.5' 

X 



0 

1 

0 

25 

0.830 

-41.3 

50 

0.700 

-82.5 

75 

0.586 

-123.8 

100 

0.490 

-165.0 

125 

0.411 

-206.3 

150 

0.344 

-247.5 

175 

0.288 

-289.0 

200 

0.241 

-330.0 


The variation of Ix/h with distance is a logaiithmic spiral as shown in Fig. 
5-2. As attenuation decreases, the locus of Ix/Is gradually evolves into a 
circle. 

36. Wavelength and Velocity of Propagation. From equation 5-23 
and the immediately preceding material it is seen that represents the 
rotation of the F or / vector with respect to Vs or Is in radians per unit 
length. Thus, in this case, P is given in radians per mile. A rotation 
of 300° subtends a complete wave or effects a change from a positive 
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maximum at x = Xi to the next positive maximum at x — Xi + \, 
This X is known as the wavelength, and it follows that 


or 


— 27r 



[5 -25] 


[5-20] 



Fia. 5-2. Tllustralioii of alteiumtiou and phase shift. 


Let V be the velocity of propagation or phase velocity in miles per 
second. In one second the vector will rotate thi-ough a number of radians 
equal to which is then equal to the number of radians per second. 
However, the number of radians per second is the frecpiency multiplied 
by 2t, Therefore 

vP = 27r/ [5-27] 


or 



CO 

~p 


[5-28] 


Thus, if P were known, both the wavelength and the velocity could 
be found from equations 5-20 and 5-28. It will be shown later that 
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Ihe velocity of proiKi^^ation may lie between the limits of about 10,000 
miles per second and the velocity of light, 18(),285 miles per second, 
depending on the line constants. It thus becomes helpful to have 
ecpiations giving (3 (and a) ('\i)licitly in terms of the fundamental con¬ 
stants. 


37. Illustrative Example. To detcmiiiie the wavclcngtli of the lino con- 
sidoicd ill Alt. 33 and the velocity of propagation ot the 7t)() cvclos-])or-socoiid 
wave on tlii^ line. The value of jd was deteiniined in Ait. 3r) and found to he 
0.()2SS radian per mile. Hence 


and 


27r 

1^ 


2t 

().()2<S8 


21 (S miles 


27r/ _ to _ 5000 
id " /d ” 0.02SS 


173,500 miles/scc 


38. a and p as Fimctions of L, C, /?, and G. It has been seen that 
y - a + Jl3 == that z = R + jcoL, and y = G joiC. In these 

eiiuations it must be remembered that L, (\ /i?, and G are for the unit 
length under consid(‘ration, her(‘ takim as 1 mile. Writing out \ zy 

ot ']r jfi ^ A (/f + joiL) (f/ + jeoC) [5-20J 

Let both sides of this ecpiation be squared: 

<)L^ — + J2al3 = (R + jo)L) (G + jo)C) 

- {RG - co^LG) + ./(GcoL + Ro^C) 


By equating real and quadrature components there arc obtained two 
equations from which a and (3 can be found: 

^ RG - co^LG [5 30] 

2 aid = GcoL + /fcoC [5 31] 


Solving equation 5-31 for a and substituting into equation 5-30 

GooIj -j- RooG 


and 

or 

or 


(GcoL + i?a)G)2 
4/d2 


2/d 


= RG- oy^LC 


(Go^L + = {RG - 


4 
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This is ii (jiUKlratic (H|uati()n in /:?“ and (*a,n })o solved readily giving 

H = Vi(v''(/t’- + w-L^(r- + 0>\'-) - {lid - co-7/')J [5-32] 

Ill a similar manner cx ean he found: 

“ (^" + Oi-!?){((- + -h {HO - cJ-LC)] [f)-331 

The equal ions 5 82 and 5 33 will he useful later in the ti-eatment of 
special lines. 

39. Illustrative Example. The values of a and ^ will he determined for 
the line of Art. 33 employing the paranieteis L, (\ A\ and (/. For the (‘al- 
eulation of a and the f^)llo^^ing are needed 

- 103 (o;L)2 = :m 

r;- - o.osi X lo-’*-' (cot^)- = loss x lo 

Ra =- 2.04 X 10 = 7S3 X 10-*^ 

Su])stitutiiig these values into ecpiation o 33 gives 

“ = ■V[.[v^4.s() X (loss X lO'"^ - 7W) X 10 
= VIOSM X 10-« - 7,SO X 10 '■) = 0.00712 ncpor/milo 

An ins])ection of ecpiations 5-32 and 5-33 shows that /3,may he obtained hy 
changing the sign of the last term in the above erpiation for a ; lienee 

/3 = ViOSM x'kF^-I- 7.S0 X 10 '■) = 0.02.S,S mdiiin/milc 

It is seen that these are the same values as obtained for a and ^ liy the 
method given in Ai’t. 35. 

40. Special Lines, (a) CohlcH. In most cable cii‘(*uits for use at 
voice frequencies the inductive reactance is low compared to the resist¬ 
ance, and the leakage conductance is negligible with respect to the 
capacity susceptance. The inductan(*e is very low owing to the pi’ox- 
imity of the conductor’s, wdiich causes the external flux linkages to he 
very small. (See ecpiation 1-11.) The conductance is very small if 
the cable is well constructed with good insulation. Under these con¬ 
ditions, approximations can he made which wdll gi-eatly simplify the 
calculations. Thus 


z — R ^ R 

p = (? + jwC = jeoC 
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For those conditions ociuations 5-32 and 5 33 become 



[5-34] 


[5-35] 


[5-30] 


[5-37] 


The ii])ove e(iuations for c, cv, and (3 show that each is proportional to 
the sciuare root of the frecpiency transmitted ; thus the higher-freciuency 
portions of the band arrive earlier and are reduc(‘d nion^ in magnitude 
than the loAv-freqiU'iicy i)ortions. The phase distortion occurs since 
in e(iuation 5-34, is not directly proportional to co. 

Since the H(^ cable exhibits both frequency and phase distortion, it 
is not suitable for the transmission of a wide frecpumcy band. 

It is \vell to note also that, since this is an infinite line, the input 
impedance is 



which has a fixed angle of negative 45° regardless of frequency. Thus 
the current at the input leads the voltage by 45°. 

(6) Distortionless Transmission. An optimum state of affairs would 
be represented by an a wdiich is independent of frequency and of as low 
a value as possible, and a fi proportional to frecpiency so that v would be 
independent of frequency. The determination of the line parameters 
for such a condition would be rather difficult if attempted by any 
straightforward development. However, a rearrangement of equations 
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5-32 iind 5-33 leads to the followiiiji;: 

= ^i\V{l{G + w-LCf + {lAf- WfJ - (/!>(/ - o)^//')] [5 38] 

a = {LG - HCj-J- + {RG - «-//')] [5 3!>] 

In these eciuations it is seen that a considerable simplification will result 
if the condition that L(i = RC exists. Then 


ji = \%[(RG + oi~L(') - {RG - w-LC)\ 

=• Vi^Lc = coV/T' [r>- 40 ] 

and 

a = 'yi[{RG + JlV) + {RG - co-7y')] 

= [5-41] 

Thus a and d reduce not only to v(Ty sim])le forms but also to ])recis(‘ly 
the functions wliich were d(‘sired: a is independent of frecpuaicy, and ^ 
is proportional to fn'quency. From this 


W CO 1 

Wlc VZr 


[5-12] 


The assumption LG = /fC is the same as L R -- G G. In other 
words z(= R + jcoL) and y{= G + ./coC) have th(‘ same an^lc. 

Zi) can be calculated from 


Zo = 

^ H~ ./coL 

G + jc,r 



R -f- j^*iL 


'« + j 


0)//; 

R 




R{R H- jW.) 
G{R + ./co/v) 



[5-43] 


The condition of L/R = C/G for tlie above relatively peifect case is 
difficult to attain because G is generally very small on well-built lines, 
making it necessary for L to be very large or for R to be small. R cannot 
be decreased sufficiently because of economic limitations, and it is not 
advisable to increase G artificially owing to its effect on a. Thus on an 
actual line it may be suspec^ted from the above discussion that artificially 
increasing the inductance would have the effect of decreasing R and thus 
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should improve the attoniuitioii constant. This addition of inductance 
is called loading. 

41. Elements of High-Frequency Coaxial-Cable Transmission. A 

type of line which is of very great importance at high frecpiencies is the 
coaxial cable, dlie ecpiations for L and C of such a line luive already 
been \\ritl(‘n. They are 

L = 0.741 log X 10“Mienrv mile [i“25] 

a 


and 


C = 


o.o:ts8 

log- 


gf niil(‘ 


^ac 



X 10 ^ ohm mile 


[1-37] 


[1-84] 


where 6^ is now tak(‘n as unity, a and h are in centimeters, and / is 
expressed in cycles per s('(*ond. 

At very high fre(iuenci(‘s (t can be neglected, and coL will b(‘ very large 
in comparison w'ith R. Hence at high trecpieiK'ies 


^0 




R -b ./ToL 



[5-44] 


With these assumptions, a of e([uation 5-33 can be wjitten 
ot = A^2[-f — co“LG] 

where p ^— 2 J 2 ] expanded by (he binomial theorem and all terms 

above the seeond degree arc dropjjed. Thus 

Lr R^ _ 1 [rY 

" “ \ 2 ‘2a,L “ 2 \ L ' 

= ^ ^ ^ A 

“ 2 \L - 2 Z„ 


[5-4r.l 





Thus a is jj;ivon in IcMuns of a and b. Tho (l(‘riva1iv(' ol lliis function with 
mspe(‘t to a may ho set ocpial to zero to obtain a \ alu(‘ of a in terms of b 
wdiieh will produce a miniinum value of a. Jn Ihi.s dcu'ivative b must bo 
considered as a constant. It is found that for a minimum a^b a — 8.(), 
in w’liich case becomes about 77 ohms. 

It is s(‘(‘ii that once a and b are fixed the attenuation will be })ro}>or- 
tional to the scpiare root of the freciuency. Also it will be noted that 
for coaxial lines the charactelastic impedance is r(‘lati\ely low, being 
about 75 olims compared with the value of 715 ohms obtained for the 
aerial line discussed in Art. 33. The velocity of transmission on such a 
line is very near to the velocity of light, as can be easily s(‘en from the 
following ecpiatioiis. It is only necessary to change the sign of the 
last term in eciuation 5 45 in order to obtain (3. Thus 
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From this 

CO ^ 1 1 

^ ^ Vie . , 

8co“7.^ 

Tlii.s shows tluit the velocity will be slightly less thnii v = \/VL(\ 
Substitute equations 1-25 and 1 37 into this ecjuation for v\ Then 

() ()3S8 X 
log 

a 

= 180,285 miles'sec 

or using equations 1-21 and 1-35, v = 3 X lO"' meters per sec. 
If H wei'e actually zero and there were no h'akage conductance, as 
assumed, then the maximum velocity this transmission could have 
would be the vc'locity of light. 

Zo-^745 A 13.45 

Fig. 5-3. I"or use in connection with illustrative (‘\iiinj)l(‘ of Art. 42. 

42. The General Line and the Effect of Loading. TIk' values of ^0, 
a, and as olitained from the foregoing calculations w ill })(» aiqdied to 
the 200-mile line. Assume that the line is terminated at the receiving 
end in Z^), and a generator (790 cycl(*s per second) w ith an enif of 2 volts 
and internal resistance of 000 ohms is connected to the sending end. 
(See Fig. 5 3.) 

7o = 745 /-13.45° = 725 - jl73 ohms 

j ^ ^ _ _2 _^_ 2^ _ 

“ + Zo ()00 + 725 - jl73 1335 /-7.45° 

= 0.0015 /7.45° ampere 

The total nepers attenuation of the line is 

iV = 200 X 0.00712 = 1.424 

^ = e’= 4.16 

1 T 
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Therefore th(' received current, since Ihe line is correctly terminated, is 
, A 0.0015 

/r = — . = , , . = 0.000300 ampere 

d.K) 4.1() 

The decibel attenuation of the line is easily found from the current ratio, 
dh - 20 1oj«4.10 = 20 X 0.010 = 12.38 

The phase rotation of tlie current vill be 6 = 200 X 0.0288 = 5.70 
radians or 0 — 330°. 

Let it be re(*alled a^-ain that the effect of ^ is to multijdy the sending- 
end current, or voltage, by a factor 

-yl ^ -a!-,til ^ ^ -N 

As was pcjinted out previously, tlie factor merely decrc'ases tlu' 
magnitude of the sending-end ({uantity, and the factor (= cos 0 — 
j sin d) rotates the vector of the (piantity through an angle 9 in the clock¬ 
wise or lugalivv dir(M*tion. Thus the r(»ceiving-end cui’rent has an angle, 

7.45° - 330° = -322.55° 

Therefore the rec(‘iving-end current is 0.0003()0 — 322.55° ampere. 

41ie received j)o\Nei’ is the pow(»r lost in tlu* resistaii(*e component of the 
terminating impedanc(\ It is seen above that the r('sistan(‘e component 
of Z() is 725 ohms. Thus 

Pr = llRr = (3.00 X \(r^f • 725 
= 91.0 X 10“^^ watt 
= 94.0 MW 

Jn order to consider a loaded line it will be assumed that an imluctance 
coil with R = 7.3 ohms and L — 240) mh is placed in the line at intervals 
of 7.88 miles. At low frequencies tliis inductance can be considered as 
uniformly distributed so that the added inductance per mile is 
240/7.88 = 31.25 mh and the added resistance per mile is 7.3/7.88 = 
0.927 ohm. Thus the fundamentiil parameters become 

R = 10.15 + 0.927 = 11.08 ohms/mile 
L = 3.93 + 31.25 = 35.18 mh/mile 
C = 0.00797 Mf 'mile 
G = 0.29 X 10“® mho/mile 
Again calculating Zo 

z = 11.08 + j5000 X 0.03518 
= 11.08 +jm = 170 /80.39° ohms 
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From Art. 33, 

y = 39.85 X 10"”, 8 9 58^ mho 

Ih'lK'O 

^ / 170 

" ” \ 1 / ” \;5!)s.) X i(r‘’ 

= 2102 -l.r>l)° = 2102 - joHA oliinh 
For the calculation of n and /3, since LC 9^ h‘C: 

/f -=122 8 (w/.)- = ;-{0,!)ll 

a- = 0.081 X 10'*^ (.cot')- - i.ws X i(r'2 

RG = 3.21 X 10“'' CO-7/' = 7010 X 10““ 

Siihstituliiif!, into equations r> 32 and .I ;)3 

^ 31,0li4“^l.')S8”x K)-'- + 7007 X 10““] 

= \ }. (7023 + 7007) X I0~ 

= 0.0838 nidimi ''mile 


a = - 7007) X 10““ 

= 0.0028 neper/inilo^ 


27r 27r 

/it ~ 0.0838 


75,0 miles 


V 


CO _ 5000 
~3 ~ 0.0838 


= 59,700 mil(‘s sen* 


/XpplyiiiS these lesults to the 200-miIe line in the same manner as for 
the nonlojided line, the input eurrent heeonu's 


' 000 + 2102 - j58.4 

- 2t02 / 7.^ - » 

Now calculate and operate directly with it on 4. 

-yi ^ ^ ^-oA /_pi 

^ Wlien^io value' of a is very low it is better to ciilculate it by dt'tt'rmining the real 
part of V zy (liiertly. 
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-'* 7-0.0 8 38 X 200 
= £- '‘ •'' 7-1().7() rad. 

= l-/-<)(i0° = 0.57I/-!M)0° 

1 .Tf)' 

Tims/, = 0.000740 /1.235° X 0.571 /-i)()0° = 0.000423 /-958.7C»° nm- 
jK'iv. 'I'ho rc.sislaiico coinixmoiit. of Uio O'rniinatiiiff Zo is 2102 olinis. 
Tims tlie power do live'red is 

J\ = (().()()() 123)- X 2102 


I'ho (looihel attoiiiialion of tho lino is 


(II) = 2()Jok 1.75 - 20 X 0.213 = 4.86 


A oomparalivo suininary of tho two liii(\s follows: 


Zo 

a 

fi 

X 

V 

Is 

Ir 

db 

Pr 


745 — 13 .45'^ ohms 
0.00712 n(‘j)(‘r milo 
0.02SS radiim milo 
2IS miles 
173,500 mil(‘>' s(‘c 
0.0015_7.15 ampere 
0.00()3(U) -3 22.55 ^ ampere 
12.38 

01.0 mierowalts 
5.70 radians 


h<)A3)i:i) 

2102/ohms 
0.002(S fieper/mile 
0.0S38 radian mil(‘ 

75.0 mil(‘s 
50,700 mil(“' see 
0.000710 1.235" ami)or(‘ 
0.000423 -05S.7()° ampere 
4.80 

370 microwatts 
1().70 radians 


14ie iin})orlanl ilt'in to note in tlio abox't' tabulation is that the attenua¬ 
tion for the loadt'd line is api)roximately one-third that for the non- 
loaded line. The power delixen'd over the loaded line is four time's 
the power ov('r the noidoaded line. IIow(*v(*r, loading has caused a 
grc'at (k'ci’ease in the phase velocity. 

Tnst('ad of placing loading (‘oils at intervals along the line, the ('fleet 
may be obtaint'd by wrapping the conductors with ii*on or pe'rmalloy 
tape which uniformly distributes the added inductance. 


PROBLEMS 

Mak(' all calculations for Prohs. 5-1 to 5-0 inclu‘'iv(‘ at 700 cycle's jx'r S('Cond. 
6-1. Give'll a liiu' A which has the following parameters per loop mile: 

H = 4.02 ohms 
L = 3.37 mh 
C = 0.00808 ixi 
(7 = 5 X 10 ® mho 

This line is 200 miles long and is terminated in i's Zo. Galculati' Zo a, fi, v, and X. 
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6-2. A Kt'nrrator of 500 ohms iiitoriial resistance and 10 volts gc'iioratod (*nif is 
connt'clcd to th(‘ sonding ond of lino A. Find tho voltas<' across the lino and the 
curnait in tlu* liiu* at th(‘ roc(‘ivinK and si'nding ends and at intervals of 25 mil(‘s aloiiK 
the lino. Plot results using both polar and cartesian coordinates. 

6-3. Giv<‘n a line R with tht‘ following paraniet(Ts ])(‘r loop mile: 

R — 5.OH ohms 
L = 2.22 mh 


r = 0.01154 /if 
a = 0.58 X 10 ^ mho 

(rz) Calculate /o, a, c, and X. 

{h) Load the line with an additional L - 240 mh and R — 7.8 ohms at inter¬ 
vals of 7.HS mill's, and I'lM'alculatt' /o, a, (i, i\ anti X. Note any diffi'n'iices causc'd 
l)y loading. 

6-4. Calculate the decibel atti'nuation of 2tK) mill's of line B when properly termi- 
mited when both loaded and unlozided. 

6-6. A cable line (' has the following pzinimeters per loop mile: 

R = 42.1 ohms 
7^ = 1 mh 
(' = 0.002 n\ 

C = 1.5 X 10 mho 


Calculate Zo, a, v, and X. 

6-6. Loading is added to the line C at intervals of 1.135 miles. The additional R 
and L for this interval are 2.7 ohms and 31 millihenrys respectively. Recalculate 
Z(), a, d, Ji^id X. 

6-7. (a) Calculate and plot curves showing thi' relationshi]) between attenuation 
constant vi'rsus frequency and between w^avelength constant versus freijuency for 
the cable line of Prob. 5-5 over a fn‘<)U('ncv range' of 100 to 5000 cycle's pe'r se'ceinei. 

(f)) Calculate and plot curve's sheiwing the re*lationshi]) betwe'e'ii characte'ristic 
impe'dance versus fie'que'ncy, ve'leicity of iireipagatiezn ve'isus fre'qiu'iicy, and wave¬ 
length versus freeiuemcy few the abeive line anel fre'quency range'. 

6-8. A parallel-wire line is composed of twei No. 10 AW(J harel-drawn coppe*r 
coneiucteirs separated ce'nter to cemter by a distance eif 5 ine*hes. De'terinine' the 
characteristic inq edance e)f the line at 1000 kileicycles: 

(а) When re'sistance' and shunt ceinductance are neglected, 

(б) When shunt e*e)nductance only is negle'cted. 

6-9. The line of Pre)b. 5-8 is 100 meters le)ng. Dete'nnine a and d, tbe decibel 
loss for the line, and the total change in plnise of the current in degrees: 

{n) When shunt conductance is neglected, 

(6) When shunt conductance is taken as 3.82 X 10"® mho per meter. 
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OPEN-CIRCUIT AND SHORT-CIRCUIT LINES 

Th(' previous (*hapt('r trelated the uniform line which ^vas properly 
terminated. Such a line led to the condition under which the propaj^a- 
tion was unidirectional, that is, no reflected W'ave ever could return from 
the far end. E\'eryone has had (experience w it h w ater w avc's in channels 
or clasti(‘-disi)lac(m(ent waves on long; stretched wiivs, and it is w’(‘ll 
known that, if there are inv^ularities in (dtlier, a reflection n'sults. If a 
w^ave is sc^nt from oik' ('iid of a lonj» v'ire fastened firmly at th(‘ far (^nd, 
in a short time a w^ave returns. This nduimed w^ave is the result of the 
discontinuity at the distant end. Kchoces are anothei- illustration of 
reflection (*aused ))y irne^iilarity or discontinuity of the conducting; 
nuHlium. On account of the similarity betwTcai th(‘ electi’ic w’av(‘ on a 
transmission line and the waves immtioned al)ove, ndk'ction w^ould l)e 
(‘xpectcul in every line which is not infinite (or terminated in Z^). 

The pn'sent chaptei* iiitroduc(\s the ])rol)lem of refk'ction and considers 
the (wo limiting conditions of mismatch at the re(*(‘ivinft end—that 
of an open circuit and that of a short circuit. The basis is also laid for 
furtlun* devel()])ment of i‘(dl(‘ction phemonK'na and vai’ious miscellaneous 
treatments which are taken up in Chapter \TI. 

43. General Equations. In the j)r('C(‘ding chapter tw^o eciuations, 

V = Vi, cosh Vzy X — /sZo ►^inh x [*5 11] 

and 

I = h cosh ^zy X — sinh Vzy x [5-12] 

were derived, and on the basis of an infinite line the tcu-m w^as 

identified with Zo- If should, howm^r, be carefully not('d that the 
derivation of equatiems 5-11 and 5-12 did not depend on the line termi¬ 
nation. The only boundary conditions used were at the receiving emd 
where j = 0, 7 = Tr, ™d I = Ir- Thus these eciuations can be ('asily 
extended to cover lines terminated in a more general Zr whivh may or 
may not be equal to Zq. Obviously, of course, in such a line the input 
impedance is no longer equal to Zq, but Zq, being a constant of the line, 
can be kept in the equation. 
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Lotting I ho loii^lh of tlio lino bo roprosoiitod by S, 1h(' above' oejuations 
will givo the roooivm^-e'iid (luaiititio.s in lornis of S a^ follows: 

Vr ~ Vs cosli \ 'zy S — /,Z() sinh \ zy S [0 1] 

Vs 

I, = Is cosh \'zy S ~ sinh \ zy S [0-21 

vSimilarly li'oin ociualions 5 9 and 5 10 

Ks ^ Vr oo.^h \ zy S + I,Zi) sinh \ zy S [0-3] 

/— F, 

Is = /, oosh V zy S -|- - Midi \ zy S [0-1] 

^0 


ddi('s(‘ lour ('(Illations aio tho ^(‘iioral (‘(jiialioiis of a transmission line' 
and do not invohe' the* t(‘rininatiiu; inipe'danoo e'\])li(*itly. d’he'roforo 
the' indi(‘at('d voltaj»(‘s and oiirre'nts can be* ooiisidore'd as oxistont at any 
twa) points on a line' se'jiarate'd by a distanoo S, which in this case is to bo 
take'Ti as the' le'ii^th ol the' line* iindor e*onside'ration. 

Ke'opinji, in mind that Z, must e'epial V, /,, ('(luation 0-3 can bo 
re'arranj;('(l as follows: 


Ir = 


_ Vs _ 

7, cosh \ zy S + Z() sinh \ zy S 


[0-5J 


and from oeiuation 0-1 


/, = /;( oosh \ zy S + -—i- 


siiio V Ly 


[0-5a] 


Fs(7o oosh \ zy S + Z, sinh \ zy S) 
7()(7, oosh \'zy S + Zo sinh \ zy S) 


[O-G] 


The'so oepiations aro dorivod in a diffore'nt manne'r in Appondix V. 

44. Direct and Reflected Waves. In ordoj- to appre'oiate* more fully 
tho purposo of torminatin^ a lino in its oharaotoiistio impodance, let 
ociuations 5 9 and 5 10 bo i-e'writton eanployiiif!; e'xjionontials and the 
attemuation and phase shift constants. Then 


F = 


F. + /,Zo 




Vr - hz^-, 


/.+ 


1 = 


Zo 


It- 


_j_ 


^() —av —ijSsr 


[6-7] 

[C-8j 
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1)3 


where .s^ A\ill t)e used to indicate disttinee alon{> a line of h'liftth (S' from tlio 
receiving, end. Sine('7, = I,Z, 


Z, + Zi\ 


Z, — Z(t 


y = i,~' + /, 


^ 7, rz, + z,. 

z„L 2 


A 


•'] 


[6-9] 
[6 JO] 


E(iu<‘i1i()i] ()-7 ih .s(H‘n to consist of two terms, tlu‘ fii’st of wliicli increases 
in inaj>nitii(l(‘ ((lu(‘ to e''"''') as \\(‘ ji,o from tiie rec(*ivinj>, to tin' sending; 
end or decr(‘ases in ma^nitiid(‘ |)roc(‘(‘dinj; from tli(‘ sendinj; to the 
receiving (aid. Tliis term, when associated witli the lime variation of 
voltaj^e (whicli lias Ixaai can(*(‘l(Hl out of (‘([nation (> 7), results in a 
voltaj>e wave W’liich ori[’inat(‘s at tli(‘ s(aidin» (aid of the line and is oft(‘n 
r(‘ferr(‘d to as the din^ct wav(‘. The operator caiis(‘s th(‘ dir(‘ct W’a\e 
to advaince in phase from its jiosition at the rec(‘iver as we pr()(*(M‘d from 
the reeeivinj; (aid. 

The second term of ('([Uidioii d 7 d(‘(a‘(ais('s in magnitude (due to 
e”"'') as we go ironi the r(a*ei\ ing to the siaiding (‘iid. ll(aic(‘ this wave 
may he thought of as originating at the r(‘C(a\ing (aid, and as su(*h it is 
(*all(Hl the r(*tl(M*t(Hl wa\(‘. The operator (*aus(‘s the ndlected waive 
to drop hack in phas(‘ from its recaaver position. 

The voltag(‘ at any point on the lin(‘ is the sum of the t wo terms show'n 
in e(iuation h 7. Sin(‘e the a(*tual time variation of the \ oltage has Ixaai 
(‘liminat(‘d from this (ajuation, the two t(a-ms comhiiu* to form a shinding 
wave, that is, a plot of T versus .v,. 

The loci of the diix'ct and refle(*t(‘d I'oltage compommls for a eas(» in 
W'hichZ, < Z() are shown in Fig. (>-1 together with the resultant standing 
wave. The r(\sultant waive is the v(‘ctor sum of the direct and refiect('d 
components. Since Z, < Zo, the ndk'ctia] wave ai)p(airs as a negative 
wave with respect to th(‘ direct wave. Jf Zr were greater than Zo, then 
the reflected wave would appear as a positive wave. (See Fig. ()-9 for 
the open-circuit case of Z^ = x.) At the load the r(‘sultant wave is 
the arithmetic diffeioma' hetwiMUi the din'ct and ivflecti'd waiv(\s, whereas 
at the 00° point it is (Hpial to the arithnudic sum of the tw^o compommts. 
At the 180° point the losultaiit is again the difference and at 270° again 
the sum. In rectangular coordinati's, the loci plot as showm in Fig. 0-2. 

FA’amination of equation (>-9 show’s that wIkui Z,. = Zq (the line 
properly terminated) the reflected component disappears. The loci of 
the voltage wave foi* the matcluHl case are shown in Fig. 0 3 in polar 
coordinates and in Fig. (> 4 in rectangular coordinates. It is to be noted 
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^ miles between sender and receiver 


♦ 

Receiver end 


Fig. 6-2. Voltage along inismalc-hod lino nhowing the standing wave. 
(See Fig. 6-1.) 
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Fig. 6-3. VoUage loci for iiMilclicd condilioii. No ndlccU'd wave. 



Fig. 6-4. Voltage along matched line. (Sec Fig. 6-3.) 
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OPEN CIRCriT AND SHORT-CIlUUnT LINES 


that tho spiral is smooth, tho voltage variation is uniform, and no 
standing waves are present under these conditions. 

46. Sending and Transfer Impedances. Tlu* scnding-cnd, or itijnit, 
impcdatirr of the line has not yet been mentioned. However, in any 
practical treatment of the line its value is necessary in order to deter- 
min(‘ the input current when a given generator voltage is applied to the 
sending end. Eejuation 6-() gives this impedance dii‘(*ctly by trans¬ 
position. Thus 

^ V, ^ cosh Vzy S + sinli V zy (S’"] 

Zj = — = Zo - — --lo-ll] 

I.S LZ() cosh Vzy S + Z, siiih Vzy aSJ 

It is seen immediately that, if Z, = Zq, the input impedance rc'diices to 
Z() as it should. 

The Hcnding-rnd transfer impedana of a line is defined as the ratio 
Vs/Ir, and Using eciuation ()-5 this becomes 


Zi, = Zj cosh \ zy S + Z(, sinh \^zy S [6- 12] 


46. Input Impedance, Open- and Short-Circuit Line. If Z, b(‘comes 
infinite, an open-cinaiit line results. The reflection which takes place 
under this condition is characterized l)y the fa(*t that the current 4 at 
die end of the line is zero. In such a line the input impedance varies 
widely as either the k'ligth of the line or the fr(Hiuen(‘y of the t]*nns- 
mitted wave is changed. 

If numerator and denominator of ecpiation 6-11 are divided by Z,., 
and Zr allowed to approach an infinitely large valiK' (open circuit), the 
input impedance of the open-circuit line is 


Thus 



cosh V zy S 
sinh V zy S 


[6-13] 


Zso ~ Zq coth S — Zy 


/-T -; 2 -;- TT / X -1 ^inh a 

' sinlr a -|- cos b / tan ^- 

/_ cos b cosh a 


Vsinh^ a + sin^ b / tan ^ 


b cosh a 
? b sinh a 


[G-14] 

where a — aS and b = 0S from N = a + jb. 

The input current to the line becomes 

y _ Vs _ Vs tanh S 
iso - -y- - ~ 


[0-15] 



INPUT IMPKDANC^IO 


97 


For the short-circuit line it is only necessary to set Zr 0, or whal 
amounts to the same tiling, Vr = 0. The ini)u( impedance can aj^ain he 
d(‘tennined from ecpiation 0-11 as 




or 


cosh ^zy S 


Vsinlr a + sin^ b / tan 


^.ss — Z() • 


sin h cosh a 
cos I) sirih a 


/-T—To -^- rrT /. _i sinsmiw/ 

Vsjnlr a + cos“ h / tan ^- 

/ coh h cohli ii 


Also 


Z() tanh V zy S 


[ 0 - 10 ] 


[0-17] 


[(>-18] 


It will he seen from eciuations 0-14 and 0-17 and Fi^;. (>-5 that the 
impedances Zf.o and fluctuate in value as the lenj 2 :th of the line is 



Fig. 6-5. Variation of and Z»« ^^ilh length of lino. 

increased. This vaiiation is due to a gradual change in the value of 
sinh a and a periodic fluctuation in both sin b and cos h. If the sinh a 
term is not so great as to mask the fluctuation caused by the circular 
functions, then maximum (or minimum) values of both and Z^o 
will be passed through at approximately every half wavelength. This 
follows from the fact that b in these equations is and, if S is expressed 




98 


()pr:x C^IRCIITT AND SIIORT-CXHCIJIT LINKS 


in terms of tlie niimhei’ of wavelengths a/, h beeomes 2TrtL Zgo ^vill be 
maximum at n = 0, whereas Z.s.s is a minimum. The sinh“ a term merely 
increase's gradually and eventually predominates (W'er the fluctuation 
caused by the circulai* functions. Continuing with the inciease in n, 
when n ))ecomes }4, is tt 2, and Zs„ is a minimum w'liile is a maxi¬ 
mum. Again at n = V 2 , Z.s„ will be a maximum and Z^,^ a minimum, 
because of the circular function being sepiai'ed. Thus two maxima 
(or tw'o minima) may be encountered in one-lialf wa\'elenglh. 

To illustrate a practical ca.se, curves are plotted in Fig. ()-5 for open- 
and .short-circuit impedances of a nonloaded line vei'.sus length of line. 
Here Zo = (>Hi / —3.53° ohms, a - 0.0048 neper mile, ^ = 0.0275 
radian/mile, and X = 228.5 miles. Tt is .seen that maxima are pas.sed 
through every 1J4.2 miles. 

47. Voltage at Open-Circuit End. Tt is of interest to determine the 
voltage at the open-circuit end of the line w4iej-ein Ir = 0. Writing 
ecpiation 0 I in terms of open-circuit notation 

Vro - cosh Vzy S — 4oZ() sinh Vzy S 


Upon substituting for the value as given in equation 0-15, there 
results 


Vro = 


cosh S — 


^ sinlr' Vzy S 
(‘osh V zy S 


Vs (coslr S — sinlr’ V zy S ) 
cosh Vzy S 

Vs 

cosh V^ S 


[0-19] 


If aS is written as a + jhy where a = aS and h = |(3aS, the equation 
becomes, using eciuation A-25 : 


Vro = 



sin h sinh a 
cos h cosh a 


V sinh^ a + cos^ b 


[ 6 - 20 ] 


This relationship is interesting because of the fact that there may be 
lengths of the line or frequencies of transmitted waves for whi(;h Vro 
may be greater than U.,. This is called Ferranti effect. 

Confining attention to the absolute value only of equation 0-20, 
Vro may be greater than Vg only when 

sinh^ a + cos^ 6 < 1 
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As the lorigth of the lino incronsos, sinh“ « incronsos from zero to over 
higher values. At the same tim(' cos' h deereases from 1 lot) and hack 
to 1, ete. Thus there may he certain relatively short lines wliere the 
above condition holds. This must he before sinlr a = 1 because the 
lowest value which cos^ b can have is zero. 

'^rhe limiting condition for Fcaranti effect exists when is (Hiual to 
the s(*nding~(md voltage, that is, when the denominator of equation ()-2() 
is unity. Then 

sinh^ a + cos“ 6=1 

sinlr' a = 1 — cos^ 6 
sinh^ a = sin*^ 6 


± sinh a = zb sin b 

dz sinh exS = db sin [0-21] 

If a and 0 are such that the line is subject to Ferranti (‘ffect, then 
Ferranti effect will occur for all values of line lengths S for which eejua- 
tion 0-21 is satisfied. 

The limiting condition necessary for the occurrence of Ferranti 
effect is to be found by applying equation 0 21 to very short lines. Fol¬ 
low’ values of S, sinh aS = aS, and sin I^S = (SS. Ac(‘ordingly the limit 
given by e(|uation 0-21 is = a. The same i-esult may also be ob¬ 
tained by differentiating the absolute value of equation 0-20 with 
respc'ct to S, j-emembeiing that a = aS and 6 = I3S. 

dVro _ 13 sin 2(3S — cx sinh 2aS 
dS 2 (sinh“ aS + cos“ (3S)^- 

The derivative will be positive if (3 sin 2l3S > a sinh 2aS, and thus 
there will l)e an incr(\ase in 1 w ith an increase in S. For the very short 
line the derivative will be positive for 

2I3^S > 2a\S 

or 

/3 > a 

From the above derivative it can also be seen that the value of S 
at w’hich maximum F,o w’ill exist is given by the condition, 

/3 sin 2I3S = a sinh 2aS 

The variations of sinh^ a, cos^ 6, (sinh^ a + cos^ 6), and Vro with 
line length are illustrated in Fig. 0-7 for a typical line subject to Ferranti 
effect. It will be noted that prior to sinh^ a reaching the value of unity 




Fig b-7 lllubtration of PVrranti effect 
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tho function (sinh^ a + cos^ b) assumes minimum and maximum values 
If ^ a, as in the illustration, the first minimum value will occur 

at a i)oint where b is slightly less than tt 2 or at a value of S which is 

a little less than XI. If « is more nearly ecjual to the sinh^ a curve 
will rise more rapidly with respect to the cos“ b curve than that shown 
in the above illustration, and the minimum value of (siiih^ a + cos^ b) 
will occur at a lower value of N, thus causing maximum Ferranti effect 
to occur at a still shorter length of line. 

48. Illustrative Example. This disciission of Ferranti effect will he illus¬ 
trated by calculations on a 1 (iVniil-diameter coi)])er-wiie line witli 12-inch 
si)acing Ix'tween wires having tlie following parainetejs per loo]) mile: 

— 4.02 ohms C = O.OOSOX fii l^ctwccn wires 

L = 3.37 mil <7 = 5/1 mhos 

At 790 cycles per second 

a = 0.004S neper/mile 
= 0.0275 radian/mile 
X = 22S.5 miles 

Eciuation 0-21 is shown plotted in Fig. 0 0 for values of S from 0 to 341.4 
miles or \ ^\. Jt is to he noted from this figure tliat sinli aS cuts the sin (:iS 
curve at 90.2 miles and that —sinli aS cuts it at 145.2 miles and again at 
179.8 miles. This means that Ferranti effect will occur on linos of the aliove 
design of lengths from zei’o to 90.2 miles and from 145.2 to 179.S miles. 
The receiver voltage on o])en-circuit lines of lengths between 90.2 and 145.2 
miles and gieater than 179.<S miles will be less than tlie sending voltage T",;. 

In Fig. 0 7 are shown plots of .sinli- a, cos- 5, and (sinh- n -}- cos- h) as wtU 
as Vro w4ien F« is 4 volts. 


49. Current at Short-Circuit End. Tlie current at the short-circuit 
(‘iid of the line may be found from equation 0-2, using equation ()~18 
for /«. 


F.S cosh Vzy S 
Z() tanh V zy S 


sinh S 
A) 



[ 0 - 22 ] 

[0-23] 
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When the length of the line is zero, the current is infinite as would be 
expected for a finite V^. As the length is increased, sinh^ a increases 
indefinitely, and sin“/; fluctuates between zero and unity. Thus the 
current decreases along a (*urve which oscillates considerably at first 
but smooths out as the sinh^ a term becomes predominant. The type 



Fio. 0-8. Variation of short-circuit current with length of line. 

of oscillation is shown in Fig. 0-8 where equation 0-23 is plotted for 
lines of various lengths having parameters as given for the nonloaded 
line of Art. 40 using Vi, as 1/^volt in each case. 

60. Conditions at Any Point on the Open-Circuit Line. The voltage at 
any point on an open-circuit line in terms of the receiving-end quantities 
is given by a rearrangement of equation 0-19, such as 

V = Vro cosh &V 
= Vro cosh (aSr + jM 

— Vro'^ sinh^ ar + cos^ j tan“^ sin sinh fly [0-_24] 

_ cos hr cosh Qy 

where Viy Sr = aSr + == 



Voltage 


CONDITIONS AT ANY POINT ON OPEN-CIRCITIT LINE 103 




Pia. 6-10. Voltage along open-circuit line. (Sec Fig. 0-9.) 
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OPEN-CTRC[^IT AND SHOnT-C^IRCnUT LINES 


The cuiTent at any point on such a line is j2;iven by etiualion 0-4: 

{It = 0). 


/= ^''-hm\\y/zysr 


V.o 


^ sin hr cosh Or 


= Vsinh“ a;. + sin“ b, / tun , . , 

Z() _ cos h, siiih Or 

The impedance at any point is j»;iven by 
Zso = J = Zo coth Vzy Sr 


= Zo 


fO-2.5] 


/ -;-IJ-T- / 1 Sin hr Sinll Or 

\ sinlr Or + cos^ h, / tair^-^ 

_ cos hr cosh flr 

^/■^T2-^/ * -1 cosh Or 

Vsiiilr a,. + sm“ h, / tan -;——— 

/ cos hr sinh Ur 


[0 20 ] 


Note that, in equation 0-20, if s, is made zero, Z.s„ = ZoVl/O = oo, 
which checks with the known condition foi’ an open-circuit line. Jt 
will be noticed also that it the lenf»th S is substituted into equation 0-20 
the equation obtained is the same as e(iuatioii (>-11. 

Writing etpiations 0 24 and 0 25 in terms of exponentials (or sub¬ 
stituting Ir = 0 into eciuations 0 7 and 0-8) ecjuations for V and I at 
any point on the line are obtaim'd as 




ifiir J_ ^ f—oi<fr^—J^Sr 

2 2 


/ = 


Vro 

2Zq 


^a^r^i 0 Sr 


^—asr —j^sr 

2Zo 


[0-27] 

[0-28] 


It is seen that each of these equations is composed of a direct and a 
reflected wave and that the resultant represents a standing wave on the 
line. In Fig. 0 -9 are shown the loci of the direct, the reflected, and the 
resultant voltage waves for an open-circuit line. It is to be noted that 
the reflected voltage wave appears as a positive wav('. The plot in 
rectangular coordinates is shown in Fig. 0-10. 

If it is desired to express equations 0-24 and 0-25 in terms of sending- 
end values, it may be done as follows: From equation 0-19 


cosh 
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and substituting this expression into equation 6-24 gives 


^ _ Ks cosh V zy s 


Also from e(|uation 0-25 


L = 


and 


I = 


cosh >S 

Vfo «nh \ zy S 
^0 

sinh v'zy S 

Zol^ sinh \^zy .s*, 
Z() sinh Vzy S 
/s sinh Vzy Sr 


[ 0 - 20 ] 


sinh V zy S 

If a is negligible the ecpiations for V and I may be written as 

V = — ] ~ VOS (iSr = KroCOS^S, 
eos fiiS 

m ^^ 0 • ^ 

I = Sin fiSr = J — tiin ffSr 

sin pS Zo 


[0-30] 

[0-31] 

[0-32] 


From these equations it is seen that V and / are displaced along the lino 
by one-quarter wavelength, and both V and I become zero at points 
separated })y on('-half wavelength. Such is the condition which is 
approach(*d v('ry closely by certain high-freipu'ncy lines of compara¬ 
tively short lengths. It is to be noted from the above that so long as a 
has a finite value neither the voltage nor current ever reaches the value 
zero at any point except for the curnuit which is zero at the receiving 
end. 

61. Conditions at Any Point on the Short-Circuit Line. The voltage 
and current at any point on a short-circuit line may be found from 
equations 0-3 and 0-4. From equation 0-3 

V = ly^Zo sinh Vzy Sr [0-33] 

where Sy. is, as before, the distance from the short-circuit end, and Irs 
is the current through the short circuit. This may be written, by using 
equation 0-22, as follows; 

^ ^ V, sinh Vzy Sr 
sinh S 


[6-34] 
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Also tho curn'iit at any point is, by equation (>-4, 


At tlie sendinj^ end 
or 


I = Irf, cosh V zy Sr 
L = C*(>«h Vzy S 


Ir. = 


Is 

cosh Vzy S 


[0-35] 


which substituted into equation ()-35 pves I in terms of sending-end 
values, 


cosh n/^ .sv 
cosh V zy S 


[6-30] 


The imp('dance of the short-circuit line at any point is obtained from 
ecIllations (i-33 and 0-35 as 


^.s-.s 


V 

1 


Z(, tanh Vzy Sr 


[(>-37] 


The equations giving the impedance at any point on the open- and 
short-circuit lines are the same as equations () 14 and (>-10 for lines of 
length S( — Sr). These eijuations have already been plotted for various 
line lengths as shown in Fig. (i 5. 

By converting eciuations 0-33 and 0-35 in terms of exponentials (or 
substituting Vr - 0 into equations 0-7 and 0-8), eciuations for V and I 
at any point on the line are obtained as 

V = [(j_3g] 

2 2 


/ = 


^asr^jfisr 

2 


111 ^—otSr—j(iSr 

2 


[0-39] 


Again it is seen that these are standing waves each composed of a direct 
and a reflected component and that the reflected voltage wave appears 
as a negative wave. The resultant wave shown in the plot of Fig. 0-11 
clearly shows this latter condition. The plot of the standing wave as 
it appears in rectangular coordinates is shown in Fig. 6-12. 

If a is negligible, the equations for V and I become 


Vs . 

V — ' sin l3&r Jlrs^o feii^ 

sin (3iS 

[6-40] 

I a 

I — cos — IfB cos 

cos po 

[6^1] 
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Fic. 0-11. Voltago loci for .shoit-ciicuit lino. 



Fig. C-12. Voltage along short-circuit lino. (See Fig. 6-11.) 
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OPEN-CIRCUIT AND SHORT CIRCnTIT LINES 


The curves of Fig. (>-13 show the open-circuit voltage and the short- 
circuit voltage on lines similar to those of Figs. 0 10 and ()-12 except that 
a = 0. It will 1)0 seen, on comparing the curves with those of Figs. 0-10 
and 0-12, that maxima and minima occur at corresponding points on 



the tw^o sets of curves hut that for finite attenuation the curves do not 
diop to zero at any point cxcc'pt at the receiving end of the short-circuit 
line. 

62. The High-Frequency Line. If the frecpurnty of the transmitted 
w^ave is high, certain simplifications can be made in the mathematical 
treatment of lines which lead to many useful and interesting results. 
Where resistance effects can be neglected, the significant operating 
characteristics of the high-frequency line can be brought more sharply 
into focus with the simplified eejuations which result from neglecting the 


losses. 

If H = 0 and G = 0, 
Zo = 




'0 -f- j(joL 

O+Jo^c 



ohms 


[See equation 5-44] 


At high frequencies the internal inductance of a parallel-wire line is 
negligible, and the inductance is 


L = 41n-Xl0^ henry/loop meter 
r 


[ 1 - 12 ] 
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and 

--!--farad mrtrr [1-30] 

3() X i0‘' In ' 
r 

\\here tr i.s now taken as unity. 

The eharacteristic impedance of I he open-wire line then becomes 


/dln^XlO'^ 

Zo = /--- 120 In - = 270 log ohms 

/ 1 ^ ^ j. 


30 X 10'* In - 

r 

= 120 coslr^ ^ 

2r 

for (I ^ r. 

E\)r coaxial conductors, under the same operating conditions, 


[0-42] 


L = 2 In X 10 ' henry meter 
a 


[1-24] 


C\o = -farad/meter [1-35] 

18 X lOMii- 
a 

where €r is taken as unity, and 

Zo = 00 In = 138 lop; ohms [0-43] 

a a 

From equation 5-32 it can be shown that 

p = = icVLC [6-44] 

and hence 

y = ^ = - I — = 3X10^ metcrs/sec [0-45] 

P Vlc 

or the velocity of wave propagation on the lossless line is the same as the 
velocity of light. 

The input impedance of the lossless line is obtained from equation 0-11 
letting a = aS = 0. 

^ Zr COS + jZp sin 
‘ ° Zo cos 3S + jZr sin fiS 


[6-4G] 
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oPEN-cinrriT and siiouT-c'incmT lines 


For a shorl-circuit loshlcss line, Z, = 0, and from C(iiiaUon 0-4(5 it is 
evident that 

— jZi) tan fiS = JZq tan 27r - ohms fO-47] 

X 

With 0 < N < X '4 or 0° < (3S < 00°, tan I3S is positive, and hence 
the impedance is inductive reactance, whereas, with X'4 < S < X ^2, 
tan fiS is negative, and the n^actance is capacitive. A graph of Z,^s 
versus S is shown in Fig. (i 14 and illustrates the alfernale variation from 
inductance to capacitance of a short-circuit line as the length of the lino 
increases. It is t(j l)e noted that the input impedance of the short- 



circuit lossless line is infinite at the quarter-wav(‘length points, S = X/4, 
S = ^X, etc., and zero at the half-wavelength points, S = X/2, S = X, 
etc. Also, at aS = X/8 this line has an inductive reactance e(pial in 
magnitude to its characteristic impedance. 

For an open-circuit lossless line, Zr — oo, and, if both numerator and 
denominator of equation ()-40 are divided by Zr and the limit of the 
resulting expression tak(»n as Zr-^ oo, it is evident that 

Zso = (’ot = —jZo cot 2t * ohms [6-48] 

X 

With 0 < aS < X/4 or 0° < I3S < 90°, cot is positive, the imped¬ 
ance is negative reactance and hence capacitive, whereas with X/4 < 

< X/2, cot jS*S is negative, the impedance is positive reactance and 
hence inductive. A graph of Zgo versus S is shown in Fig. 6-15 and 
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illustrates the alternale variation from capaeitanoe to inductance of an 
open-circuit line as the length of the line increases. It is to he noted 
that the input impedance' of the open-circuit lossless line' is zero at the 
(juarter-wavelongth points and infinite at the half-wavelemgth points. 
Also, at = X 8 this lino has a capacitive reactance (Hpial in magnitude 
to its characteristic impedance. 



If the losses of the line are to ho ine'luded in the analysis, the input 
im])edanc(* of the short-circuit line, which is given hy eeiuation (> 17, is 


Zss — 


v^sinlr a + sin^ h 


Vsinh^ a + cos^ h 



sin h cosh a 
cos b sinh a 
sin b sinh a 
cos I) cosh a 


[G-17] 


and reduces to the' fe)llowing whenever the line is of such a length that 
b is an odd multiple of t/2 : 


^88 ^0 ' 


Vsinh- a + 1 /90° 
sinh a /90° ^ 


[G-49] 


= Zo 


(»osh a 
sinh a 


^0 

tanh a 


[6-50] 


For short lengths of line a is very small and tanh a = then 
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OPEN (IPCUIT AND SHOHT CIRCUIT LINES 


Employing equation 5-46 and the fact that S can be written as nX/4, 
we have 


^ 24 

RS 


n\R 


ohms 


[0-51] 


whore n is the number of odd one-quarler wavelengths in the length of 
line. 

When h is zero or even multiples of tt 2 (integral multiples of half¬ 
wavelengths), 


— ^i) 


siiih 

V Miih" a + 1 /0° 


[6-52] 


= 4 


sinh a 
cosh a 


Zi) tanh a 


[6-53] 


and for shoi-l lengths of line, since tanh a = a = aS 

Writing S as n'X/2 gives 


RS RS 
2Zo ” 2 


. Rn\ 

I Oiirifis 


[0-51] 


where n' is the number of one-half wavelengths in the line. 

Tlu' input impedance of the open-circuit line, whi(*h is given by 
equation 6-14, is 


Vsinli^ a + cos^ b / tan 


^80 — 4 


hill u hiliii (X 


cos b cosh a 


Vsinh^ a + sin^ b / tan' 


-1 


sin b cosh a 
cos b sinh a 


[G-14] 


and reduces to the same expression as given by equation 6-50 whenever 
the line is of such a length that b is zero or equal to some integral multiple 
of TT. That is. 


^80 — 4 


Vsinh^ a + 1 /0° 
sinh a /0° 


[6-55] 


= Zo 


cosh a 
sinh a 


Zq 

tanh a 


[6-50] 


For short lengths of line tanh a = a, then 


Zaa — 



4 

aS 
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Again employing equation 5-40 and writing S in terms of n^\/2, 


2so — 


2^ 

RS 


4/g 

n '\R 


ohms 


[0-50] 


where n' is the number of one-half wavelengths in the length of line 
The resistance of a hard-drawn copper coaxial cable, taking into 
consideration the skin ('ffecl, is 

H = 42.1 Vjf + 0 X 10“’’ ohm 'meter [1-83] 


where the i*adii a and h must be in centimeters and / is the freciuency of 
the transmitted wave in cycles per second. Foi- two j)arallel hard- 
drawm copper wii’es the equation is 


R 


84.2v;r X 10-^ , . 

-ohm 'loop meter 

^ \ in 


[1-81] 


where is the radius of the conductor in centimeteis. 

For the case of tw’o parallel hard-drawn copper wires, and su})slituting 
R from equation 1-81 and X(= c /) into ecpiation ()-51, there is obtained 


^ 9M)Zf,rr„,Vf X 10® , 

7 =-ohms 


nc 


[0-57] 


wdiere is in centimeters, c is the velocity of light in meters per second 
(=3 X 10^), / is in cycles per second, and n is the number of odd 
multiples of one-quaiter wavelengths in the line. The importance of 
this case li(‘s in the fact that the impedance is proportional to V/. It 
is also interesting to note that the impedance is also inversely pi’opor- 
tionnl to the number of quarter wavelengths. The optimum ratio of 
wire spacing to wire radius for maximum impedance has been shown^ 
to be about 8. 

At high frequencies the quarter-wavelength line is very effective as a 
voltage amplifier. Equation 6-19 gives for the receiver voltage 


or 


^ ro /— 

cosh Vzy S 
^ 1 

F« V sinh^ a + cos^ b 


[G-58] 


‘ “ Resonant Lines in Radio Circuits,” by F. F/. Terinan, Elec. Engineering, Vol. 
53, pp. 1046-1053. 
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0P1:N-(4IKH4T and SH0PT-(4H(H4T lines 


At one-quarter Ava\'elenj!:tli cos b = 0. Thus (‘quation (>-58 becomes 

j = -JL_ 

\\ siiih a 
1 

aS 


since sinli a = sinli aS == aS. Then 

\ ro 2Z() ^ 8Z(j / 

r, “ ^ “ IS ' 

and for parallel-wire lines 

\'r„ ^ 9.r)0/„r „„\<?X 10 ° 

V., r 

where is the radius of the conductor in (*entimeters. 
voltajije step-up also increases as the increase in V/. 

At very hiji;h fre(|uencies such (juarler- and half-wavelength lines are 
very short and find many uses in ra<lio and g(‘neral laboratory tt'chnicpu'. 
As an illustration, the quarter-w’avelength step-up line may Ix' us(h1 
instead of an input transformca* to a vacuum tube. 


[6-50] 
Thus the 


63. Illustrative Example. Let the value of VroIVs he deteriiiiiicd from 
equation 6 50 for a i)arallel-wnre line eonstrueted of 104-mil-(liaiiietei hard- 
drawni eo])per conductors sj)aced LS inches center to center when operating at a 
frequency of 10^^ cycles per second. In this case, 


^0- 



For this wire size, r = 0.052 in. = 0.00182 meter, 


mr 




27r X HP X 47r X HL^ 


X 0.00182 = 27.9 


1.77 X 10-" 
and Lac/Ldc from Fig. 1-9 is 0.1. Then 

L = ^0.1 + 4 In X 10 ’^ = 28.5 X 10“^ henry/loop meter 


C = ' = 4.75 X 10~^- farad/meter 

36 X 10“In- 
r 


7 - 

"" \4.7; 


5 X 10-’ 


75 X 10“'2 


= 704 ohms 


and 



DTSTAXCK TO AX OPKX riHClTT ON A LINE 


IL) 


From equation (>-59, 

_ 9 ..)() X 704 X Q .132 >^0'> 

r, 3 X lb” 


Thus the stejwi]) ratio obtained ])y the use of the ono-ciuaiter-waveleusth 
line is 294, or expressed in decibels 

(11) - 20 lof» 294 = 49.4 


64. Distance to an Open Circuit on a Line. If an open eircuit should 
develop on a lino at an unknown distan(*e from the scuidinj^ end, it is 
desirable to have some method of (hderminin^' this distance by making 
measurcMiKUits at the scalding end. The absolute value of the input 
impcalanee of an open line' is given by 


= ;^() 


v'^sinh^ a + (*os“ b 
V ^inlr a + siir b 


[O-GO] 


It has already been seen that Z^o is a function of the length of the line, 
since b = (51, and the value of the impedance goc's through successive 
maxima at eveay half-cycle of b. Also b is a fiincdion of freciuency. 
(See capiations 5-82, 5-31, and 5-40.) Thus, as the frequency is 
inca'cascal, on a lino of fixed length the value of b will change, thereby 
causing Zso g<> through a series of maxima and minima. Also, as the 
freepumey inca'caiscxs, the wavelcaigth decreases, so that the kaigth of the 
line in terms of wavcdcaigth gradually increase's. Let it be assumed that 
on an opcai line at a certain frecpicaicy,/i, b = mr, where n is an integer, 
whence is a maximum. This line will be exactly n 2 w^avcdcuigths 
long. Since' b = and /? = 27r Xi, them b = 27r/ \\ = nw, wdiemce 
/ == nXi 2. Therefore n 2 = 1) Xj where I) is the distance from the sending 
end to the fault, in miles. Suppose now^ that the frequency is slowdy 
increased, b will progrc'ss in value from nw to {mr + 7r/2) whereupon 
Zso uill be'C'ome a minimum. A further increxise in frequency w'ill 
ineavase b to {nw tt) or (a + 1 )7r whie*h wall again make cos^ 5=1, 
and a new' maximum value of Z,^,, w ill rexsult. For this new fi^eepiency /2 
the line wall be exactly (a + l)/2 w'avelengths long and (a + l)/2 = 
D/X2. 

These two eepiations may be wu-itten 


n _ D_Dfi 
2 Xi vi 


[C-Gl] 


n 1 __ D _ 

2 2 X 2 V2 


[6-432] 


and 
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where the subscripts renter to the first and second fre(iiiency readinp;s 
respectively, n 2 may be eliminated from these eciuations, givinji; 


from which 



[G-(i3] 


Two adjacent maxima, however, are usually close enough together that 
Vi and Co may be considered equal; thus the equation may be written 


2(/2 -/ i ) 


[()—G4J 


In the above equations v is the velocity of jnopagation and can be cal¬ 
culated from V = (jo (3. 

Ecpiations G- (il and G-G2 may also be solved for D in terms of wave- 


lengths, in which case 

2 Xj ~ X 2 

[G-C5] 

or in terms of /?, 

D = 

^2-01 

[G-G6] 


PROBLEMS 

Make all calculations at 7t)0 cycles per st'cond in Probs. 1 to 13 inclusive. 

6--1. Calculate tlu* sending-end im])edances for liiu* A of I^rob. 5 1 when termi¬ 
nated in (a) a pure resistance R = Zo, (h) a pure resistance R == Zi)/2, and (c) a 
pure resistance R — 2Z(). Zq — Oil) /—3.53° ohms. 

6-2. Plot the op(‘n- and short-circuit impt'dances of lines having h'ngths var> nig 
from 0 to 2X wliich hav(‘ param(‘t(‘rs as given for the Hth' A of Prob. 5-1. 

6-3, Plot Vro for lines having lengths varying from 0 to X which hav(‘ parameters 
as given for the line A of Prob. 5-1. Over what lengths of line is IVo > Let 

Pb = 1 volt. 

6-4. Plot Vro for lines having lengths varying from 0 to X in which a = 0.0100 
nep(‘r/mile and Id = 0.0275 radian/mile. Let \\ = 1 volt. 

6-6. Plot Pro for lines liaving lengths varying from 0 to X in which a — 0.0200 
neper/mile and (i = 0.0275 radian/mile. Let P« = 1 volt. 

6-6. Plot Pro for lines having lengths varying from 0 to X in which a = 0.0275 
neper/mile and |8 = 0.0275 radian/mile. Let P« = 1 volt. 

6-7. Calculate the short-circuit current Ira for the 200-mile line A of Prob. 5-1 
when Vg = 1 volt 
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6-8. Plot the voltage variation along the line A of Prob. 5-1 when the lim is 
(jpen-eircuited. Vs = 1 volt. Compare n‘sults with those of Prob. 5-2. 

Plot tlu* voltage variation along a .55-inil(‘ lin(‘ having the parainidcTS per loop 
mile of line A of Prob. 5-1 when the line is open-eiieuited. \\ = 1 volt. 

Plot th(* voltage variation along a 145.2-mile line' having the parameters per loop 
iiiil(‘ of line A of Prob. 5-1 wh(‘n the liiu* is open-eircuited. W = 1 volt. 

6-9. Plot thi‘ current variation along tlu* line A of Prob. 5-1 when the lino is 
open-circuited. \\ — 1 volt. 

6-10. Plot the im])edanc(‘ variation along the line A of Prob. 5-1 when the line 
is open-circuited. Coini)an‘ n'sults with Prob. 0-2. 

6-11. Plot the voltage* variation along the line* A of Prob. .5-1 wht‘ii tlu* line is 
short-circuit(‘d. \% = 1 volt. 

6-12, Plot the current variation along the line A ot Piob. .5-1 when the line* is 
short-circuited. Ps = 1 volt. 

6-13. Plot the impedance variation along the line A ot Prob. 5-1 when the line 
is short-circuited. Compare* results with Piobs. (i 2 and (i-lO. 

6-14. An antenna feHuler is 27.5 nu't(*rs lemg anel is maele up of two })aralle‘l wires 

incli in diameter anel .space*el 0 inclu*s ceaiter tei cente'r. It supi>lies ]U)wt‘i at 5 
mt'gacyedes })(*]’&(‘ce)iul. At a point 7.5 met(*is Irum the rece'iver end a short-circuit 


A 


Short 



1_ 


1 1 

t400.4l!ohms 

-37.5 cm-^ 

-■-25 cm-► 


Fio. d-K). Feir use in connection with Prob. d 15. 

stub of 7.5 nu‘te*rs lemgth is attached. What is the* input impedance of this line 
wlu'n the line is eipe^n at the r(*c(*iv(‘r terminals? Both the line* and the* stub have 
the same Z(j( = L C). 

6-16. What is tlu* impeelancc looking into the* coaxial line of Fig. d id at point 
A? Powe*r is supplie'd at 200 me*gacycl('s per second to a load of 400/0° ohms. The 
h/a ratio for the coaxial ceinductors is 3.22. 


A 



6-16. What is the impedance looking into the open-wire* line of Fig. 6-17 at 
point A? The open-wire line feeds into the coaxial cable which is terminated in a 
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resistance. The cliMracteristic impedance of the <)])(‘ii-\viri‘ line is 350/(^ ohms. 
Power is suppli(‘(l at 200 iiu'ffacycles ])(*r st'cond to th(‘ load of 350 /O” ohms. The 
6/a ratio for tli(‘ coaxial conductors is 3.22. 

6-17. Cl iv(‘n a si‘ction of parall(‘l-wir(‘ line which has a short circuit at one end and 
a capacitance' (' at the oIIkm- as shown in Eif*:. (i-lS. ’'Elu' wirt' is ] ^ inch in diameter, 



Fig. 0-18. For use in connection with Piob. (>-17. 

and 1h(‘ spacing is 0 inches c(‘nter to centr'r. Powea* is supplie'd at 100 megacych's 
per s(‘Cond, and (' = 8 M^f. Find the length S so that the' ciiruit will pi(‘seni 
infinite impt'dance at the input. Neglect the i*('sistance ot the* liiu'. 

6-18. The coaxial cable' erf Fig. 0 P) is oiK*-eiuarte‘r w'ave'h'ngth lerng and is te'rmi- 
nated in a ca])ae‘itane‘e erf 10 micrermici'erfai'ads. Assume that a — 0. What verltage 


A Coaxial cable B 



Input- 

Fig. 0-19. Fen- use in e'ernnectiem with Pi-erb. 0 18. 


must be applie'el at A in order that 1.0 verb will appe'ar ae-rerss the capacitaiu'e' at Vi? 
L('t the' ratio h/a be 2.5 and / = 0 me se'C. 

6-19. (a) Find the input impi'dance erf a quarter-wavele*ngth sherit-circuite'd 
coaxial line operating at 200 nu'gacycles per second if a = 0.1 cm anel b = 0.322 cm. 
The cernehie'terr material is hard-drawn cerpper. 

(6) Find the I’atier ed’ iiieluctive' re*actauce to re'sistance' for the* eiuarter-w^avelength 
line, basing the calculatieni of ineluedance ern e'epiatiern 1-24. 

6-20. A parallel-wire line is cermposed of hard-drawn cerp]rer conelue*terrs 0.5 e*enti- 
meter in radius and seirarated center to center by a distane*e erf 1 centirnete'rs. 

(а) I'inel the impcelance looking into a quai'ter wavele'iigth erf short-circuited line 
at a frequency of 200 megacycles per second. 

(б) Fiird the ratio erf iiieluctive reactance to resistance of the* quarteu'-wavelength 
line, basing the inductance calculation on equation 1 12. 

6 - 21 . (i iven a parallel-wire line cernstructe'd erf No. 10 AWG hard-drawm e*op})er 
wires spaced 10 inches center to center. The length erf the line is X/4. The input 
voltage W is 1.0 volt, and the freepiency to be transmitted is 10® esycles per second. 
Find Fro. 

6-22. Given a coaxial cable ope*rating at 10® cycles per second. The radii are* 0.3 
and 2.0 centimete*rs, and the resistance per unit length is given by eeiuaiiern 1-83. 
The conductor material is hard-draw’ii copper. Find: 

(а) The voltage step-up ferr one-quarU*r wave‘le*ngth of open-circuit line. 

(б) The input impcelance Z„o for erne-quartcjr wave3length erf erpen-circuit line. 

(c) The input impedance for one-half w'avelength of open-circuit line. 
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6-23. A coaxial line operates at 10® cycles per second. The radii are a = l cm 
and ?; = 2 cm. (a) What n'sistance per meter must this line have in order to just 
prevent Ferranti elTect from occurrinj? if the length of the line is 0.00r)X? (h) Wliat 

resistance per nuder must this lin(‘ hav(‘ in order to just j)revent Ferranti effect from 
occurring if th(‘ length of tlu* line is 0.2r)X? 

6-24. A line is known to hav(‘ the following parameters per loop mile: 
f’ = 0.01 /Ltf 
L — 0.005 henry 
G = 0 

H = C) ohms at / = 1501 eyel(‘s^ sec 
= 7 ohms at / = 18t>0 <‘vcl(‘s sec 
= 8 ohms at / = 2130 cyck‘s/sec 

Calculate* Zo for (‘ach of the s])ecified fr**(iu<‘nci(*s, narnedy, 1501, 1800, and 2130 
cycle's per see*e)nd. 

6-26. Cale'ulate' the atte'iiuatiem ami jOrnse* shift tor a 133-mile length of the line 
specifie'el in Prob. 0 21 at e'ach of the* thive* fre'epiencie's. 

(Calculate' the* magnitude' e)f Zso lor e'ach fre'ejue'ncy. 

6-26. A line' is kne)wn te) have' the following parame'te'is pe'r loe)j) mile: 

R = 10.4 e)hms L — 0.00307 henry 

C = 0.00835 txi G = 0 

An ope'ii circuit elcveloped on this line at an unknown elistance .V frenn the* seneling 
enel. It is found e>n making moasure'ine'iits e)f Zgo at the seneling end that two suce'e's- 
sive maxima e)f occur at frt'eiuencie's of 1300 and 1820 cycles per second. Find 
the distance X, 
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REFLECTION LOSSES 

In tho foregoing chapters the ecjiiations for the calculation of current 
and voltage on the general line have been derived. Foi* a concluding 
section on such lines it is desirable to treat in more detail the problem 
of determining the line losses for lines which are terminated in any 
manner whatever. It is true of course that the current and voltage 
can be calculated at the line input and output terminals and the powTr 
transmitted determined therefrom. Tlowevei*, a clearer understanding 
of the effects of mismatched impedances is desirable. The present 
chapter takes up the concepts of “ reflection factor and “ insertion 
loss ” and also presents miscellaneous material concerning measure¬ 
ments on lines. 

65. Reflection Factor. The general equations presentc'd in the pre¬ 
ceding chapter indicate clearly that considerable disturbance takes 
place on a line w’hich is not properly terminated. In Chapter III it was 
shown, by means of the maximum pow^er theorem, that in order for 
maximum power to be transmitted the load impedance shotild equal 
the conjugate of the generator impedance. This relation can be applied 
anywhere in a circuit by means of Thevenin^s theorem; and from it one 
is led to the conclusion that, if a line is to be the best available for 
transmission of pow’er, impedances measured both w'ays at any given 
point along the line should be conjugates of one another. In the 
treatment of transmission lines, howTver, where the termination should 
be Z() in order to prevent reflections, it is generally advisable to base 
the argument not on the result of the maximum power theorem but 
on a condition where the tw^o impedances involved are equal both in 
magnitude and in angle. This condition of equality prevents reflec¬ 
tions, as stated in Chapter V, and accordingly prevents echoes returning 
from the receiving end of the line wdiich would interfere with new signals 
being transmitted from the sending end. The necessary improvement 
in quality gained by making the terminating impedance equal to Zq is 
thus the determining fa(*tor, and the conjugate matching for maximum 
power transfer must be abandoned. This condition of equal impedances 
is w^hat is meant when it is said that two impedances are matched. As 
an illustration, the optimum condition is taken to be represented by 
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a generator of impedance Zg working into an impedance Zy and not 
into the conjugate of Zg. Thus for an ideal transmission line the gen¬ 
erator of impedance Zg should work into a line whose characteristic 
impedance /o is equal to Zg and whose terminating impedance is Zq. 
If the generator and terminating imped¬ 
ances differ from /o, additional losses in 
transmission will exist i)eyond the In 

the general case of no matching there is an 
additional loss where the generator connects 
to the line and also a loss where the line 
connects to the terminating impedance. If 
all of these individual losses could be sepa¬ 
rately determined, then there would exist a 
means of calculating the total loss due to all of ihe mismatching. This 
problem will be treated in two ways, the first on the basis of a general 
discussion and the second on the basis of the exact equations previ¬ 
ously derived. 

It is first necessary to determine the additional loss occasioned by 
mismatched impedances such as shemn in the simple circuit of Fig. 7~1, 
The current delivered is given by the equation, 


a 



Fio. 7-1. Mismatohod im- 
p(‘danc(‘s. 


/i = 


E 


[7-1] 


Now let it be assumed that the (*ircuit is opened at a-h and an ideal 
transformer inserted whose impedance ratio is Zg/Zr. This trans¬ 
former presents to the generator an impedance Zg and to the load an 
impedance Zr, so that all impedances are matched and refle(‘tions are 
eliminated. In the ideal transformer 4 = NJNp, and from elemen¬ 
tary'transformer theory Zg/Zr = (Np/Ns)^, Thus Ip/l8= VZr/Zg 
or Is = IpVIJZr. The (*urrent h, in these matched impedances, will 
be given as h = •£/ fion'i equation 7-1, and 


h 



E 

2\^%Zr 


[7-2] 


Since it is the mismatched case as compared to the matched case 
that is desired, form the ratio, 

/l E 2\%Zr _ 2\/Z^r 

h ~ \Zg ■¥ Zr\' E ~ \Zg + 7,1 

This current ratio which indicates the deviation from the optimum 
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condition is called the reflection factor and is written 


2VZgZr 

Z'Q + Zr 


[7-3] 


The number of nepers corresponding to this ratio is 
JV = In fc = In 

If it is desired to express this quantity in decibels, as is often the case, 
it may be written as follows, remembering that here the number of 
decibels merely refers to the current ratio and has nothing to do with 
power or voltage ratios, 

db = 201og||^^|^ [7-5] 

\ ^g “i 


If h of equation 7-3 is greater than unity, then the reflection loss 
becomes a reflection gain, and the loss given by equations 7-4 and 7-6 
would appear as a positive quantity. In this material reflection loss and 
reflection gain refer to a decrease or increase respectively in the ratio of 
output to input current. From what has been said it could be inferred 
in general that wherever, in a line, a mismatch of impedances occurs, 
a loss given by equation 7-4 would take place. Thus, if a line whose 
characteristic impedance is Zq is connected between the generator and 
load of Fig. 7-1, two mismatches occur, and three losses are present 
as follows: 

(1) At the mismatch between generator and line where 

7 2VZgZo 
^^-\Z, + Zo\ 

(2) In the line itself, 


(3) At the mismatch between the line and the terminating impedance 
Zr, where 


fc2 


\Zo + Zr\ 


The foregoing material requires careful consideration. In the first 
place the input impedance to the line at the generator was taken as 
Zo instead of Za as it appears in equation 6-11, and the line impedance 
measured back into the line at the receiver end has been taken as Zq 
in place of the right-hand side of equation 6-11 wherein Zg replaces 
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This introduces an approximation which must be considered later. 
Second, the above three losses exist in addition to the loss presented by 
an ideal case of no line and perfect matching of impedances. Thus the total 
product of the three losses (e~^^kik 2 ) represents a loss in addition to 
that of the ideal condition of Fig. 7-1 with Zg = Zr, The number of 
nepers loss above the loss incurred if the generator were perfectly 
matched is 

= —aZ -j- In fci -f“ lu ^2 

If there exists a generator with an impedance Zg and a load of im¬ 
pedance Zr which must be used, and if it is required to find the loss 
which will result when the line of impedance Zq and attenuation factor 
is placed between the generator and load, all the losses listed will 
occur. However, since the best possible condition takes place when Zr 
is directly connected to the generator, all the above loss cannot be 
charged to the insertion of the line, because with Zr and the generator 
connected some loss above the optimum condition referred to already 
exists. As a matter of fact this best condition already involves 
a loss given by 

^ " I-?. + Zr\ 

which must be applied as a correction to the above ratio. A ratio of 

€~^%k2 

^3 

represents the actual loss caused by the insertion of the line. Written 
out in nepers, this is 

N' = —aZ + In + In k 2 — In /bg 

When written in terms of a ratio greater than unity, the ratio is called 
insertion loss, and 

Ar = aZ + In^ + lni-ln^ [7-6] 

ki k2 k^ 

The term In l/fc is called reflection loss. The definition of insertion 
loss may now be given as “ , . . the loss which is caused by inserting a 
line between a generator and a load.'^ 

66. Insertion Loss. In the preceding article insertion loss was given 
by equation 7-6 where the line loss and the effects of three possible 
mismatches were taken into consideration. The equation was not 
proved but was merely written down on the basis of the definition of 
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reflection factor and a knowledge of line loss. In this article it will be 
proved that equation 7-6 is correct if the line attenuation is suflSciently 
high, and it is to be remembered that insertion loss refers as before to 
a decrease in current ratio. An approximation arises due to the pre¬ 
ceding assumption that Zq is the input impedance of the line. Refer 
to Fig. 7-2. The receiving-end current without the line is 

/ =— 


With the line in place the sending-end current is 


/. = 


Zg + Zs 

and the receiving-end current is given by equation 6-5a as 

L 


I2 = 


cosh yl + ^ sinh yl 

A) 

E 


(Zg + Zi) ^cosh yl+ Y sinh 


It is desired that the current ratio be larger than unity so 


Ji 

h 


(Zg + Z,) ^cosh + Y 


(Z, + Zr) 


Zg + Zo 


~Zr cosh yl + Zo sinh yV 

( 1 _ 7 . A ° --^0 cosh yl -f Zr sinh y\_ 

^cosh ^ sinh yl\ • —-?-^— 


Zg + Zf 


^cosh ^ ^9 + Zr cosh + Z^ sinh 


Zg + Zr 


(Z^ -f- Z,.) cosh yl -[- -1" Z^ sinh yl 

Zg + Zr 
T- 7 I ZgZr + Zq . 


(7-7] 
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Equation 7-7 can be changed into an expression in exponentials. 
Let the coefficient of the sinh term be represented by A. Then 

Ii eV** + ^ eV* - (-'’r’’’ 

jr - 2 -+ ^- 2 - 

Collecting the coefficients of e® and e”"® 

I = I (1 + + Y [7-8] 

In this equation it is seen that the current ratio is made up of a part 
which continually increases with line length, through the term e®, and 
a part which decreases with line length on account of e"®. The terms 



Fig. 7“2. Mismatched transmission line. 

(1 + il), (1 — i4), and are complex. If the line length is suf¬ 
ficiently great, the second term on the right of equation 7-8 can be 
neglected. It is then necessary to find 

^ \ [7-9] 

I 2 2 

in order to determine the ratio representing the decrease in current 
due to the insertion of the line. Note that j | = | cos b + j sin 6 ] = 1. 
|l + A\/2 can be found by expansion in terms of the Z^s. 

^ + A _ 1 , ^gZr + Zt^ 

2 “ 2 2Zo(Z, + Zr) 

— + ZyZr + Zq 
2Zo(Zg + Zr) 

— (^0 + Zr){Zg + Zq) 

2Zo(Z, + Zr) 

Let the numerator and denominator of the right-hand side be multiplied 
by 2^ ZgZr* There results 

A ^ (Zq “4“ Zr)(,Zg -f- Zq) 2'\/ZgZf 
2 4ZoVZ^(Z, + ^ 
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This can be rearranged as follows and is expressed as an absolute value. 


|l + i4| ^ \Zy + Zi)\ \Zo + Zr 2\^gZr 


2 2VZgZo 2\/ZoZr \^o + ^r 

Let this be substituted into equation 7-9. 

I\ _ a \^fl ^o| . 1 ^0 ~b ^r\ 2\/ZgZ"r 
h ~ ‘ 2\/Z^q 2VZ^r \^0 + 


[7-10] 


[7-11] 


By taking the logarithm of both sides of this equation, remembering 
that a = a/, and referring to the definitions of ki^ k 2 , and k^j equation 
7-6 is obtained. 

This development shows that the only assumption employed in set¬ 
ting up equation 7-6 is that the line is considered to be very long. As 
mentioned above, this indeed is the assumption made when Zq was used 
in place of the actual impedance of the line. 

There are (‘onditions where the length of the line will not affect the 
validity of equation 7-11. If either Zg = or Zr = Zq, then this 
equation is exact. This can be seen by reference to equation 7-8 
where, if A = 1, it is seen that the term disappears. To see what 
this means in the relations of Z^, Zq, and Zr expand (1 — A). From 
equation 7-7 

- J. _ ZpZg -|- ZpZr ZgZr Zq 

Zo(Z,+Z.) 

_ ZgjZp Zr) Zq(Zq Zr) 

Z{){Zg -h Zr) 

_ (Zg - Zo)(Zo ^ Zr) 

+ Zr) 

Thus (1 — il) = 0 if either Zg = Zq or Zr = Zq. 


[7-12] 


67. Illustrative Example. In order to present the ideas concerning insertion 
loss more adequately, a typical example will be worked out on the basis of 
both the approximate and exact methods. The insertion loss produced by 
inserting 200 miles of the unloaded line of Art. 33 between a generator of 200 
ohms resistance and a load of 400 ohms resistance will be determined. For 
the unloaded line 


Zg = 200 ohms 
Zr = 400 ohms 
S = 200 miles 


Zo = 745 /-13.45° = 725 - jl73.4ohm8 
a — 0.00712 neper/mile 
0 = 0.0288 radian/mile 
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Equation 7-6 may be applied directly. In this casec*”® = .00712x200 

= 6 - 1 *424 — 0.241. The value of (1 — -4) also affects this approximation so 
the value of €“® cannot be used as a definite indication of the satisfactoriness 
of the result. Returning to equation 7-6, al = 1.424 nepers. The Aj’s are 
given as follows: 


, 2V^ 

kl = 1- - -r 

\Zo + 2,\ 


2\/20C X 745 
1925 - il73.4| 


= 0.821 


^ ^I's/Z qZt 
" 1^0 + Zr\ 


2 V 745 X 400 
|1125 ~il73.4l 


0.960 


^ 2\/ZgZr ^ 2\/200 X 4 00 ^ 
“ \Zg + Zr\ “ 600 “ 


Equation 7-6 becomes 

N - 1.424 + In 1.219 + In 1.041 - In 1.061 

= 1.424 + 0.198 + 0.0402 - 0.0593 = 1.603 neper 
= 13.92 db 


In order to find the exact insertion loss it is necessary to find the ratio of 
h to h from equation 7-7. This will represent the change in load current due 
to the line being placed between the generator and the load. 


— = cosh yi + 

h 


-f- Zq 
Z,{Zg + Zr) 


sinh yl 


yl = (ot+jp)S = (0.00712 + jO.0288) X 200 
= 1.424 +j5.76 = a-\-ih 


cosh yl 


Vsinh^ a + cos^ h 



sin h sinh a 
cos h cosh a 


Vsinh^ 1.424 + cos^ 330.0° ^ tan ^ 


-0.50 X 1.957 
0.866 X 2.197 


= V(1.957)^ + (0.866) Vtan-^ - 0.514 

= 2.140 /-27.2° = 1.903 - iO.977 

-r-TT /. 1 sin 6 cosh a 

sinh yl = v sinh* o + sin* b / tan”*-——— 

' / cos 6 sinh a 


= \/3.830 + 0.250 /tan”^ - 0.648 
= 2.020 /--32.95° 
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Thus 


ZgZr 4 “ Z() 
ZoiZg 4 " Zr) 


200 X 400 -h (745 /-13.45° )^ 
745 /- 13 . 4 , 5 °~ ^~^ 
80,000 4- 555,000 /-26.90° 
447,000 /-1:L45° 


80,000 + 495,000 - j251,000 
447,000 /-13.45° 


627,000 /-23.6° 
447,000 /-13.45° 


1.402 /-10.15° 


h/h - 1.903 - ;0.977 4- 1.402 /-10.15° X 2.020 /-32.95° 
= 1.903 -iO.977 4- 2.832 /-43.10° 

= 1.903 - jO.977 4- 2.067 - jl.934 
= 3.97 - j2.91 = 4.92 /-36.24° 


or IJh = 4.92 and the nepers loss is In 4.92 == 1.593. In decibels this is 
13.84. 

A comparison of the two methods shows that in this case the approxima¬ 
tion leads to a loss of 13.92 decibels, compared with the correct value of 13.84 
decibels. 


68. Determination of Equivalent T Section. It has been shown that 
a network can be represented, at a given frequency, by a T section 

(or TT section). It is now proposed to de¬ 
rive the equations which will give the ele¬ 
ments of such a T section if the values of 
Zo and “y for a line with uniformly distrib¬ 
uted constants are known. Both the 
equivalent T section and the line are to 
have the same Zq? and Z^s. 

For the T section of Fig. 7-3, using the notation employed in Chapter 
IV, the open-circuit impedance is 

Zao = + ^2 

and from equation 6-14 

Zao == coth yl 
Equating the two expressions for Zao gives 

Zi 

Zo coth yl ^ — + Z 2 


AAAAAA^A AAA*.AAA 



Fig. 7-3. T section. 
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from which 

Zi = 2Zo coth yl — 2 Z 2 

Substituting this value of Zi into the expression for Zq, obtained from 
equation 4-4, namely, 

4 = ^1^2 + J 

gives 

Zq — 2 ZqZ 2 coth yl — 2 Z 2 "f* Zq coth^ yl — 2 ZqZ 2 coth yl -f" Z 2 


or 

Then 


Zg = Zg coth^ yl - Z| 


Z 2 = ZqV^ 30th^ -yZ — 1 = 


Zq 

sinh yl 


[7-13] 


and 

Zi = 27o coth -yZ - = 2Zo ~ ^ = 27o tanh [7-14] 

* smh yl smh yZ 2 

Equations 7-13 and 7-14 give the values for the equivalent T section 
of Fig. 7-3. 

(vZ)2 

If yl is sufficiently small, cosh yl ^ \ -i —^ and sinh yl = yl^ and 
these equations reduce to the approximate forms, 


and 


Zi 



Jv^l- 


zl 




1 _ 

yl 


[7-15] 


[7-16] 


69. Determinatiou of Line Constants from Direct Measurements. 

In the previous article it was shown how the elements of a T section, 
equivalent to a given length of line, can be found. Thus, given a line 
for which y and Zq are known, the problem was to find the equivalent 
T-section elements. Another type of problem which arises is that of 
finding Zq, y, R, L, G, and C by making measurements at the end of 
a line, the length of which alone is known. The simplest measure¬ 
ments which can be made are those which yield the input impedances 
for the open- and short-circuit conditions. From these open- and 
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short-circuit impedances the values of -y and Zq can be found, and these 
latter values used to determine the elementary constants. 


Begin with the two equations 


1 

1 

II 

[5-15] 

and 

y = Vzy 

[7-17] 

Using ecjuations 6-14 and G-16, namely, 


= ^0 eoth Vzy S 

[6-14] 

= Zo tanh Vzy S 

equation 5-15 becomes 

[6-16] 

Zo = 

yy 

• [7-18] 

and from these same equations it is seen that 


tanh Vzy S = tanh V = \/^ 

V Zso 

[7-19] 

From equations 5-15 and 7-17, 


yZo = z = R + juL 

and 

[7-20] 

} = y = G + jwC 

[7-21] 


Using these last two equations, it is seen that 72, L, 6?, and C can be 
determined if y and Zq are known in vector form. Zq can be readily 
found from equation 7-18 since Z^a and Zso are known. The quantity 
yZ, and thus may be obtained from equation 7-19 as follows: Let 
tanh yZ = VZ^JZZ = M + jN. Then yZ = a + jb can be found by 
using equations A-30 and A-31. From the values of a and b, 
a + jfi) is found from equations, 

a — al 
b ^ 01 

The fact that equation A-31 is multivalued must be kept in mind, and 
in order to definitely fix the value of 0 the approximate value of the 
wavelength must be known. 
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* 60. Illustrative Example. An illustrative example will make the above 
procedure more clear. Let it be required to find the line constants of a 25- 
mile line on which w = 5000, (f = 796) and 

Z,s = 3220 7-79.29^ ohms 

Zso = 1301 /76.67^ ohms 

From equation 7~18, 


Zo = VZ..Z,o = V3220 /-79.29° X 1301 /76.67° 
= 2047/-1.31° ohms 


and 


tanh = ilf + 3^ 






3220 /-79.29° 


1301 /76.67° 

= 1.573 /-77.98° 

= 0.328 - ;1.54 

Thus M = 0.328, N = -1.54, and = 2.479. From equation A-30, 


tanh 2a = 


2 X 0.32H 
1 + 2.479 


2 a = 0.1909 


0.1886 


and 


a 


From equation A-31, 

tan 26 


a = 0.0955 


0 

= 0.00382 neper/mile 
25 

- ^ X'j j ■ - 2.082 

1 - 2.479 -1.479 


Hence, since both numerator and denominator of the tangent function are 
negative, the angle 26 lies in the third, seventh, etc., quadrants and 

26 = 244.35® or (244.35® + n27r) 

where n = 0, 1, 2, 3, etc. Since this is an open-wire loaded line, the velocity 
of propagation should be of the order of 50,000 miles per second. The 
frequency of the transmitted wave being 796 cycles per second, the wave¬ 
length is about 60 or 70 miles. A 25-mile section should have a value of b 
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short-circuit impedances the values of y and Zq can be found, and these 
latter values used to determine the elementary constants. 


Begin with the two equations 



[&-15] 

and 

y = Vzy 

[7-17] 

Using equations 6-14 and 6-16, namely, 


^ao = coth Vzy S 

[6-14] 

= 7o tanh Vzy S 

equation 5-15 becomes 

r 

[6-16] 

Zq = yy ~ ^ ZagZao 

[7-18] 

and from these same equations it is seen that 


tanh Vzy S = tanh yl = 

\ Zao 

[7-19] 

From equations 5-15 and 7-17, 


yZQ = z = R j(ji)L 

and 

[7-20] 

^ = G + juC 

Zq 

[7-21] 


Using these last two equations, it is seen that Rj L, 6 , and C can be 
determined if -y and Zq are known in vector form. Zq can be readily 
found from equation 7-18 since Z^a and Zao are known. The quantity 
ylf and thus 7 , may be obtained from equation 7-19 as follows: Let 
tanh yl = VZaa/Zao = M + jN, Then yl = a + jb can be found by 
using equations A-30 and A-31. From the values of a and 6 , 
7 (= a + jfi) is found from equations, 

a = al 
b -- fil 

The fact that equation A-31 is multivalued must be kept in mind, and 
in order to definitely fix the value of the approximate value of the 
wavelength must be known. 
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* 60. niustrative Example. An illustrative example will make the above 
procedure more clear. Let it be required to find the line constants of a 25- 
mile line on which w = 5000, (/ = 796) and 

= 3220 /->79.29° ohms 

Z,o = 1301 /76.67° ohms 

From equation 7-18, 


and 


/o = y/Z,,Z,o = V3220 /--79.29° X 1301 /76.67° 
= 2047 / —1.31° ohms 

tanh “yZ « ilf + = 

3220 /-79.29° 

1301 /76.67° 

= 1.573 /-77.98° 

= 0.328 -il.54 




Thus M == 0.328, N = —1.54, and -f = 2.479. From equation A-30, 


1 + 2.479 
2a = 0.1909 


and 


a 


From equation A-31, 

tan 2b 


a = 0.0955 
0 0955 

-= 0.00382 neper/mile 

25 

-2X1.54. ^3^. ^03^ 
1 -2.479 -1.479 


Hence, since both numerator and denominator of the tangent function are 
negative, the angle 2b lies in the third, seventh, etc., quadrants and 

2b = 244.35° or (244.35° -f n27r) 

where w = 0, 1, 2, 3, etc. Since this is an open-wire loaded line, the velocity 
of propagation should be of the order of 50,000 miles per second. The 
frequency of the transmitted wave being 796 cycles per second, the wave¬ 
length is about 60 or 70 miles. A 25-mile section should have a value of b 
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in the neighborhood of f |(360°) = 140° or about one half of the 244.35° found, 
above. Using this figure to determine 6 

6 = 122.2° = 2.135 radians 

and 

2.135 




25 


= 0.0tS54 radian/inile 


Having found a and 

y = 0.003S2 + j0.0854 = 0.0855 /87.43° 

Using ^0, which was found above, and equation 7-20 

•yZo = 7? + joiL = 0.0855 /87.43° X 2047 /-1.31° 

= 175 /86.12° 

= 11.83 +yi 75 

from which, R = 11.83 ohms/mile and L = 175/5000 == 0.0350 henry/mile. 
Using equation 7-21 

V ^ 0.0855/87.43° 

i = r? + jwC =- 1 == 

^0 2047 /-1.31° 

= 41.8 X 10- V88.74° 

= (0.919 +j41.8) X 10-« 

Thus G = 0.919 X 10-« mho/mile and C = 0.00835 fii/mile. 


61. Loading. The loading of a line was previously handled (see Art. 
42) by dividing the inserted inductance into per-mile units and adding 
these units to the regular series inductance. To treat the problem more 
accurately the section of the line between loading coils should be re¬ 
duced to its equivalent T section, whereupon one-half the series im¬ 
pedance of each loading coil is added to each series arm of the section. 
This new T section will then allow the recalculation of new values of 
etc. Again use the notation of Art. 58. 


Z 2 


^0 

sinh yl 


[7-13] 


Zi _ cosh yl — \ 
2 ° sinh yl 


From these two equations the following may be obtained: 


il 

2Z: 


= cosh^ 


1 


[7-14] 
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or 


cosh = 1 + ^ 


[7-22] 


[Note that equation 7-14 can be taken as representing the series arm 
of the section for the unloaded case.] Let Z[I2 represent the series 
arm for the loaded condition and Zi,l2 represent the impedance to be 
added to each arm, that is, one-half the added loading per section. 
Then for the loaded section 


2 ^ 2 '^ ° sinhy 


[7-23] 


Using yl to represent the propagation constant for the loaded condition, 
equation 7-22 becomes 

cosh 1 ^ 

Substituting from equations 7-23 and 7-13 


cosh y'l - 1 


^ cosh yl - 1 
2 ^ sinhy^ 


sinh yl 


= 1 + sinh yl + cosh vZ — 1 
2Zo 

= cosh yl -h sinh yl 
2Zo 

Thus Ihe loading gives rise to a correction term, 

sinh yl 

Equation 7-24 is known as Campbell's Equation. 


[7-24] 


PROBLEMS 

Except for Prob. 7-12, make all calculations at 796 cycles per second. 

7-1. A 100-mile length of line A of Prob. 5-1 is connected between a generator 
whose internal impedance is Zg = 100 +i300 ohms and a load impedance of Zr = 
600 ohms resistance. Find the reflection factors and the insertion loss. 

7-2. Determine the elements of the T section equivalent to 200 miles of line A 
of Prob. 6-1. Use the exact method. 
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7-3. Determine the elements of the tt section equivalent to 200 miles of line A 
of Prob. 5-1. Use the exact method. 

7-4. A 50-mile length of line C of Prob. 5-5 is connected between a generator 
whose int(*rrial impedance is Zg = 100 + yiOO ohms and a load impedance of Zr = 
500 ohms resistance. Find the reflection factors and the insertion loss. 

7-6. Find the elements of a ir section equivalent to the line of Prob. 7-4. 

7-6. Find the line parameters for a 50-mile lim* whose open- and short-circuit 
impedances at 796 cycles per second are 

Zso ^ 200 7-38.9° ohms Z,, = 2440 /19.81° ohms 

7-7. Calculate the values of Zo, v, and X for the line of Prob. 7-6. 

7-8. Find the parameters for a 35-mile line whose open- and short-circuit im¬ 
pedances at 796 cycles per second are 

Zso = 268 7-75.51° ohms = 604 /49.91° ohms 

7-9. Calculate the values of Zo, /3, Vj and X for the line of Prob. 7-8. 

7-10. Assume that the line C of Prob. 5-5 has the following loading added at 

intervals of 1.1 miles: L = 175 mh, R = 14.3 ohms. Calculate the new value of y. 

7-11. Assume that the line C of Prob. 5-5 has the following loading added at 

intervals of 1.135 miles: L — 43 mh, /? = 4.1 ohms. Calculate the new value of y. 



7-12. A coaxial cable is constructed as shown in Fig. 7-4. Zo = 62^0^ ohms, 
Zi 75/0^ ohms, S « one-quarh'r wavelength at 10® cycles per second. Find the 
insertion loss in decibels of the stub at a frequency of / * 1.2 X 10® cycles/sec. 
Note: the original condition is without the short-circuited stub. In this case of 
course there is no loss. The stub is then added which amounts to shunting a certain 
impedance across the line. The insertion loss is the loss caused by adding the stub. 
In this problem the attenuation can be considered to be zero. The line to the left 
of the stub has a length of 0.82X, and to the right of the stub the length is arbitrary. 
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THE POWER-TRANSMISSION LINE — EFFICIENCIES 

In the preceding (*hapiers the general theory of telephone transmis¬ 
sion has been outlined. At this point a (Question may well arise as to 
how power-transmission-line theory differs from that (‘overed by this 
development. As has already been mentioned in the Introduction, 
the major points of difference are: 

Power Line Communkhtion Line 

Efficiency high low 

Transmitted commodity power information 

It should be expected, then, that calculations on a typical power 
line, using the theory developed for communication lines, would lead 
to results which differ appreciably from those obtaim^d for a typical 
communication line. However, it is imperative that one I'ealizo that 
the exact solution of the transmission line as given in Chapter V is 
equally applicable to the telephone and the power line. The char- 
acteiistic impedance Zo and propagation constant y, as well as other line 
constants, and efficiency will be calculated for this typical power line 
and these values compared with those obtained on the open-wire non- 
loaded (‘ommunication line of Art. 35. Also, for purposes of further 
comparison, the efficiency of a high-frequency feeder line will be cal¬ 
culated. The comparisons in this chapter should be considered as 
qualitative only. They have been interpolated at this point merely 
to bring out more clearly some genera! aspects of different kinds of lines. 

62. Line Constants — Zoy 7 , v, and X. One of the distinctions between 
power- and communication-line calculations is that the polyphase power¬ 
line loop usually consists of a single line conductor and a neutral return. 
Since the latter carries no current under balanced conditions, the loop 
calculations of L, C, N, and G are based on per-wire values. The series 
resistance of the loop, for example, is the resistance of a single wire of 
the three-phase power line, and the shunt conduiitance of the loop is 
the conductance of one wire to neutral. 

In calculating the loop inductance of phase A in Fig. 8-1, it is simply 
necessary to determine the flux linkage with wire A due to J^. Since 
In + /c = —/a in a balanced three-phase system, one may consider 

135 
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wire B and wire C to be the return path for I a- The per-wire inductance 
of wire A is then 

= Q + 2 In X 10“^ henry/meter [8-1] 


In other words the per-wire inductance of a three-phase line is simply 
one-half the inductance of a pair of parallel 
wires. 

The loop capacitance of one phase of a 
three-phase line to neutral, such as that 
shown in Fig. 8-1, turns out to be twice the 
capacitance of a pair of parallel wires of r 
radius separated center to center by a dis¬ 
tance d. This value of capacitance is ob¬ 
tained by considering lines B and C to be one 
plate of the capacitor of which line A is the 
other plate, the justification being that for 
balanced three-phase voltages Qb + Qc is at 
The capacitance of line A to neutral is simply 
1 



Fig. 8-1. Equilateral tri¬ 
angular spacing of three- 
phase line conductors. 


all times equal to —Qa 

Can = 2 


36 X lOMn 


farad, meter 


[ 8 - 2 ] 


It is not the purpose of this discussion to go into the details of calcu¬ 
lating the per phase values of L and C in polyphase lines but rather 
simply to outline the distinction between the per phase values of L 
and C in a balanced three-phase line and the values of L and C in a 
conventional two-wire loop. Also, if the wire configuration is other 
than equilateral triangular spacing as shown in Fig. 8-1, then d, the 
equivalent center-to-center spacing between wires, can be shown to be 
where di, d 2 , and da are the spacings between wires 1 and 2, 
2 and 3, and 3 and 1. 

In order to compare the characteristics of a power line with those of 
the telephone line of Art. 35, a 200-mile three-phase power line, consisting 
of three No. 0000 copper conductors spaced 33 inches on the comers of 
an equilateral triangle, will be considered. Such a line will have the 
following distributed parameters to neutral per mile (/ = 60 cycles/sec): 
R = 0.263 ohm (one wire) 
a?L = 0.626 ohm (one wire) 
ojC == 6.96 fi mhos 
G = 0 
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and the following characteristics: 

z = ft + jojL = 0.263 + jO.626 = 0.679 /67.22° ohms 
y = G + = 0 + j6.96 X 10“® = 6.96 X 10~®/90°mho 

S /o.679/67.22° _ 

= 312 /-11.39° ohms 


7 = Vzy = VO.679 /67.22° X 6.96/90° X 10~® 

= 0.00217 /78.61° 

= 0.000428 + i0.00213 
or 

a = 0.000428 neper/mile 
= 0.00213 radian/mile 
The velocity of propagation is 


oj 377 
0 “ 0.00213 


177,000 miles/sec 


and the wavelength is 
X = 


2t 

J 


6.28 

0.00213 


= 2950 miles 


Let these results be compared with those obtained on the nonloaded 
line of Art. 35. 

Tklephoive Line Power Line 


Zo 

a 

V 

\ 


745 ohms 

0.00712 neper/milc 
0.0288 radian/mile 
173,500 milcs/sec 
218 miles 


312 ohms 

0.000428 neper/mile 
0.00213 radian/mile 
177,000 miles/scc 
2950 miles 


It is readily apparent that the values of a and ^ for the power line are 
comparatively very low and that the wavelength is very long. The 
long wavelength gives rise to a predominant characteristic of a power 
line, that of being short electrically, that is, short in terms of wavelength. 
This 200-mile line which is physically long for a power line, is only 0.068 
wavelength long. This means that the voltage (and current) vector in 
progressing the length of the line completes only a very small part of a 
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revolution, Avhoreas in a long telephone line there may be many 
revolutions. 

63. Efficiency. The low value of a for the power line is reflected in a 
high value of transmission efficiency. In order to compare typical 
power- and telephone-line efficiencies it will be necessary to calculate 
the efficiency of the nonloaded line of Art. 35. The received power and 
sending current for that line were calculated in Art. 42 and found to be 
94.0 microwatts and 0.0015 ampere, respectively. Recalling that the 
input impedance is Zo, the pow'er input is given by 

P, = llX 725 = (0.0015)2 X 725 = 1631 X 10""® watt 
= 1631 microwatts 

The r(‘sislance component of Zo is 725 ohms. 

Thus the efficiency of the telephone line becomes 

94 0 

= 77^ X = 5.76% 


The line-to-neutral receiving-end voltage for the 200-mile power line 
is taken as 20,000 volts, and the three-phase load is assumed to be 1800 
kilowatts at 0.8 lagging powder factor. The load or receiver current is 
then 


Hence 


1,800,000 
3 X 20,000 X 0.8 


37.5 amperes 


Ir — 37.5 /—36.87° amperes 


Vr = 20,000 /0° volts 


Equations 6-3 and 6-4 will be used to calculate Vs and /«. The follow¬ 
ing are needed: 

= 0.00217 /78.61° sinh o = 0.086 

Zq = 312 7-11.39° ohms cosh a = 1.004 

S = a + jb — 0.434 /78.61° sin 6 = sin 24.5° = 0.415 

= 0.086 + iO.426 cos h = 0.911 

Equations A-24 and A-25 are used to evaluate sinh Vzy S and 
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cosh Vzy S. 

sinh (a + jb) = VO.0074 + 0.172 / tan~^ 0-415 X 1.004 

/ 0.911 X 0.086 

= Vo. 1794 /tan~^ 5.3 = 0.424 /79.32° 

cosh (a +jb) = VO.0074 + 0.83 / taii~^ ^ 0.086 

/ 0.911X1.004 


= VO.8374 /tan~^ 0.0391 = 0.915 /2.24° 
Vs = 20,000 X 0.915 /^2£ + 37.5 /-36.87° 


y 312 /-11.39° X 0.424 /79.32° 
= 18,300 /2.24° -I- 4960 /31.0(>° 

= 18,280 + j711 + 4250 + j2560 
= 22,530 +j3274 = 22,780 /8.27° volts 


Is = 37.5 7-36.87° X 0.915 /2.24° + 


20,000 X 0.424 /79.32° 
312 /-ll^ 


= 34.3 7- 34.63° + 27.2 /90.71° 

= 28.2 - jl9.5 - 0.332 + j27.2 
= 27.9 + j7.7 = 28.9 /15.45° amperes 


The angle between the current and the voltage is 7.18°; thus the power 
input per phase is 

Ps = 22,780 X 28.9 X cos 7.18° X 10"® 

= 653 kw 

The power output per phase is 


P,.i?»-C00kw 


Hence the efficiency is 


(lOO 

Eff = — X 100 = 92% 
boo 


64. Efficiency of High-Frequency Line. On a high-frequency line 
R and wC » G, Under these conditions Zq will be approximately 
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equal to VL/C, and, since VlT/C is dimensionally equivalent to resist¬ 
ance, Zo 'vill be equivalent to a pure resistance 7?o. Also, when the 
high-frequency line is used as a feeder, it will be relatively very short, 
and al will then be small. 

Equations 6-3 and 6-4 will be applied to a high-frequency line which 
is terminated in a pure resistance /?r. Since Vr = Irlin the appropriate 
substitutions will be made for Vr and Ir. 


= Vr ^cosh 7^ + ^ 


= Vr j^^cosh ^ cos fil + j ^sinh ^ 

[8-3" 


and 

/, 


= Ir ^cosh ^ 


R \ / R 

cosh ^ +i ^sinh al+r^ cosh al 


Ro 


^ sin jSzJ 
[8-4] 


The hyperbolic functions are expanded by means of equations A-20 
and A-22. 

The power input to the line is given by the real part of the product of 
Va by the conjugate of /«, thus 

Vsis== {v'a+jv:'){T:^jii') 

= (vui F,"/'') +Kr/i: ~ f;/;') 

and 

P = V'l' 4 - V"I" 

S 5 1 8 H 

^ Let Va^V [o^ and la ^ 1 The power is then 

y/co&(a-<^) [A] 

Write Va ^ V (cos a -jr j sin a), and the conjugate of /« as 

la — I (cos </> -“ 7 sin <t») 

Vala ** y/Kcos a cos ^ + sin a sin <<&) + /(sin a cos ^ — cos a sin ^)] 

The real part is 

y/(cos a cos sin a sin 4>) « VI cos (a — 

which is the same as equation A above. Thus Power is given by the real part of 
the product of Va by the conjugate of /«.” 
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Let m represent the ratio, Rr/Ro* Then 

Pa = Vrlr ol + Sinh^ ol 

+ cosh al sinh a/J (cos^ + sin^ fit) 

= VrJr [cosh 2cxl + (w + ^) smh2aZ j 

using equation A-19 and the identity, cosh a sinh o= (sinh2a)/2. 
Since the line is terminated in a resistance R^ the power factor is unity 
and the power received is F^/r. Accordingly, the efficiency is 


cosh 2al + (m + ~ ) 
\ m/ 


sinh 2al 


If al is very small, cosh 2al = 1, and sinh 2al = 2aL Under this con¬ 
dition the efficiency is 

E:ff =- ^ ■ ■■■ .— 


(“+S) 


Making use of the approximation given by equation 5-40, namely, 
a = R/{2Zo) 

1 1 


\ m) 2Ro \ mj 2Ro 


where R' is the total resistance of the line. This may be written 


/m^ + 1\ R' 

\ m J 2Ro 


In order to determine the condition under which the efficiency is a 
maximum it is necessary to minimize the second term of the denominator 
with respect to m. 


For maximum efficiency 


dm 


m 


or m = 1. Thus maximum 
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efficiency occurs when Hr = that is, when the line is terminated 
in its characteristic impedance, in this case Hq. The maximum effi¬ 
ciency then becomes 

Max eff — —[8-8] 


1 + 


Ho 


which approaches 100 per cent as decreases relative to Rq, 

65. Illustrative Example. Consider a 1000-foot 5-mcgaeycle feeder con¬ 
structed of two i)arallel wiics each 0.2 inch in diameter and separated 6 
inches, center to center. For such a line 


-"•* J- 


/4 hi - X 10 ^ 
r 


36 X 10^ In 


d 


= 120 In ^ = 276 log ^ ohms 
r r 

where d/r is the ratio of conductor separation to conductor radius. Also 

135v7x 10~4 


R = 


■ ohm/mile 


[1-82] 


Hence 


•v/F 

12" = ohm/1000 ft of line 

^in 


wdiere F is the frequency of the transmitted wave in megacycles per second, 
and fin is the radius of the conductor in inches. 

d = 6 in. 
rln = 0.1 in. 

F = 5 megacycles/sec 

Substituting these values into equation 8-8, the maximum efficiency per 
1000 feet of line is found to be 

1 


Eff = 


1 + 


1 + 


d 

276 log- 
r 

1 


V5/0.1 
276 log 60 


X 100 = 95.6% 



PROBLEMS 


143 


66. Summary. The efficiency of the telephone line is expected to be 
low because of the relatively high value of a and the length of the line. 
This low efficiency is partly due to the fact that the line is terminated 
in its characteristic impedance. 

The power line on the other hand is operated in such a manner as 
to obtain a relatively high efficiency. No attempt is made to deliver 
maximum possible power. The difference in these two lines may be 
seen also from the fact that in the communication line the total power 
involved is small, and it is relatively unimportant economically whether 
a large proportion of it is lost or not. On the other hand the amount 
of power transmitted over a power line is so groat that a slight dif- 
feren(?e in efficiency makes a considerable difference in the economics 
of the system. For instance, even in the relatively small amount of 
power transmitted by the above three-phase line a decrease in efficiency 
of 1 per cent means a loss of about 18 kilowatts. Over a period of a 
year, with power at cent per kilowatt-hour, this amounts to a cost of 
approximately $800. 

In the high-freciucncy line the assumption was made that the total al 
was small. That is, aZ (= R'/2Ro) should be low enough that the 
approximation, 

• u o ; 

smh 2al = — 

Rq 


is justified. The hyperbolic angle can be about 0.23 before the error is 
1 per cent. In the above example R'/Rq was 0.0455. The 5-megacycle 
feeder could, then, be 5000 feet long, and the error would be less than 1 
per cent. For the optimum efficiency condition, the line terminated in 
its characteristic impedance, the efficiency equation can be written 


Eff = 


1 + 


1 

nVF 

2nrL\og- 

r 


[8~9] 


where n is the number of 1000-foot sections in the line. For a line with 
a given conductor separation and conductor radius this equation indi¬ 
cates very clearly the effect of line length and frequency of transmitted 
wave on the efficiency. 


PROBLEMS 

6 -1. Determine R in ohms per mile of single conductor, L in millihenrys per mile 
for each conductor, and C to neutral in microfarads per mile of each conductor for 
No. 000 hard-drawn solid copper conductors spaced 36 inches center to center on 
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the comers of an equilateral triangle at a temperature of 25®C when delivering power 
at 60 cycles per second. 

8-2. A three-phase 60-cycle-per-8econd power line has the following parameters, 
to neutral, per mile: 

R — 0.432 ohm (one wire) 
wL = 0.749 ohm (one wire) 
o)C — 5.76 fjL mhos 
G' = 0 


The line is 55 miles long. Calculate Zo, a, /S, v, and X. 

8-3. Calculate the efficiency of the line of Prob. 8-2 when delivering a load of 
2250 kilovolt-amperes per phase at 0.80 jmwer factor (/ lags) and 25,400 volts to 
neutral. 

8-4. A three-phase 60-cycle-per-second power line has the following parameters, 
to neutral, per mile: 

R = 0.529 ohm (one wire) 
cuL s= 0.826 ohm (one wire) 
wC = 5.19 M mhos 
G = 0.244 fx mho 

Calculate Zo» «, 0^ v, and X. 

8 - 6 . Calculate the efficiency of the line of Prob. 8-4 when delivering a load of 
5400 kilowatts at 58,900 volts to neutral. The power factor is 0.85 (/ lags), and the 
length of the line is 130 miles. 

8 - 6 . A three-pliase 25-cycle-per-second power line has the following parameters, 
to neutral, per mile: 

R = 0.118 ohm (one wire) 
wL = 0.334 ohm (one wire) 
ujC = 2.16 /u mhos 
G^O 


Calculate Zq^ a, /3, f;, and X. 

8-7. Calculate the efficiency of the line of Prob. 8-6 when delivering a load of 
36,000 kilovolt-amperes per phase at 127,000 volts to neutral. The power factor is 
0.90 (/ lags), and the length of the line is 230 miles. 

8 - 8 . A parallel-wire line is composed of two No. 10 AWG copper conductors 
separated center to center by a distance of 5 inches and operates at a frequency of 
1000 kilocycles per second. The distributed parameters are: 

R s= 0.0652 ohm/loop meter 
o»L ^ 11.56 ohms/loop meter 
(i>C » 38.2 X 10”® mho/loop meter 
G -0 
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The length of the line is 1000 meters and is terminated in a resistance of 1100 ohms 
which dissipates 227.3 watts. 

(o) Find the phase angle between Vs and U. 

(b) Find the power input to the line. 

(r) Find the efficiency of the line. 

8-9. A copper coaxial cable has an inner conductor of 0.1 centimeter radius, and 
the inner radius of the outer conductor is 0.322 centimetcjr. P'ind the efficiency of 
a 5-mile length of line when operating at 64 megacycles p(ir second and terminated 
in a resistance equal to the characteristic impedance of the cable. 

8-10. Design a 2000-foot feedc^r line for 3 megacycles per second using No. 2 
AWG hard-drawn copper wire with the requirement that the efficiency be 95 per cent 
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CONSTANT-X FILTERS 

It has been shown that transmission lines in general have attenuation 
which is a function of frequency. A line constructed of a series of T or 
TT sections may be made to have a definite cut-off fre^quency which will 
mark a transition between regions of good transmission and attenuation. 
When such a lumped-section line is constructed for the purpose of pass¬ 
ing certain frequencies and stopping others, it is called a filter. A 
filter should have 

(1) A given Zo in order to fit into a given line or between given pieces 
of equipment; 

(2) A very low attenuation in the so-called pass-band ’’ and a suffi¬ 
ciently high attenuation in the stop or attenuation band; 

(3) Given “ cut-off frequencies, frequencies which mark the dividing 
lines between stop and pass bands. 

The applications of filters are very wide. They ai*e commonly used 
in radio to eliminate unwanted frecjuencies, in telephone carrier systems 
to separate the various channels, and in power supplies to smooth out 
the direct current. In the last case filters are made to discriminate as 
much as possible against all frequencies, passing only the direct current. 

In order to develop the theory of filters a beginning will be made with 
a consideration of some fundamental properties of reactive networks. 
The goal is to arrive at suitable design equations to be used when it is 
desired to construct a filter having certain of the requirements listed 
above. 

67. Constant-X-Type Filters. The action of filters is based on the 
fact that an inductance represents a low impedance to low frequencies 
and a high impedance to high frequencies, whereas the opposite condi¬ 
tions occur with a capacitance. When inductances are connected in 
series on a line and capacitances in shunt, as shown in Fig. 9-1, then 
direct current will flow without opposition and alternating currents of 
low frequencies are subject to only a small impedance. As the fre¬ 
quency increases, the series network impedance increases, whereas that 
of the shunt circuit decreases. If the magnitudes of the inductances 
and capacitances are correct, then frequencies above a critical fre¬ 
quency fo will be attenuated, and the network forms a low-pass filter. 

146 
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By a correct choice of series capacitances and shunt inductances, as 
shown in Fig. 9-2, a high-pass filter is formed. Such a filter cannot 
pass direct current and with proper design will pass only alternating 
currents of frequencies above a critical value /o without attenuation. 



Fig. 9-1. Low-pass filter 




Fig. 9-3. T- and ir-section filters. 


The networks shown in Fig. 9-3 represent simple T and ir section 
filters. That of (a) constitutes a T section and that of (6) a section 
connected between a generator and a load Zq. Let the load Zq be equal 
to the characteristic impedance Zq of the T or tt section so that each 
network is properly terminated. The filter design problem is con¬ 
cerned with the propagation of power from the generator through the 
network and into the load Zq, If propagation occurs with little or no 
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attenuation over a certain band of frequencies then this band is called 
a pass band. If propagation is hindered, that is, if there occurs attenua¬ 
tion over a certain band, then the band is known as a stop band. When 
networks are constructed of pure reactances Zi and Z 2 , such that Z 1 Z 2 = 
fc^, where fc is a real constant, then the network is known as a constant-k 
filter, which is one form of prototype filter. As an illustration, suppose 

Zi = j(aLi and Z 2 = —j ; then 

C0C2 


It should be noted that since Zi and Z 2 (or Z 4 , Zb, Zc) are pure react¬ 
ances no power is absorbed by the networks themselves. Thus if the 
network accepts power from the generator this power is all transmitted 
to Zq, By means of elementary considerations it is evident that power 
will be accepted by the networks when Zq is a pure resistance and 
rejected when Zq is a pure reactance. 

68. Stop- and Pass-Band Criteria. In order to determine the position 
of the stop and pass bands and to derive expressions for the frequencies 
at the boundaries of the bands, use will be made of equation 4-9 which 
gives the propagation constant yoia properly terminated T or tt section. 
The section is now a filter. 

^(=a + m = In [1 + A + -Jl + A] [4_9J 

which may be written _ _ 

Y-2ta[^l+^ + ^^] [9-1] 

One of the unique features of equation 9-1 is that if 

-IS A so M 

a region of zero attenuation is obtained, or, in a more precise way, the 
condition for zero attenuation is that 


where 0 ^ ^ 1. That this is true may be shown as follows on proper 
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substitution of equation 9-3 into equation 9-1. 


Y(= a + j;8) = 2 In [Vl — + V — ^4] 

= 2 In [vT^n + jVA] 

, _ ! VI 

= 21 nVl-^+^/tan‘ 

!_ _ - A 

VI 1 


= 2^0 


+ jtan' 


—1 


Vl - A. 


Hence a = 0 since In 1 is zero, and 


0=2 tan 


-1 


VA 




[9-4] 


The boundary conditions are given by the extremes of Z 1 / 4 Z 2 , 
namely, 0 and —1. 

If ^ == 0, then A =0, and /3 = 2 tan”^ -^ = 0® [9-5] 

4^2 V 1 

If = — 1, then A = 1, and ^ = 2 tan~* = 180° [9-6] 
4^2 V 

Physically, the complex number Zi/^Z^ can have values between 0 
and — 1 only if Zi and Z 2 are reactances of opposite sign, such as for 
example Zi = — jXi and Z^ = 3 ^ 2 * 



If ppposite-type reactances are employed to obtain a pass band as 
shown in Fig. 9-4, it is also possible for the complex number ZxjM^ to 
have values which lie between —1 and — 00 but not values between 0 
and + . Hence positive values of Z 1 / 4 Z 2 will not be considered in the 

following analysis. In the region of Z 1 / 4 Z 2 which lies between — 1 and 
— 00 , a takes on finite values and ^ remains fixed at 180®. 
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Let 

= B/±ir 

4 Z 2 

[9-7] 

where J? > 1, or 


[9-8] 


- 00 < ^ < _1 

4 Z 2 

then 




a + jjS = 2 In [Vl - B + V^] 

= 21n[jVB^ +jVS] 

= 2In [Vb^ + VB] /±90° 


= 2 l^ln {VB - 1 + VB) + j [9-9] 

Hence a = 2 In (VB — 1 + V^) and is a finite value since B > 1, and 

/8 = zkw 

A graphical interpretation of the rcsultb of this article is shown in 
Fig. 9-4. In this diagram the region to the left of the origin (—00 to 0) 
represents eonstant-A; filters because in this region Zi and Z 2 have 
opposite signs, and thus when they are pure reactances their product is 
positive, real, and independent of frequency. In the region to the right 
of the origin Zi and Z 2 have the same sign, and thus their product will be 
negative, so that k would be imaginary, whereas in the constant-^ filter 
Ac is a real number. 

69. Illustrative Example. Given a T-section filter in which Zi = jwL, 
Z 2 = L = 0.125 henry, and C = 0.20 /xf. Let the problem be pro¬ 

posed to find the frequency limits of the pass band of this filter section. These 
limits are given by equations 9-5 and 9-6. From equation 9-5, Z 1 / 4 Z 2 = 0, 
it is found that Zi = 0. Therefore 

Zi = j(t)L = 0 

CO = 27r/ = 0 

or 

f=0 

For the determination of the other boundary use equation 9-6 



j(aL «= — 4Z2 


_4 y = ii 
«C uC 


Thus 
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from which 


and 


, 4 4 X 10^ 

LC 0.125X0.20 

w = 12,650 radians/sec 
^ ^ ^ 12,650 

^ 2Tr 6.28 
= 2015 cycles/sec 


The pass band thus extends between the frequency limits of zero and 2015 
cycles per second. 


70. Alternative Way of Representing Stop and Pass Bands. An 

alternative way of representing stop and pass })ands may be found from 
equations 4-4, 4-5, and 7-19. 

^OT = ^^ 1^2 ~ [4-4] 


^Oir = 


^ 1^2 


[4~5] 


where Zqt and Zq^ refer to the values for T and tt sections respectively, 
and 


tanh Y = 



[7-19] 


where y is the propagation constant for the entire section. 

Note, in equation 4-4, that if Zqt is a pure resistance then the product 
Zss^ao must be positive. This condition requires that Z^s and Z^o have 
opposite signs. If Zqt is a pure reactance, then and Z^o must have 
the same sign. If these facts are applied to equation 7-19 the following 
conditions result: 

(1) tanh Y is imaginary if Zqt is a pure resistance, 

(2) tanh y is real if Zor is a pure reactance. 

For instance, if Z„ = jXh and Zso = then 

Zqt = ‘^^ 88^80 = y/XhXc (effectively a pure resistance) 

and 
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Hence tanh y is imaginary. Now 


tanh y = 


sinh a cos 0 + j cosh a sin /3 
cosh a cos + j sinh a sin jS 


sinh a cosh a + j sin ^ cos 
sinh^ a + cos^ 


[9-10] 


In case 1 above, if Zqt a pure resistance the real part of equation 9-10, 
, . sinh a cosh a , 

that IS, - 7 - 7-9 -^^ , must be zero. This can be true only if a = 0. 

sinh^ a + cos-^ 13 

Thus Avhen Zqt is a pui’e resistance the network offers no attenuation 
and a pass band occurs. On the other hand, in case 2, when Zqt is a 
pure reactance, the imaginary part of equation 9-10 disappears, and 


tanh y = 


sinh a cosh a 
sinh^ a + cos^ 0 


Thus, if tanh y has a value, a must have a value, and there will be 
attenuation. (See Art. 76.) 

In Figs. 9-5 and 9-6 are shown the variations of Zgo and Zgs for low- 
pass and high-pass filters. From these (‘urves which are typical of all 
filters, it is to be noted that the open- and short-circuit impedances 
change from positive to negative or vice versa as the range of frequencies 
is covered. Likewise the characteristic impedance changes from resist¬ 
ance to reactance, or in other words there are certain ranges of fre¬ 
quencies over which Zq given filter may be a resistance and others 
over which it may be a pure reactance. From the previous discussion, 
when the characterise impedance is a resistance the frequencies are 
passed, and when JjJre characteristic impedance is a reactance the fre¬ 
quencies are attenuated. 

It is to be noted that if Zi and Z 2 in a T section are such as to make 
Zqt a pure resistance, then Zo^^ is also a pure resistance because of the 
fact that Z 1 Z 2 = in equation 4-5. Thus the pass bands are the same 
whether the elements are arranged in a T or tt section. 

Another way of representing pass and stop bands is to note that 

Zo = yjZi {Z2 + 


will be a pure resistance, and this will result in a pass band, if Zi and 
+ are of opposite sign, whereas if Z\ and ^Z 2 + are of the 
same sign then Zq will be a pure reactance and a stop band results. In 



Fig. 9-6. Variation of Z^o and Zss with frequency for low-pass filter, /o =* 1500 
cycles per sc'cond, C — 0.354 /uf, L = 0.1273 henry. 
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Fig. 9-7 are curves showing typical variations of Zi and (^2 + with 
frequency. In this diagram the reactances Zi and (^2 have 


opposite signs between A-B and between (^-D. Thus these two bands 
are pass bands. In the regions 0-A, B-C, and D -00 these quantities 
have the same sign and over these ranges stop-band conditions exist. 



71. Illustrative Example. Given a T section in which Zi = jcoL, Z 2 = 
—j/djC, L = 0.125 henry, and C = 0.20 juf. To determine, by the method 
of Art. 70, whether frequencies of/i = 1000 cycles/sec and /2 = 2500 cycles/sec 
will be passed. 

First calculate Zi and Z 2 at the frequency/i of 1000 cycles per second. 


Zi = j(aL = /27r X 1000 X 0.125 = /785 ohms 


-/lO^ ^ -jio" 

«C 27r X 1000 X 0.20 


~j796 ohms 


From equation 4-4, 


/o 




Ij785 (-j796) + 


0'785)» 


^624,900 


616,200 

4 


686 ohms (resistance) 
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It can also be shown that for this case 

, ^ [17. wy/LCVMC - 4 

Hence 


~ 2 


tanh Y = 1.698 


Since Zo is real and tanh y is imaginary, a must be zero. Therefore the fre¬ 
quency of 1000 cycles per second will be passed. 

For /2 = 2500 cyclcs/sec 

Zi = j27r X 2500 X 0.125 = jl964 ohms 

-jl0« 


Z2 = 


2t X 2500 X 0.20 


= —j318 ohms 


and 




fil964 (-i318) + 


( 31964)2 


Also for this case 


= V'624,t)00 - 964,300 
== ^*583 ohms (reactance) 

[z7 wVIcVu>-LC - 4 


tanh Y = 


= 0.876 


- 2 


Zo is now imaginary while tanh y is real; therefore a has a real value, and the 
frequency of 2500 cycles per second will be attenuated. 

72. Cut-Off Frequency. The frequencies which represent the bound¬ 
ary lines between pass and stop bands are (jailed cut-off frequencies /o 
and are given by equations 9~5 and 9-6. By applying these equations 
to the two simple constant-A; filters shown in Figs. 9-8 and 9-9 their 
respective cut-off frequencies are obtained. In Fig. 9-8, 


Zi = jcoL, Z2 — 


coC 


and 

Zi 


1 

1 

Thus 



Zi 


0 and —1 


co^ == 0 and 


LC 



156 


CONSTANT-A' FILTERS 


and 

2 

CO = 0 and ,_ 

Vlc 

from which 

/o = 0 and —~=l (for a low-pass filter) 
t'vLC 



Fig. 9-8 Attenuation curve for low-pass constant-/r filter. 


In Fig. 9-9, 

and 


from which 



Z 2 = josL 


II 

4^2 


03 = 


-1 

4o3^LC 


= 0 and 


00 and 
00 and 


1 

4LC 

1 

2VlC 


-1 


fo = 


00 and-;= 

4tVXC 


(for a high-pass filter) 


[9-11] 


[9-12] 


Since the pass band lies between the cut-off frequencies, the filter 
shown in Fig. 9-8 is called a low-pass filter, as its pass band lies between 
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fo = 0 and /o = l/(irVTC). The network shown in Fig. 9-9 is called 
a high-pass filter since its pass band lies between fo = 1/(4tVLC) and 
fo = 



Fig. 9-9. Attenuation curve for high-pass constant-A; filter. 


73. Variation of Zq with Frequency. A knowledge of th(^ variation of 
the characteristic impedance of constant-A; T and tt section filters with 
frequency is important when it becomes necessary to match these 
impedances. 

From Art. 25, 

[4-1] 



and 


^Oir 


Z1Z2 

Zqt 


[4-5] 


Using again the filter sections of Figs. 9-8 and 9-9, there is obtained 
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Substitute Z/C/4 = I/coq through use of equation 9-11, and obtain 




Similarly 




^Ot = 


L 

C 


J 




(i.p.) 


[9-141 


For the high-pass filter 






Substitute i/(LC) = 4wo through use of equation 9-12 and obtain 


& 07 ’ 


Similarly 




Zi)r — — r== — 


J 


i-f 


I (h.p.) 


[9-16] 


The trend of these functions is shown in Fig. 9-10. It is evident from 
these curves that the very wide limits in the correct terminating imped¬ 
ance of these filters give rise to serious difficulties in communication 
circuits. Obviously for a given receiving impedance there is only one 
frequency for which the section is correctly terminated. 

74. Design Equations for Constant-.^’ Filters. It will be noted from 
Art. 73 that Zq is a function of frequency, and thus, if a filter is to be 
designed to match a certain line, it can be done only at one frequency 
unless the line impedance is also a similar function of the frequency. 
Hence, there may be mismatching at all frequencies but one in the pass 
band and thus a consequent loss. This problem will be taken up later. 
For purposes of the immediate design, zero frequency will be used for 
calculating Zq of the low-pass filter, while/ = qo will be used for the high- 
pass filter. Also it is seen that over the pass band Zq is a pure resistance 



dp:sign equations foii constant-k filters 159 



fo 

Fio. 9-10. Variation of Zwr and Zor of low- and high-pasa filters with frequency 
over the respective pass bands. 


which, for these two particular frequencies, is equal to VL/C and as 
such will be indicated by Rq. As a consequence, for both the low- and 
high-pass filters and for T and w sections 



For the low-pass filter 

Solving these two equations for L and C 
L = RlC 


Therefore 
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and 


Also 


C = 




farad (l.p.) 


L = ^ henry (l.p.) 

*70 


For the high-pass filter 



[9-17] 

[9-18] 


from which 

L = RlC 
r ^ 

Therefore 


/p2^2 _ ^ J /nr 2 _ ^ 

" 42^2^2 > "■4V/gi2§ 


C = —-— farad 
4TfoRo 

(h.p.) 

[9-19] 

L = —- henry 
4ir/o 

(h.p.) 

[^20] 


76. Illustrative Example. Let it be required to design a constant-A; type 
high-pass filter with a cut-off frequency at fo = 1000 cycles/sec and a char¬ 
acteristic impedance at / = 00 of Zo = 600 ohms. The design equations 
9-19 and 9-20 may be used directly. 


C = 

L = 


10 « 


47r X 1000 X 600 
600 


= 0.1326 iuf 


4ir X 1000 


= 0.0477 henry 


= 47.7 mh 

See Fig. 9-6. 

76. Attenuation and Phase Shift of Low- and High-Pass Filters. The 
propagation constant for a general T or ir section, as a function of Zi 
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and Z 2 has been shown to be given by 


= + j^) 


oo=h- (1 + A) 


or 


cosh Y = 


1 + 


A 

2Z2 


[4-9] 


[7-22] 


Since Z\ and Z 2 are pure reactances, Z 1 /Z 2 is real so that 

cosh Y = cosh a cos ^ + j sinh a sin = (a real quantity) 


Since cosh y is real, the imaginary term is zero, and 

cosh Y = cosh a cos fi [9-21] 


Let the above equations be applied first to a low-pass constant-/: filter 
as given in Fig. 9-8. Here Zi = ja>L, and Z 2 = — j/CwC). Hence 


cosh Y = cosh a cos = 1 + 


A 

2Z2 



[9-22, 


It has been shown that, over the pass band, a = 0. Thus for this 
range 

J^LC 

cosh Y = cos iS = 1--— 

A 

and 


jS = cos' 




[9-23] 


where 0 ^ aj^LC/2 ^ 2. The relationship between P and co is shown 
in Fig. 9-11. Note that at the low-frequency end the phase shift is 
0° and that it increases to 180® by the time the edge of the pass band 
has been reached. 

It has been shown in Art. 68 that beyond the limit of the pass band 
the phase shift remains at 180®. Equation 9-22 then becomes 


Thus; 


cosh y = — cosh a = 1 


2 


cosh a = 


2 


a = 



[9-24] 
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The relationship between a and c*> is shown in Fig. 9-8. 

For the high-pass filter of Fig. 9-9, Zi = — j/ (coC), and Z 2 = jwL. 
Then: 





units 


[9-25] 


Fig. 9-11. Phase shifl oi low-pass consiant-A; filter. 


because cosh -y is again real. As co is increased from 0 to 00 , the at¬ 
tenuation band is gone through first and through it the value of is 
— 180°. Thus equation 9-25 becomes 

(die-0 

Over the pass band a is zero, so equation 9-25 liecomes 

""’■‘“ssc " I*'■ ■ d«') 


Only the magnitude of /3 is specified by equations 9-23 and 9-27. 
The sign (i) is lost in these simplified forms but may be determined as 
being + in equation 9-23 and - in equation 9-27 from the original 
expression given in equation 4—9. The general relation between a and 
« for the high-pass filter section is shown in Fig. 9-9 and between |^| 
and « in Fig. 9-12. 
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77. The Band-Pass Filter. A band-pass filter is one whose pass 
band lies between two definite frequencies/o and/o' neither one of which 
is zero. Obviously this effect can be obtained by placing a high-pass 




Fig. 9-12. Phase shift of high-pass constant^fc filter. 


filter in tandem with a low-pass filter such that the cut-off frequency of 
the low-pass filter is higher than that of the high-pass filter. In this 
case the attenuation characteristics should be as shown in Fig. 9-13. 



/-o 4 f" 

ih) 


Fig. 9-13. Attenuation in band-pass filter. 


The same general effect cati be obtained by the use of the network of 
Fig. 9-14 wherein any frequency which will produce resonance in Li, 
Cl and L 2 , C 2 simultaneously will be passed easily because the series 
impedance becomes zero and the shunt impedance infinite. 
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Let us investigate this circuit in some detail. In order to apply the 
filter theory it is necessary to write 

3 

wCi 


Z\ — joiLi 


7o = 


0)C\ 


j(aL2 — 


(jdCo 


and 


Z 1 Z 2 — 


C2 \ ' <^cj 


Z /2 — 1 ) 

Ci{J^L2C2 - 1 ) 


and the filter will be a constant-A: type provided 

LiCi = L2r2 

since this equality makes Z 1 Z 2 independent of frequency. 


[9-28] 


lx 

2 C, 2 

HI— 


h 

2 2C, 




Fig. 9-14. Band-pass filter, T section. 

In order to find the cut-off frequencies calculate the value of / 1 / 4 Z 2 
and set equal to — 1 and 0 successively. 


A 

4^2 





— 1 and 0 [9-29] 


Using the first equality and making the substitution, L 2 C 2 = LiCi, 
and L 2 * L 1 C 1 IC 2 results in 

C2(<4LiCi - 1 )^ 
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from which 


11 1 
/LiC, + L1C2 


Equation 9-30 indicates that there are lower and upper cut-off frequen¬ 
cies as follows: 


2t(‘VLiCi ■^L,C2 y/L^ 


2 t (\L,Ci L1C2 + y/L^ J 

The second possible equality from equation 9-29 gives the equation, 

(co^LiCi - 1)2 = 0 


Jr - - 

This is the frequency of resonance of Zi and Z 2 and can be shown to be 
the geometric mean between fo and /o' as follows: Let fo and /o' be 
multiplied together, and obtain 

^ [^33] 


and the geometric mean is 


27r\/lA 


which is fr of equation 9-32. According to previous theory the pass 
bands are two in number and lie between fr and /o on one side and 
between/r and /o' on the other. The situation is shown in Fig. 9-132>. 
Thus there are actually two pass bands which on account of the con¬ 
dition that LiCi = L 2 C 2 join at/r so that there is a continuous pass band 
from fo to /o'. 

The expression for the characteristic impedance of such a filter is 

2 ro = 
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The value of Zq is taken at the frequency at which the Zi term drops out, 
that is, at fr- _ 


ylc\ Vrs 


In order to write the design equations for a band-pass filter, first form 
the difference/o' — /o from equation 9-31, 




From equation 9-35 


and from equation 9-36, 


TT 


Lt = C 2 RI 


therefore 


C2(/^' -/^)V 




From equation 9-34, 




[9-38] 


iw^LiCi 


From equations 9-38 and 9-39, 

Cl = 

and, from equation 9-35, 

L2 = CiRl = 


fo - fo 
iTf!>f^'Rc 


Roifo - /o) 


Equations 9-37, 9-38, 9-40, and 9-41 are the desired design equations in 
terms of Rq and the two cut-off frequencies. 

Illustrative Example. Let it be re(|uired to design a band-pass filter with 
the following characteristics: Zo = Rq = 600 ohms, fo = 1000 cycles/sec, 
fo = 2000 cycles/sec. Equations 9-37, 9-38, 9-40, and 9-41 will be used. 

10 ® 10 ® 

(72 =---=-* 0.530 uf 

t 600 X (2000 - 1000) 600,0007r 

ann 

L^ =- — -- = C.191 henry 

*•{2000 - 1000) 
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(2000 - 1000) X IQQ ^ W 
47r X 1000 X 2000 X 600 “ 47r X 1,200,000 

600 X (2000 - 1000) ^ 600 ^ ^ ^^ 3 , 

47r X 1000 X 2000 4 t X 2000 


= 0.0663 /xf 


= 0.02385 henry 


This filter is shown in Fig. 9-15. Its pass band lies between 1000 and 2000 
cycles per second, and at the frequency of 1414 cycles per second, the geo¬ 
metric mean of the two cut-off frequencies, it will match an incoming and out- 



Fig. 9-15. For use in connection with illustrative example of Art. 77. 


going line whose characteristic impedance is 600 ohms. It must be kept in 
mind that this filter will not match a 600-ohm impedance at any other fre¬ 
quency. 

78. The Band Elimination Filter. If it i.s desired to stop a band of 
frequencies and to allow all others to pass, a possible configuration can 
easily be set up on the basis of the previous discussion. The result 

hi. Li 



Fig. 9-16. Band-elimination filter, T section. 


may be attained by placing a high-pass and a low-pass filter in parallel, 
overlapping their stop bands in such a way as to stop only a limited 
range of frequencies. 

However, using the same principle as in Art. 77, a relatively simple 
circuit, such as the T section of Fig. 9-16, can be set up, and the possi- 
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bility of its performing in a satisfactory manner can be investigated. 
It is left as an exercise for the student to work out the details for 
determining. 

. Wo - fo) 

■ rfX 


' 4wW'-fo) 
Ro 

W - fo) 

, . fo - fo 

" M'Ro 


The lower and upper cut-ofi frequencies are 


f^l( + _L_\ 

sAyR2C1 LiCi vi^J 

r = ( /_L+J^ + _1_\ 

stt V\ L2(\ vl^J 


The frequency for the calculation of Zq is 

1 1 




2WL1C1 27 rVL^ 


79. Effect of Resistance in Filter Elements. The theory of filters as 
presented in this chapter has not taken into consideration the effect of 
any resistance, or power dissipation, occurring within the filter ele¬ 
ments. Actually any inductive element may be expected to have appre¬ 
ciable resistance although resistance which occurs in conjunction with 
capacitance may be assumed to be negligible. For the purposes of the 
present treatment it is sufficient to point out the effect of such resistance 
and to note the limitations produced by it. 

It is clear that, in general, power dissipation in a filter will produce 
attenuation at all frequencies. Thus the pass band, instead of pre¬ 
senting zero attenuation, as was shown in the previous articles, would 
present a certain rather low attenuation which cannot be eliminated. 
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This effect becomes more pronounced at the regions of the cut-off fre¬ 
quencies. Also at frequencies of infinite attenuation one would expect 
a reduction in attenuation for much the same reason that the effective¬ 
ness of a resonant parallel L-C circuit is reduced on account of the 
resistance present.^ 

The general effect of resistance on the attenuation curve of a filter is 
shown in Fig. 9-17. 

If a filter is placed in a line the loss at all frequencies except those for 
which the filter matches the line will be greater than that shown in 
Fig. 9-17 on account of the fa(*t that there is a mismatch of impedances. 



80. Single-Frequency Rejection Filter. A special filter circuit which 
does not come under the heading of constant k, but which is very useful 
for certain purposes, such as the elimination of a single frequency, will 
be described. This circuit is shown in Fig. 9-18, and its operation 
depends on the fact that the R~C v section at a-h-c is equivalent to a 
T section in which the shunt arm Z 3 has a negative-resistance com¬ 
ponent which can be used to cancel the resistance r of the coil. 

The TT section a-h-c of Fig. 9-18 is transformed, by means of equations 
2 - 4 , 2-5, and 2 - 6 , into a T section. The equivalent T section is shown 

^ Reed, H. R., and G. F. Corcoran, Electrical Engineering ExperimentBj pp. 
235-236, New York, John Wiley & Sons, 1939. 
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at 1-2-3 of Fig. 9-19 where 

- _ , _ 2R , R^C 

^ * yevc=* + 4 •^ievc^' + i 


- _ R . o>C 

" KVc2 + 4 ^«VC2 + 4 


[9-42] 

[9-43] 


Thus it is seen that the shunt branch is composed of an inductance, a 
capacitance, and two resistances, one of which is negative. The condi- 



Fig. 9-19. Equivalent circuit of Fig. 9-18. 


tion for infinite attenuation of the section is given by the following 
equations, which express resonance, without a resistance component, 
of the shunt branch, 


R 

+ 4 


[9-44] 



wC 

R^w^C^ + 4 


[9-45] 


and 
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In many practical cases it is permissible to assume that 



< 4 

[9-46] 

in which case 

. ^ 



“ 4 


and 

£oZy == - — 



2wC 


or 

•II 

[9-47] 

and 

^ ~ 2JL 

[9^8] 


In the vicinity of the frequency of total rejection, the filter section 
thus becomes that shown in Fig. 9-20. By means of equations 9-47 



Fig. 9-20. Equivalent rircuit of Fig. 9-19 when « 4 or 1. 

and 9-48 it is readily seen that the approximation 4 is equiva¬ 

lent to the condition of jr^ ^ 1. Thus the necessary condition for 
determining whether the approximate circuit is valid is converted from 
the usually unknown R and C to the usually known r and L. 

As* an illustration, suppose that it is necessary to reject completely a fre¬ 
quency of 5000 cycles per second from an impedance using a coil having 
an inductance of 10 millihenrys and a resistance of 30 ohms. What are the 
values of R and C to be used in the circuit of Fig. 9-18? 

CO = 27r/ = 2 X TT X 5000 = IOjOOOtt 

L = 0.010 henry 

r = 30 ohms 

In order to use the equivalent circuit of Fig. 9-20, is co^LVr® ^1? 

co^LVr^ = 109.6 (which is substantially larger than 1) 

From equation 9-47, 


72 == 4 X 30 = 120 ohms 
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From equation 9-48, 


2(10,0007r)2 X 0.01 


= 0.0507 X 10“® 


farad 


Since under the above conditions, the shunt branch will be a short circuit 
to currents having a frequency of 5000 cycles pei second, there will be total 
rejection at 5000 cycles per second. 



0.7 0.8 0.9 


1 

I 


1.1 1.2 
w 
Wo 


1.3 


Fig. 9-21. Characteristics of single-frequency rejection filter. 


The transmission characteristics of the filter employed in the above 
example, for three values of tenninating impedance, are shown in Fig. 
9 - 21 , the above approximation being used. For the case of a terminat¬ 
ing impedance of 72/2, 


h 


= h 




[9~t9] 


h 



+ (a,L - 


or 


[9-50] 
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The ratio is plotted against w/cuo in Fig. 9-21 where wq is the value 
of 27r/ for infinite rejection. 

PROBLEMS 

9-1. Calculate the attenuation and phase shift of the T section shown in Fig. 9-22 
at / * 1000 and / = 2500 cyeles/sec, employing equation 9-1. The section is 
terminated in its characteristic impedance at each frequency. 


0.0625 h 


-'TSOTUIT'- - 

0.0625 h 


0.20 Mf 


Fig. 0-22. For use in connection with Prob. 9-1. 


9-2. Calculate the attenuation and phase shift of the tt section shown in Fig. 9-23 
at / = 1000 and f = 2500 cycles/sec, employing equation 9-1. The section is 
terminated in its characteristic impedance at each frequency. 


0.10 Mf 

Fig. 9-23. For use in connection with Prob. 9-2. 



9-3. Find the frequency boundaries of the pass band of the filter sections shown in 
Figs. 9-22 and 9-23. 

9-4. Calculate the characteristic impedance of the T s(*ction shown in Fig. 9-22 
and of the x section shown in Fig. 9-23 at 1000 cycles per second, using equations 
4r-4 and 4-5. 

9-6. Calculate the characteristic impedance of the T section shown in Fig. 9-22 
and oT the x section shown in Fig. 9-23 at 2500 cycles per second, using equations 
4-4 and 4-5. 

9-6. Calculate the characteristic impedance of the T section shown in Fig. 9-22 
and of the x section shown in Fig. 9-23 at 1000 cycles per second, using the expres¬ 
sion J?o 

9-7. Calculate the characteristic impedance of the T section shown in Fig. 9-22 
and of the x section shown in Fig. 9-23 at 2500 cycles per second, using the expres¬ 
sion ^0 “ ZanZgo* 

9-8. Design a constant-fc low-pass T-section filter with a cut-off frequency of 
1500 cycles per second and a characteristic impedance of 600 ohms at zero frequency. 

9-9. For the filter of Prob. 9-8, calculate and plot ot, /3, and Zo as a function of 
frequency from 0 to 2500 cycles per second. 

9-10. What is the cut-off frequency of a low-pass constant-fc x-section filter in 
which the capacitance of each capacitor is 3.0 microfarads and the inductance of 
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the series coil is 30 millihcnrys? What is the characteristic impedance of the 
section at 796 cycles per second? 

9-11. Design a ir-section low-pass filter to give a cut-off frequency of 1500 cycles 
per second and a cliaracterislic impedance of 600 ohms at zero frequency. 

9-12. Design a constant-/: high-pass T-section filter to have a cut-off frequency 
of 2000 cycles per second and a characteristic impedance of 80 ohms at infinite 
frequency. 

9-13. For the filter section of Prob. 9-12 calculate and plot a, /3, and 5^0 as a func¬ 
tion of frequency from 0 to 5000 cycles per second. 

9-14. Design a r-section high-pass filter to have a cut-off fr(*qu(»ncy of 2000 cycles 
per second and a characteristic impedance of 80 ohms at infinite fr(*quency. 

9-15. Given two capacitors of 0.75 microfarad each and a coil of 10 millihenrys, 
determine the cut-off frequency and characteristic impedance at infinite frequency 
(high pass) and cut-off frequency and charact(*ristic impedance at zero frequency 
(low pass) for the filter sections that can be eonstruct(‘d from these elements. 

9-16. Design a band-pass filter to have a pass band betweim 100 and 3000 cycles 
per second and a characteristic impedance of 600 ohms. 

9-17. Design a band-pass filtt*!* having a pass band between 2000 and 3000 cycles 
per second. C 2 is to have a value of 3.0 microfarads. Calculate the characteristic 
impedance. 

9-18. Derive the design equations for a stop band constant-/; T-section filter. 

9-19. Refer to Fig. 9-18. Derive, by the loop or mesh-current method of circuit 
analysis, the equivalent circuit shown in Fig. 9-20, employing the necessary approxi¬ 
mations. Note: For rejection of currents of a certain frequency through Zr it is 
only necessary that the current through Zr be zero at that frequency. 
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M-DERIVED AND COMPOSITE FILTERS 

The filters considered in (^hapter IX have met two requirements: 
(1) the pass band has exi ended over an interval between two specified 
frequencies while outside of this band there has existed a region of 
attenuation, and (2) at a certain frequency the filler has been made to 
have a given characteristic impedance. These filters, however, have 
tw’o serious faults: (1) the value of Zq is not a constant over the pass 
band and (2) the attenuation offered to frequencies just outside the 
pass band, yet near to the cut-off frequency, is not sufficient for ordinary 
use. Methods which are employed to overcome these difficulties will 
be treated now in an elementary manner. In this development a certain 
amount of “ mathematical experimentation will be relied upon inas¬ 
much as certain seemingly aimless mathematical maneuvering will be 
found to lead to desired results.^ Later an illustrative design of a 
composite filter will be presented. 

81. The M-Derived Section. It is clear that any number of similar 
filter T sections may be connected in tandem to give almost any required 
attenuation outside the pass band. Since the attenuation curve of the 
series of sections would have the same shape as that for one section, 
showm in Figs. 9-8 and 9-9, a large number of sections would be needed 
in order to obtain a high attenuation near the cut-off frequency. In 
order to eliminate the necessity of a large number of sections, a section 
will be derived which will have an attenuation peak at a selected point 
in the stop band. This point can be placed wherever desired and when 
a high attenuation near the cut-off frequency is wanted it can be set 
very near to the cut-off frequency. The section must be such, however, 
that it may be connected in tandem with other derived sections and, of 
course, possibly with the prototype itself. This means that the charac¬ 
teristic impedance, Zo, of the derived type must be the same as that of the 
prototype. 

Consider the T section shown in Fig. 10-1 in which the prototype is 
represented at (a). It is desired to find a section (h) such that its 
series elements will be equal to Zi multiplied by a numeric m and its 

^ The student should refer to Guillerain, Communication Networks, Vol. 2, Art. 6, 
p. 323, John Wiley & Sons, New York. 
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characteristic impedance will be equal to Zq of the prototype. Equate 
the expressions for Zq of the two sections and solve for Z 2 , 


Zo 


4 


Zx22 + ^ = 


4 


7tlZiZ2 "h 


m^Zl 

4 


Squaring and rearranging 

2 2 ^ ^2 

mZak = ^1^2 + “ -T^ = ^1^2 + (1 - m^) ^ 

4 4 4 


or 


„ Z 2 , (1 - m2)Zi 




m 


4m 


[ 10 - 1 ] 


Z\ 

2 2 





Fig. 10-1. Development of m-derived filter section. 


The equation shows that Z 21 s-s shown in Fig. 10~lc, is made of two parts, 
one like Zi and one like Z 2 . Also it indicates that, if the second term on 
the right of equation 10-1 is always to be like Zi, then 

1 — > 0, or m < 1 


An infinite number of m-derived filters exist for which m < 1 and all of 
them have the same Zq, The nature of this new filter section will now 
be investigated for two special cases. 

It is of course necessary that the cut-off frequencies of m-derived sec¬ 
tions be the same as those of the prototype if the two are to be connected 
in tandem. The frequency boundaries of the m-derived filter sections 
are obtained by setting 


and 



Letting L represent the total series arm inductance of the low-pass 
prototype (or constant-A?) section and C represent the shunt capacitance 
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of this section, we have for the m-derived low-pass section 
2'i _ _ jwttoL __ 

47^ ^ + (1 - 

mtaC m 


or 


and 

Also 


which yields 


and 


jmo)L = 0 

0) = 2irfo = 0 
/o = 0 

Z[ jmoiL 

4/2 -j4 ^ (I - 

m<aC m 

w = 27r/o = —= 

Vlg 


[9-11] 


[9-11] 


Thus it is seen that the frequency boundaries of the pass band of the 
prototype and m-derivod low-pass filter sections are identical. In a 
similar manner it may be shown that the frequency boundaries of the 
prototype and m-derived high-pass filter sections are identical. (See 
Prob. 10 - 1 .) 

82. M-Derived Low- and High-Pass Filters. For the low-pass 
prototype filter Z\ = jcoL and Z 2 = — jy(wC). From the previous 
article it is established that 

Z[ = mZi = jmwL 

and, from equation 10 - 1 , 

7 ' = SiL 4. (1 - rn^)io>l> 

^ muC 4m 


where the primed letters represent values for the m-derived section. 
From these equations the elements for the new section become 

Li = mL [10-2] 

♦ 1 — m^ 

[10-3] 

4m 

ci = mC 


[ 1 (M] 
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This newly derived section is shown in Fig. 10-2. At some frequency, 
which will be designated by/oe, the shunt arm of this section will be in 
resonance, since it contains both inductance and capacitance. A 
resonant condition for the L-C bran(*h simulates a short circuit across 
the line and thus produces an infinite attenuation. The resonant fre¬ 
quency is given by 



Fig. 10~2. 
T-section filter. 


Fig. 10-3. Illustration of attenuation. 
(A) Low-pass prototyp(‘ and {B) low-pass 
m-derived sertion. 


Since m can have any value between 0 and 1, it is seen on reference to 
equation 10-5 that /« must always be higher than /o , ,_ 

V xVZc 

Thus the frequency for infinite attenuation can be placed wherever 
desired in the stop band and of course may be set just above the cut-off 
frequency, thereby greatly increasing the rate of increase of attenuation 
as the cut-off frequency is passed. Curve A of Fig. 10-3 represents the 
attenuation of the low-pass prototype, and B represents that of the 
m-derived section. 

Since any section so constructed, regardless of the value of /«, has 
the same value of Zq, a number of these sections with various/*^s can 
be placed in tandem, producing a high attenuation over the entire stop 
band. 

It is desirable to have an equation giving m in terms of /o and /«. 
From equation 10-6, 


1 fo 
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or 



[10-6] 


2C 

ni 


2C 


From the above discussion it is seen that if m is made equal to unity 
the prototype section results which can be considered as a special case 
of the m-derived sec.tion. 

Similar treatment can be applied to the high- 
pass filter, in which Zi = — j/ (coC) and Z 2 = jwL. 

Again using primed letters for the ?r 2 -derived 
section 

-jm 


Zi = mZi = 


wC 


'—"— 

1 —"—’ 


u 


> m 


. 4mC 


" l-w2 


ZL = 


jwL j(l - m^) 


m 




High-pass section, m-derived 
Fig. 10-4. T-section filter. 


From these equations the elements for the new section are seen to be 


/ c 


C[ = - 

m 

[10-7] 

AmC 


/yr 

^2 — 2 

1 — nr 

[10-8] 

S 

II 

[10-9] 


This section is represented in Fig. 10-4. The frequency for infinite 
attenuation (that is, the resonant frequency of the shunt arm) can be 
calculated from equations 10-8 and 10-9. 



1 



L 

m 


= Vl — m^/o 


[10-10] 


since/o for the high-pass filter is l/(47rVXC). It is seen that/* must 
always be below the cut-off frequency and thus in the stop band. Again, 
if m has a very low value, the frequency for infinite attenuation can be 
placed very near the cut-off frequency. As in the low-pass filter, a 
number of these m-derived sections with different values of m can be 
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placed in tandem to produce a high attenuation over the entire stop 
band. 

The equation for m in terms of/o and/« can likewise be found for this 
high-pass filter. From equation 10-10, 

fi 


1 2 * 
1 - m-' = ^ 


or 



[10-11] 


83. The Characteristic Impedance. In the preceding article it has 
been shown that a filter can be constructed of a series of w-derived 
T sections connected in tandem. That they can be connected in tandem 
is permissible because each section has the same value of Zq and the 



Fig. 10--5. M-derived T and tt sections. 


same cut-off frequencies. The characteristic impedance has also been 
shown to be a pure resistance over the pass band although it is variable 
with frequency. (See Fig. 9-10.) Accordingly it is impossible to 
match at all frequencies the impedance of the filter by means of a pure 
resistance alone. As seen in Chapter VII, an impedance match is 
necessary in order to prevent reflection loss. 

The problem will be approached by first constructing a v section 
from an m-derived T section and then showing that it may be employed 
as an aid in matching impedances. Begin with the T section of Fig. 
10-5a. The same elements when rearranged to form a v section yield 
the circuit of Fig. 10-56. The characteristic impedance of the T 
section is 

ZoT = yjz{Z'2 + ^ 
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and is independent of the value of m. The characteristic impedance of 
the TT section is given by 


^Oir ““ 


Zqt 

mZ\ 


+ 


(1 - m^)Zr 


4 


Z1Z2 + ^ 


Z 1 Z 2 4 “ (1 — 




4 


Z ^^2 + ^ 

4 


[10-13] 


[10-14] 


and is dependent on the value of m. 

For the low-pass filter, equation 10-14 becomes 






mr) 


J 


1 - (1 - m^) 






4 


and, for the high-pass filter, 


r, - (1 - m^) 


Zor — 




I^ZZL 

\lc 4o>V 


4^1 

\f [1 - <* - 

4^ 


[10-15] 


[10-16] 


If Zor is plotted against frequency, for various values of m, a family of 
curves as shown in Fig. 10-6 is obtained. It is found that, if m = 0.6, 
Zot is practically constant at the value VLJC, for all frequencies less 
than about 0.85/o for the low-pass filter, whereupon Zor rapidly begins 
to approach infinity, and for all frequencies greater than about I.I 8/0 
for the high-pass filter. Thus, in order to obtain nearly constant 
characteristic impedance, such tt sections which employ an m of 0.6 are 
suitable for connecting into lines of constant impedance. If a series of 
T sections could be made to have the characteristic impedance of the 
above tt section, then our problem would be solved. Consider Fig. 10-7, 
where an m-derived T section is shown terminated on each side by one- 
half the above t section. On the right, a load Zr = Zq = /o, = Vl/c 
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is connected. The used for the T section is not necessarily the same 
as the m used for the terminating half-sections. Let the impedances 
looking both ways from points A, C, and Z> be indicated by Za, Z’^,, 
etc. as shown. The Zor between points B and C will be unaffected by a 
change in the value of m', as noted previously. It must now be proved 



0.0 0.2 04 0.6 0.8 1.0 

-pass filter)and (high-pass filter) 


Fig. lQ-6. Variation of Zor and Zo*- with m over the pass bands. 


that the network impedances are matched at all points and thus that, if 
m is made equal to 0.6, the impedance Z^, looking into the filter through 
the terminating half-section, is essentially constant over the pass band. 

84. Matching Properties of Terminating Half-Sections. The im¬ 
pedances for Fig. 10-7 are given in terms of Z\ and Z 2 where 


m 4m ZoT 
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2. -- 2„ 

^2 + + Zqt 

At Ay toward the load, 

+ Zor) Z[Z'^ + 2Z' ^ 

2d — . — . . . 

27^ + ^ + Zor 27^ + ^ ^ 

{zo. y + 


2Z^ ^ (Zq, + 27^)7o. 

_J_ . _^ 272 + Zqtt 

^ 27^ 

At A, toward the line, 

“ ^Oir = ^0 


Thus the impedances are matched at point A since Za = 
At B, toward the line. 


7/ = 


Zi 2727o,r __ 

2 27^ + Zo. ~ 


(See Zb) 


and the impedances are matched at point B since 7c = 
At C, toward the line, 



(See 7c) 


[10-19] 


[ 10 - 20 ] 

[ 10 - 21 ] 
” Z(yjr. 

[10-22] 
7f = ZoT- 

[10-23] 


and the impedances are matched at point C since Zf, — Zg — Zqj*. 
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At 2), toward the line, 

2^2 

- - = Z,, (See Za) [10-24] 

2Z2 ~2 


and the impedances are matched at point D since Za = Zh — Zq^^, 

If m in the half-section is made equal to 0.6 the impedance looking 
back into the whole filter from D will be practically constant at the 
value Zott over the pass band. 

The results of this development may be summarized as follows: A 
constant-fc-type T-section filter may be designed having an appropriate 
cut-ofT frequency and a desired characteristic impedance. The w-derived 
sections are then designed on the basis of the T section, m being taken 
equal to different values, depending on where the frequencies of infinite 
attenuation are desired. All these sections may be connected in tandem 
and terminated at each end by one-half a section derived with m = 0.6. 
If such a termination is made, the entire filter will then have a practically 
constant Zq (= VL C of the prototype) and also the required/o and 
fjs. Such a filter, when connected between lines or pieces of apparatus, 
will have an impedance which is essentially a constant pure resistance. 


86. Illustrative Example of a Low-Pass Filter Design. Let it he required 
to construct a low-pass filter having /o = 1000 and/go = 1200 cycles/sec, and 
Zq = 600 ohms resistance. It is to consist of the prototype, one //i-derived 
section, and the two terminating half-sections. 

For the prototype, equations 9-17 and 9-18 will be used. 



10 ^ 

TT X 1000 X 600 


0.530 fxi 


L = = 0.191 henry 

IOOOt 

From equation 10-6, _ 

^ = L _ =0.553 

\ \ 1200 / 

Equations 10-2, 10-3, and 10-4 may be used to find the elements of the mr 
derived section. 

Li = mL = 0.563 X 0.191 = 0,1055 henry 

L'i = L = ^ ~ 9-^^^ X 0.191 = 0.060 henry 

4m 4 X 0.553 

C’^^mC == 0.553 X 0.530 = 0.293 (li 
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The T section, from which the terminating half-section is obtained, is found 
by using m = 0.6. Let these elements be denoted by Lit, L 2 T, and C 2 t> 

Lit = mL = 0.6 X 0.191 = 0.1146 henry 
1 — 1 — n 

L 2 T = -——L = - - — X 0.191 = 0.0509 henry 

4m 4 X 0.6 

CiT mC = 0.6 X 0.53 = 0.318 fxi 



Fig. 10-8. For use in connection with illustrative example of Art. 85. 


This m-derived section, which would appear as in Fig. 10-8a,. must be re¬ 
arranged as in Fig. 10-86 in order to be divided at C, thereby making the two 
terminating half-sections. 



Fig. 10-9. For use in connection with illustrative example of Art. 85. 



The complete filter will appear as in Fig. 10-9. In actual construction the 
elements would be combined as in Fig. 10-10. 
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86a. a and p of Af-Derived Filters. The attenuation and phase 
shift of m-derived filters are obtained also from equation 7-22 although 
further consideration must be given to the use of this equation because 
of the fact that Z\ and Z 2 may be the same type reactances through a 
large portion of the stop band. 


cosh Y = cosh a cos 0 + jsinh a sin p = 1 + 


A 

2/0 


(a real quantity) 


Since cosh y is real, the imaginary term is zero and 

sinh a sin jS = 0 


The condition that sinh a sin 0 be zero can be met in three ways: 


(1) sinh a? = 0, 

(2) sin = 0, 

(3) sin = 0, 


a = 0, cosh a = 1, 

= 0, cos 0 = 1, 

^ = Tj cos jS = — 1, 


jS = anything 
a = anything 
a = anything 


It is seen that a = 0 only in case (1). Thus case (1) represents the 
pass band while cases (2) and (3) represent stop bands. Let these 
conditions be applied to the cosh a cos term of cosh y, then 

Range of Values Phase Shift 

(1) cosh Y = (1) cos ( — 1 to +1) jS® 

(2) cosh Y = cosh a (1) (+1 to <») 0® 

(3) cosh Y = cosh a ( — 1) ( — 1 to — 00 ) 180® 


For the m-derived filter, when Z 1 /Z 2 is positive cosh y lies between +1 
and oc and the phase shift is zero whereas when Z 1 /Z 2 is negative 
cosh Y iics between — qo and +1. In this latter range, the phase shift 
is 180® when in the stop band but varies between 180® and 0® in the pass 
band. 

PROBLEMS 


10-1. Show tliat the frequency boundaries of the m-derived high-pass filter 
section are the same as those of the high-pass prototype section, namely; 


/ 


1 

47rVIC 


and / 


00 


10-2. Design an m-derived T-section low-pass filter with fo 1500 cycles/sec, 
/eo “ 1600 cycles/sec, and Zq = 100 ohms at zero frequency. 

10-8. (o) Draw the circuit configuration of an m-derived T-section low-pass 
filter which will yield infinite attenuation at/« » 1000 cycles/sec and which, when 
placed in series with the section shown in Fig. 10-11, will match that section at all 
frequencies within the pass band. Give the magnitudes of all circuit elements of 
the m-derived filter section. 

(b) Determine the characteristic impedance of the m-derived section at / ■■ 706 
cycles/sec using the expression Zq ■» y/zZzZ* 
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10 - 4 . Design an w-dcrived T-section high-pass filter \\ith /o * 1500 cyclee/sec. 
/oo 1400 cycles/sec, and 7o — 80 ohms at infinite frequency. 

10 - 6 . (a) Draw the circuit configuration of an w-derived T-section high-pass 
filter which will yield infinite attenuation at /« = 500 cycles/sec and which, when 
placed in series with the section shown in Fig. 10-12, will match that section at all 
frequencies within the pass band. Give the magnitudes of all circuit elements of 
the /^-derived filter section. 

Determine the characteristic impedance of the w-deriv(*d section at / = 1592 
cycles/sec using the exprc'ssion Zo = V Zaa^so. 


Fig. 10-11. For use in connec- Fig. 10-12. For use in 

tion with Prob. 10-3. comu'ction uith Prob. 10-5. 

10 - 6 . Calculate and plot a and for the filter sections of Probs. 10-2 and 10-4 
over the range of fr(*quencies from 0 to 3000 cycles per second. 

10 - 7 . Design an m-derived T-section low-pass filter with /o = 10,000 cycles/sec, 
/« = 13,000 cycles/sec, and Zq == 70 ohms at zero frequency. 

10 - 8 . Design an ?a-derived T-section high-pass filter with /o= 10,000 cycles/sec, 
/« = 8000 cycles/sec, and Zo = 70 ohms at infinite trecpiency. 

10 - 9 . Calculate and plot a and ^ for the filter sections of I’robs. 10-7 and 10-8 
over the range of frequencies from 0 to 20,000 cycles per second. 

10 - 10 . Design a terminating half-section tor a low-pass T-section filter having 
/o = 1500 cycles/sec. Zo = 100 ohms at zero frequ(*ncy. 

10 - 11 . Design a terminating half-section for a low-pass T-section filter having 
/o =* 10,000 cycles/sec. Zo = 70 ohms at zero frequency. 

10 - 12 . Design a low-pass composite filter to work into GOO ohms resistance and 
to have /o = 1200 cycles/sec. The filter is to have two terminating half-sections, 
one prototype, one m-derived section with /« =* 1400 cycles/sec, and one m-derived 
section with / 80 =* 1600 cycles/sec. 

10 - 13 . Design a low-pass composite filter to work into 80 ohms resistance and to 
have /o = 12,000 cycles/sec. The filter is to have two terminating half-sections, 
one prototype, and one m-derived section with/oe = 14,000 cycles/sec. 

10 - 14 . Design a high-pass filter to work into a 70-ohm resistance and to have 
/o = 5000 cycles/sec. The filter is to consist of two terminating half-sections, 
one prototype, and one m-derived section with/* « 4000 cycles/sec. 

10 - 15 . Over what per cent of the pass band does the characteristic impedance of 
the filter of Prob. 10-12 remain within 10 per cent of 600 ohms? 

10 - 16 . What is the maximum departure, over the first 95 per cent of the pass 
band, of Zqv from the y/LJC value when m « 0.5? 

10 - 17 . Design a high-pass filter to work into a 100-ohm resistance and to have 
/o =» 18,000 cycles/sec. The filter is to consist of two terminating half-sections, 
one prototype, one m-derived section with /« “ 16,000 cycles/sec, and one m-derived 
section with /« • 12,000 cycles/sec. 





CHAPTER XI 


IMPEDANCE TRANSFORMATION 

In previous (chapters the importance of impedance matching has been 
mentioned. It was shown in Art. 24 that maximum power transfer takes 
place when a generator of a certain impedance works into a load 
whose impedance is the conjugate of 2., that is, when Zr = Zg. The 
material covered in C/hapters VI and VII brought out the fact that any 
mismatch of impedances on a line leads to the existence of reflections, 
and to a consequent loss of power. It is often necessary to alter the 
impedance of a line or element in order to match it to a supply line or 
other source of power, and at the same time either to avoid unnecessary 
loss or to produce a given amount of loss. The general problem of 
impedance matching is treated in this chapter in an elementary manner, 
and some applications of matching to high-frequency transmission are 
considered. In the general discussion of matching it is immaterial 
whether conjugate mat(;hing or matching for elimination of reflections 
is meant when the generator and load impedances, or sometimes the 
load impedance alone, are pwrc resistanceSy as the two conditions are 
the same for this case. For matching of general impedances, however, 
it must be clearly stated which kind of match is required. 



Fig. 11-1. Attenuating sections. 

86. Attenuating Sections. As an elementary consideration of im¬ 
pedance matching let the problem be proposed to design an attenuating 
section, which is commonly referred to as an H pad, such that it will 
properly match the load resistance into which it must work and at the 
same time produce a certain decibel loss. Such sections are used to 
control the power level to those telephones close to the central oflSce 
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battery so that they will have essentially the same characteristics as 
those telephones Avhich are farthest removed from the battery. The 
balanced type of section shown in Fig. 11-la, in which the potentials of 
corresponding points on either side of the midpoints of R 2 and Rq are 
the same, will be rearranged to form the T section of Fig. 11-16 for the 
following analysis. 

For the section to match the load resistance Rq it is only necessary 
to make /Zjn = /?o, thus: 


ftin = flo = y + 


+ ^0^ ^2 
y + ^*0 + /^2 


[ 11 - 1 ] 


Solving for i?o, 


^0 = Y 


R\R2 d" 


R{ 


(characteristic resistance of the network) 


[ 11 - 2 ] 


By means of this equation Ry^ can be made equal to Rq by simply 
choosing a resistance value for either R\ or R 2 and solving for R 2 or Ri 
in terms of /?o and Ri or R 2 as the case may be. By this process an 
infinite number of solutions is possible. However, a further restric;- 
tion has been set, namely, that the attenuation be a specified amount. 
The attenuation is given by 

db = 101og^ [11-3] 

where Pout ~ power output and Pin = power input. Since Pin = Po, 
we may write 

/2 J 

w (= number of db) = 10 log= 20 log 

■“in Iin 

From this relation 

:^=10"/2»=fc [11-4] 

and, if n is specified, then the ratio I out/I'm (=fc) is a fixed quantity. 
From Fig. 11-16 it is seen that 




ATTENUATING SECTIONS 

/?r 


lin = /, 


in •* out 


and 


Ro + 


^out 

/in 


1 + 


R 2 


R 2 


/?2 + -Ro + 


Ri 


= k 


191 


[11-5] 


Square equation 11-2 to remove the radical; then 

Rl = R1R2 + ^ 


[ 11 - 6 ] 


Solve equation 11-5 for /?i, and substitute this value of Ri into equation 
11-6, obtaining for R 2 

k 


R 2 — 


1 - P 


[11-7] 


On substitution of R 2 into equation 11-5 there is obtained for Ri 


Rl = 2Ro 


1 - k 
1 + k 


[ 11 - 8 ] 


Thus Rl and R 2 are determined in terms of Ro and the requisite number 
of decibel loss. 

For an attenuating section, k will be less than unity, and i?i and R 2 
will be real quantities. That k will be less than 1 can be shown as 
follows: For an attenuating section, Pout will be less than Pi^ by the 
amount of the I^R loss in the section and for Ro equal to Pj,,, /out like¬ 
wise will be less than Then lout/hn will be less than 1, and, since 
the log of a number less than 1 is negative, the relation. 


n = 201og^ 

/in 

will yield a negative value for n. However, it is more convenient to 
work with positive quantities so n will be taken as positive and ifc, which 
is on the basis presented above will be written as 


k 


j^Q-n/20 _ 


1 

jQn/20 


where it is to be remembered that n is positive, k, thus defined, will be 
less than 1 for all values of n greater than zero. 
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87. Illustrative Example. An attenuating section is desired that will match 
a load resistance of 150 ohms and have an attenuation of 6 decibels. What 
are the required values of Ri and 7^2? 

Ro = 150 ohms 

n = 6 


k = lO'"'-'® = lo-®''^® = 0.501 


Ri = 2Ro 4 = 2 X 150 X ! — " 4 ^! = 99.73 ohms 


1 + k 


R 2 = 2Rq 


1 - 


= 2 X 150 X 


1 + 0.501 

0.501 
1 - 0.5012 


= 201 ohms 


The attenuating section is shown in Fig. II-2a. The balanced type of 
section is given in Fig. 11-25. 


49.87fl 

O' — 


49.87fl 


24.932 


24.932 




1502 


(a) (6) 

Fig. 11 -2. For use in connection with illustrative example of Art. 87. 

As a check on the calculations determine whether Ri^ is the required 150 
ohms. 

« . 199.87X201 ^ 

= 49.87 H-=160 ohms 

199.87 + 201 


88. Impedance Transformation by L Section. In general, a genera¬ 
tor or other source of power will not match a load impedance to which 
it may be connected. Assume that a generator whose internal imped¬ 
ance is is to be connected to a load impedance Zr as illustrated in 
Fig. ll-Sa. Unless Zr is the conjugate of maximum power will not 
be transmitted. It is desired to connect into the circuit at a-h a simple 
L-type network which will produce a match of impedances at least at 
a given frequency. As will be shown, if Zg and Zr are pure resistances, 
the match can be accomplished by the use of pure reactances, and no 
loss will occur in the auxiliary network. However if Zg and Zr are 
not pure resistances, then a loss may occur in the matching network. 
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For a reflection match at terminals 1-2, 


Zi2 = Zi + 


^8 + 


For a similar match at terminals 3-4, 


7 _ (^1 + ^ g )^8 __ j 

Zi + z, + Z3 



Fig. 11~3. Matching by L section. 


[11-9] 

[11-10] 


From equation 11-9, 

^g^8 H" = Z^\^8 + 2\Zf + Z^Zf [11-11] 
From equation 11 - 10 , 

ZlZ,. + ZgZf + Z'^Zf = Z 1 Z 3 + Z^Zg [11-12] 


Subtracting equation 11-12 from equation 11-11 and solving for Z\ 
yields 



[11-13] 


Substituting Zi from equation 11-13 into equation 11-9 yields an 
equation involving one unknown, Z 3 : 



[11-14] 


The value of Z 3 from equation 11-14 is in turn substituted into equa¬ 
tion 11-13 to obtain Z \: 




[ll-16b] 
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If Zg and Zr are both resistive, and if lossless elements are to be 
employed in the L section then equations 11-14 and 11-15, show that 
Zr must be greater than Zg, Equation 11-14 may then be written 



[11-16] 


and equation ll-16a as 


= ±2 ^Zg{Zr - Zg) 


[11-17a] 



In order to maintain the matching conditions imposed by equations 
11-9 and 11 - 10 , the reactances must be of opposite sign, that is, if 
Zi is +jXL, then Z 3 must be —jXc, and vice versa. 

When the condition arises that Zr < Zg and both are resistive, then 
the reverse of the configuration of Fig. 11-36 may be employed. An 
interchange of Zr and Zg is made and also an interchange of these values 
in the above formulas. Or, more generalized, Zi must be on the side 
of the lower impedance, Zr or Zg, 


For Zr < Zg and both resistive: 




[11-18] 

and 




Zi = ±j S/Zr{Z, - Zr) 

[ll-19a] 

or 

II 

[ll-19b] 


“VZ, - Zr 



When complex impedances are present in either or both Zg and Z^, 
then equations 11-14 and 11-15 together with Fig. 11-3 or the following 
equations 11-20 and 11-21 together with Fig. 11-4 are used. The 
proper circuit configuration to use for a given set of impedances Zg and 
Zr can be determined by proper manipulation of the signs of Zi and Z 3 
and the circuit position of Zi with respect to Zr. 

Z3 = ±Zg 



[11-20] 
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and 

or 


Zi = ± VZriZr - 7,) 



Ill- 21 a] 

tll- 21 b] 


The d: signs before the various expressions for Zi and would 
indicate that two solutions and possibly four are possible for any given 



Fig. 11-4. Possible Tj-section circuit configuration. 


matching network. In those cases where Z^ and Zr are pure resistances, 
two solutions only are possible since opposite-type reactances must be 
used for Zi and Z^, In those cases where Zg and Zr are complex im¬ 
pedances, in general, only one solution is possible. As is shown in the 
following illustrative example, one set of impedances for Zi and Z 3 
would involve the use of negative resistances, and for obvious reasons 
these would be ruled out. Although two possible circuit configurations 
are given in Figs. 11-3 and 11-4, it will be found that, in general, only 
one will yield a decibel gain through matching, and the other will produce 
a loss. For certain combinations of Zr and no L section can be 
foun(} which will provide an impedance match and at the same time not 
introduce a power loss when the resistances required in the matching 
L section are restricted to positive values. 


89. Illustrative Example, (a) To design an L section to match Zg = 
60 /O^ ohms to Zr = 600 /O^ ohms. What db gain results from inserting the 
L section? Since Zr > Zg, use equations 11-16 and 11-176. 

From equation 11-16, 

Zs = ±j600 


540 


± j200 ohms 


From equation 11-17b, 


Zi 


=Fi60 


4 . 


1 _ 

640 


=Fjl80 ohms 
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If /] = ohms, then Z 3 = --j 200 ohms, 

or if Zj = 180 ohms, then Z 3 = -|-i 200 ohms, as shown in Fig. 11-5. 

At w = 5 X 10^ radians/sec or / = 7.96 megacycles/sec, for Fig. ll-5a, 


Li = 

C8 = 

for Fig. 11-56, 

Cl- 


180 

5 X 107 
1 


5 X 107 X 200 
1 

5 X 107 X 180 
200 


— 3.6 X 10“® henry = 3.6 /xh 

= 100 X 10"^^ farad = 100 /u/xf 


111 X 10"“^^ farad = 111 /x/xf 


"* 5 X 10' ■ 

- ‘i.u ys, J.V 

O" ■' Uv/Uv ^ 

il8012 

-/ 200 Q |i 


= 4.0 X 10“® henry = 4.0 /xh 

^ 1 - 


-yi80« 

eoiT 


^>2009 


(a) 


ib) 


Fig. 11-5. For use in connection with illustrative example of Art. 89a. 


To determine the change in decibels due to the insertion of the network, 
assume a generated voltage of Eg. Without the matching section, 

V2 


Pld.*Bv.«d - ^ 

With the matching section. 


X 600 = 0.00138 E; watts 


y 

\60 -f 60/ 


X 60 = 0.00417 El watts 


db gain = 10 log -- = 10 log 3.025 = 4.8 
Pi 


A gain exists since the use of this network results in an increase in transmitted 
power. 

(6) To design an L section to match = 60 — /30 ohms to Zr = 600 + 
/300 ohms for elimination of reflections. Can a gain be obtained by inserting 
an L section? 

The configuration shown in Fig. 11-36 will be used first. 

Zp = 60 - i30 = 67 7-26.6° ohms 
Zr = 600 + /300 = 670 /26.6° ohms 
Z, - Zr = -540 - /330 = 633 /211.4° 



IMPEDANCE TRANSFORMATION BY L SECTION 


197 


From equation 11-14, 

j~^ , 167/-26.6“ 

^ =±670/26.6° ^ —~ - ~ = ±670/26.6° X0.325/-119° 

\Z,-Zr - - \ 633 /211 .4° - '- 

= ±218 /-92.4° = ± (-9.14 - j218) = -9.14 - y218 ohms 

or = 9.14 + j218 ohms 

From equation 11-15a, 

Zi = ±v'/„(/„ - Zr) = ±V67 /-26.6° X 633 /2lT4^ = ±206 /92.4° 

= ±(-8.63 + i206) = -8.63 + ^206 ohms 
or = 8.63 — j206 ohms 

The network using positive resistance values for /i and is shown in Fig. 
ll-6a, and this network produces a decibel gain of 3.2. 



Fig. 11-6. For use in coimeclion with illustrative example of Art. S9/>. 


When the configuration of Fig. 1 1-4 is used, and Z\ are obtained by means 
of equations 11-20 and 11-21 a. 

From equation 11 - 20 , 


/3 = 



±67/ 


167 


^670 /26.6° 


633 /31.4° 


±68.9 /~29° 


= 60,2 — j33.4 ohms 
or = —60.2+j33.4 ohms 


From equation ll-21a, 

Zx = ± VZ,(Zr - = ± V670 /26.6° X 633 /31.4° = ±651 /292 


= 570 + ^316 ohms 
or - —570 — j316ohms 

The network using positive resistance values for Z\ and Z^ is shown in Fig. 
11-66. Although this network produces the necessary matching conditions, 
it yields, not a gain, but a loss of 11.4 decibels. The student should verify 
the existence of reflection matching. 
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90. Tandem Reactive Matching Networks. A study of the networks 
of Art. 89 will show that, in cases of conjugate matching, if impedances 
are matched on one side of a reactive coupling, they are also matched 
on the other side. In this article it will be shown to be generally true 
that, if a series of pure reactive coupling networks are placed in tandem 
between two impedances, and if at any junction the impedances looking 
both ways are matched, that is, conjugates of one another, then the 
impedances at all other junctions are automatically matched. 

Let the diagram of Fig. 11-7 represent a generator or other impedance 
connected through a series of reactive networks A, B, C\ and D, to 
a load impedance Zr. Suppose that there exists a conjugate impedance 
match at the junction a between the impedance Zg and the network. 
Then maximum possible power is being taken from the generator, as has 
been shown in Art. 24. If this is the case, there must also be the same 
power transferred from network A to network B because network A, as 



Fig. 11-7. Illustration of reactanre theorem. 

well as the others, is nondissipative. However, if this same power is 
being transferred across junction 6, then there must exist at 6 a match of 
impedances, because, if they were not matched at 6, then some adjust¬ 
ment beyond h could be made which would cause matching and thus an 
increase in power transfer. However, it was assumed that maximum 
power was already being taken from the generator across junction a, 
and so an increase in power is impossible. Thus maximum power is 
already flowing across junction h, and the impedances at b must be 
matched. This argument may be continued to show that an impedance 
match occurs at all of the other junctions. 

The consequence of the above proof is that, if a line, composed of 
reactive networks only, is matched to the impedance of a generator 
or feeder line, then all other junctions on the line are automatically 
matched. Thus adjustment is only necessary at one point. It should 
be remembered however that in actual circuits, where resistance cannot 
be made zero, a slight adjustment may be necessary at several points 
on the line. 

91. Impedance Transformation and Phase Shift Employing Reactive 
T Sections. Since some Z^’s and ZrS cannot be matched successfully 
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with L sections, T sections are often employed. The use of the T 
section permits the insertion of reactances in the Zi and Z 2 arms which 
will cancel the reactive components of Zg and thus leaving a resist- 
ance-to-resistance match which can be accomplished with a reactive L 
section composed of Z[ =F jXg and Z 3 (for Fig. 11-3) or of Z[ =F jXr 
and Z 3 (for Fig. 11-4). For reasons which will become apparent 
presently, however, the T-section analysis will be approached with a view 
toward allowing an arbitrary phase shift to be introduced at the same 
time the impedance-matching condition is established. 

As an illustration of the above, let it be proposed to design a T sec¬ 
tion to produce a conjugate match of Zg = GO ~ j30 ohms with 
Zr = GOO + j300 ohms. (See Art. 896.) The T section is shora in 
Fig. 1 l- 8 a. First introduce an inductive reactance of j30 ohms in the 
Zi arm and a capacitive reactance of — j300 ohms in the Z 2 arm to 
cancel the reactive components of Zg and Z^. The problem is now 
reduced to that of finding an L section to match two resistances as 
shown in Fig. 11 - 86 . The match of GO ohms resistan(‘e to 600 ohms 
resistance is given in Art. 89a, and the resulting circuits, using these 
two possible L sections inserted into Fig. 11 - 86 , are shown in Figs. 
11 - 8 c and ll- 8 rf. The units would be combined as shoN\Ti in Figs. 
ll- 8 c and 11 - 8 /. Power transfer is now a maximum since conjugate 
impedances are obtained and no loss appears in the matching network. 
The decibel gain is 5.4G as compared to 3.2 found in Art. 896. 

The reactive T section for matching two impedances will be con¬ 
sidered as a prelude to the problem of matching resistances and simul¬ 
taneously providing a desired phase shift. In Fig. ll- 8 a are shown 
two impedances Zg and Z,. (now resistances) which are to be matched 
by the T section composed of Zi, Z 2 , and Z 3 . Since various combina¬ 
tions of reactances can be used to effect an impedance match, these 
reactances will be designated as Z's for the time being. 

For a reflection match at terminals 1-2, 


Z 9 


^3(^2 + ^ r ) 

^2 + ^3 + 2r 


[11-22] 


For a similar match at terminals 3-4, 


Zr = Z2 + 


2z{Z\ + Zg) 
-^1 + ^3 + ^0 


[11-23] 


It is evident that there are three impedances (reactances) to be deter¬ 
mined, and only two equations are available from which to find them. 
This means that there is a choice to be made in one of the reactances. 
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Let Zx be known to the extent that certain arbitrary values can be 
assigned to it, and the problem then reduces to finding expressions for 
Z 2 and Z 2 , in terms of Zg, Zr, and Zy. 

From equation 11-22, 

^iZg + Z^Zg + Z^Zg — ZyZ^ + ZyZ^ + Z\Zj + Z^Z'j, + Z^Zr [11-24] 


1 .... o 3 



eO+j'SO 600->300 


Fiq. 11-8. Matching by T section. All figures represent ohms. 

From equation 11-23, 

ZyZr + ZzZr ZfZg = ZyZ^ + Z^Zz + Z^Zg + ZjZs -f- Z^Zg [ 11 - 25 ] 

Subtracting equation 11-25 from equation 11-24 and solving for Zg 
yields 

Z\Zr ZzZg 



Zx 


[11-26] 
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Substituting Z 3 from equation 11-26 into equation 11-24 yields 
72 = 


[11-27] 


Inserting the value of Z 2 from equation 11-27 into equation 11-26 
obtains 

Z 3 = ^ V7lf - 7,(7, - Zr) [11-28] 

A symmetrical network can be obtained by letting Zi = Z 2 = ZI2\ 
then, from equation 11-27, 




which yields 


= ± V- ZgZr = ± j 


[11-29] 


hence Zi 2 is either inductive or capacitive reactance if Zg and Z^ are 
resistive. From equation 11-26, 


Z Z 

7 

7^-7;" = - 2=^^^ 


[11-30] 


If Zi = Z 2 = Z/2 are inductive, then Z 3 is capacitive and vice versa. 

Illustrative Example, {a) Let it be refpiired to design the elements of a 
reactive symmetrical T section which will correctly match Zg = 600 ohms 
and Zr == 900 /O^ ohms at 1000 cycles per second. 

Fropi equation 11-29, 

- = ±jVz^r = ±jV640,000 = ±i735 ohms 
2 

and, from equation 11-30, 

Zi = Tj'N/7p7r = Ty736 ohms 

For Fig. 1 l-9o, 

X/2 = wL/2 = 735 ohms 
735 


L/2 


= 0.117 henry 


27r X 1000 
X, = l/(wC) = 735 ohms 
10 ® 


C = 


2ir X 1000 X 735 


= 0.2165 #if 
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For Fig. 11-96, 

X/2 = l/(coC) = 735 ohms 
C = 0.2165 /uf 
A's = cuL = 735 ohms 
L = 0.117 henry 




Fig. 11-9. For use in connection with illustrative example a of Art. 91. 


(6) If it desired to form a nonsymmetrical network, then equations 11-27 
and 11-28 are used after choosing an appropriate value for Z\. Let Z\ = j542 
ohms. From equation 11-27, 






'900 

600 


V-5422 - 600(600 - 900) = d=j413 ohms 


From equation 11-28, 


Z% 


^ =F V^t - 2A29 - Zr) 


Zg — Zt Zg Zr 


^ jH2 X 9 00 ^ V600 X 900 _ 600(600 - 900) 

-300 -300 


= —yi626 ± j826 = —^800 or —j2452 ohms 

The —j800 ohms is associated with +^413 ohms. The two possible sections 
for the assumed value of Zi = j542 ohms are shown in Fig. 11-10. 


Phase Shift. A type of problem that can be solved conveniently by 
means of the reactive T section is that of matching a load impedance, 


PHASE SHIFT EMPLOYING REACTIVE T SECTIONS 203 


such as an antenna, to a transmission line and simultaneously providing 
a phase shift of the output current or voltage to phase that antenna 
correctly with another. For a specified load impedance (antenna) and 
generator impedance (transmission line) a group of curves may be 
drawn which will enable the engineer to choose quickly the proper 
values for and Za to effect the desired match and phase shift. 

Let it be proposed to construct such a set of curves to match 
Zg = 500^^ ohms to Zr = 70/^ ohms. The impedance Zi is again 



Fig. 11-10. For use in connection with illustrative example h of Art. 91. 


assumed known; that is, appropriate values will be assigned to it 
which in the following example will range from 2000 ohms inductive to 
2000 ohms capacitive. Z 2 is calculated from 

Z2 = ± - Z,{Z, - Zr) [11-27] 

and Z 3 from 

Zz = =F VZf - Z„(Z„ - Zr) [11-28] 

Lf £tg Lx 

It is important to keep in mind that, if the + sign is used in equation 
11-27, then the — sign must be used in equation 11-28. 

The curves of Fig. 11-1 la and 11 -llb give the relationships between 
Zu ^ 2 , and Z3. In Fig. 11-1 la, for example, the curves show that, 
with Zi = j200 ohms, Z 2 must be 189 ohms capacitive and Z3 be 253 
ohms inductive to create the match. These illustrative values are 
given on the diagram a. 

The phase shift may be determined as follows: 

In Fig. ll- 8 a let the current through Zr be designated /out and the 
current through Zg be taken as 1 ampere. Then 


/out 


Vab 

Z2 + Zr 


^2 + Z3 + Zr 


X 1/0° 


X i/(r 


Z 2 "f" z, 


Z2 + Z3 + Zr 



ohms 



1000 —-^foo^^^isr-- 

1200 -^- o-Jirm- 

14001—I—I—^—1—^—I—■—ii£i- 

2000 1600 1200 800 400 0 

“"/XJq) ohms 




_ 

(d). 

400 800 1200 1600 2000 

Z^iFjXi) ohms 


Fig. 11-116. Zi versus Z 2 (inductive) and Zs (capacitive) for reactive T section 

used for matching. 
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\Z2+Z^ + Zr\/J_ 

\Zz' 


X 1/22 = 


Z2 + Z‘^ + Zr 




-r/iS® 

^2 H” ^3 + ^r\ 


[11-31] 


where /? is the phase shift (in degrees or radians) of the output current of 
the matching section relative to the input current. 



Fig. 11-12. Phase shift /3 versus Zi of reactive T section used for matching. 


The curves of Fig. 11-12 show the relationship between Zi and 0 for 
the case of Zg = 500/O^ ohms and Zr = 70/0^ ohms. For these partic¬ 
ular values of Zg and Zr a phase shift of 47.6° is obtained employing 
Zi = i200, Z 2 = — jl89, and Z 3 = j253 ohms. If a phase shift other 
than 47 . 6 ° is desired, it is simply necessary to select the appropriate 
value of Zi as determined from Fig. 11-12 and determine Z 2 and Z 3 
required to maintain the impedance match between Zg and Zr. 

92. The High-Frequency Quarter-Wavelength Line as an Im¬ 
pedance Transformer. The characteristic impedance of a T section is 
given by equation 4-1 and is 

Zor = ^ZiZ2 + 


[4-1] 
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If the total series impedance of the section shown in Fig. 1 l-8a, namely, 
:±j2VZgZr (from equation 11-29) and the shunt impedance ^jVZgZr 
(from equation 11-30) are substituted into equation 4-1, there is 
obtained 

Zqt ~ ^ 

and, if the elements of the matching section are reactive, then both Zg 
and Zr are resistive, or 

ZoT = Vli^r [11-32] 


The expression given by equation 11-32 would lead one to suspect that 
a transmission line, being representable by an equivalent T section, 
could be used as a coupling circuit to match two resistances. Further 
support to such a belief is given by the fact that at high frequencies the 
characteristic impedance is 


Zq = 



(a pure resistance) 


[5-44] 


This impedance simulates a pure resistance, and the elements of the 
equivalent circuit of the high-frequency line, being practically pure re¬ 
actances, cause the loss to be very small. A coaxial line is especially 
suitable for such matching, provided the necessary unbalance of the 
coaxial line can be tolerated. 

In order to develop the elementary theory of matching by X/4 lines 
(quarter-wavelength lines) it is necessary to refer to equation 6 - 11 , 
which gives the input impedance of a line in terms of the line param¬ 
eters and the receiving-end impedance. Let this equation be rewritten, 
a + jb being substituted for Vzy S. 

r cosh (g + jh) + Zq sinh (a •+ j6) 1 mi o^i 

® ^ L^o cosh (a + jb) + Zr sinh (o + jb)j 

For the quarter-wavelength line at high frequency a will be assumed to 
be zero; then a = al = Oj and ^ of course is such that b — ^ 7r/2. 

If these values are substituted into equation 11-33, 

IT TT 

Zr cosh j - + Za sinh j - 

sm ^ ^ ^ 

Z, = Zq ^ ^ 

Zq cosh 3 - + Zr sinh j - 

Zl 

sss - 

Zr 


(See Appendix III) 


[11-34] 
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The result can be written 

Z^Zr ^ Z,Zr [11-35] 

Consider that Zr is a terminating resistance /2r. Then equation 
11-35 indicates that, if the line of characteristic impedance Zo is ter¬ 
minated in a resistance /2r, the input impedance Z* will be a re¬ 
sistance because Zq is a resistance; and, for a match at the generator, 
Rg = R». That is, from equation 11-35, 

RgRr = Zl [11-36] 

which is the same as equation 11-32. Thus the line with its terminat¬ 
ing impedance will match a generator whose impedance is Rg (= Rg), 



Fig. 11-13. Iiupcdance matching by use of (juarter-wavelength line. 

(Refer to Fig. 11-13.) If the line is matched at the generator end then 
it is also matched at the receiver end because of the proof presented 
in Art. 90. Remember that it has been assumed that the equivalent 
circuit of the line consists of pure reactances, thus making the remarks 
of Art. 90 applicable. 

It is however a simple matter to show that a match occurs at the 
receiver end. Consider the line from the receiver end. The terminat¬ 
ing impedance will then be Rg^ and let the impedance of the line, 
measured from the receiver end, be written Z'. Then equation 11-34 
will give Z' by merely writing Rg for Zr and substituting Z' for Z,. 
This effectively turns the line around, and there is obtained 



However, equation 11-36 can be written 

Rr = §- 111-3711 

which shows that Z' = 7?r, and there exists an impedance match at the 
receiver end. 
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93. Illustrative Example. Design a 50-megacycle-per-second quarter- 
wavelength parallel-wire line to match a resistance of Rg = 200 ohms to a 
load resistance of Rr = 700 ohms. The values of L and C are (see equations 
1-12 and 1-30) 


•L = 4 In - X 10”^ henry/loop meter 
r 


C « 


1 

36 X 10’In - 

7 


farad/meter 


Using equations 5-44 and 11-32 

Zo = ^ = RrR, = 140,000 
C 

Therefore 

14,400 In* - = 140,000 
r 

whence 

In - = 3.12 


and 



r 


d = 22.5r 


from which it is seen that if No. 0000 copper wire is to be used the spacing 
should be 

d = 22.5 X 0.230 = 5.28 in. = 13.15 cm 


At 50 megacycles per second the wavelength will be 

^ c 3 X 10« , , 

X = - =-- = 6 meters 

/ 50 X 10« 

A quarter-wavelength line would have a length of 


- = 1.5 meters 
4 


The characteristic impedance is 

Zo = VR„Rr = Vl40,000 

374 ohms 

The resistance Rg sees 374V700 = 200 ohms and the resistance Rr sees 
374V200 = 700 ohms. Thus there is matching from both ends. 
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94. A Further Property of the Quarter-Wavelength Line. In equa¬ 
tion 11-35 there is no restriction on the type of impedances represented 
by Zg and Zr; except that their product must be equal to a positive real 
number given by L/C. This means that the line under consideration 
may be used not only for transforming impedance values but also for 
transforming the character of the impedance. Owing to the inverse 
relationship of Zg and it is found that a terminating impedance 
Zr which may be written Rr dz jXr will be transformed into a value 
of Zg = RgT^ jXg. This is shown below. From equation 11-35, 


where 


Rr±jXr 

Zl(Rr^jXr) 
+ Xf 

= Rg=FjXg 


Rg = 


X^Rr 


Ri + Xi 


and 




R^r + X? 


Thus a capacitive load Zr can be matched to an inductive generator 
Z< 7 , provided the angles of the impedances are the same, or a conjugate 
match can be effected between a load Zr and a generator with an im¬ 
pedance Zg of the same angle. Another way of expressing this is that 
a load impedance Zr at the receiver end will appear as some factor times 
its conjugate at the sending end. If it is desired merely to change an 
impedance into its conjugate, then a quarter-wavelength line having a 
value of Zo = + Xr should be used; that is, Zq (= VlJC) must 

have a value equal to the absolute value of the load impedance. This 
condition would of course transfer a pure resistance unchanged. 

96. The Half-Wavelength Line. The consideration of the use of a 
quarter-wavelength line in Art. 92 leads to the inquiry as to how a 
half-wavelength line would serve in such a capacity. For such a line, 
assuming a negligible value of a, equation 11-33 becomes 

2 — Z ^ 

* ° Zo cosh jir + Zr sinh jv 

^ Zr(- l)+iZo(0) 

°'Zo(- l)+j/r(0) 


[11-38] 



210 


IMPEDANCE TRANSFORMATION 


This simple result means that a half-wavelength line will transform an 
impedance unchanged. That is, any terminating impedance Zr will 
appear at the input of the line as the same impedance. Accordingly 
the line acts as a one-to-one impedance transformer. 

96. The Use of Matching Stubs. Where a high-frequency line is 
supplying power to a load impedance Zr which is not equal to the char¬ 
acteristic impedance, there is a consequent loss of power, and it be¬ 
comes advisable to readjust the impedances so that matching may occur. 



Fig. 11-14. Transmission-line matching by means of short-circuited stub. 

A match may be accomplished by shunting across the line near the load 
a short-circuited line,^ or stub, approximately one-quarter wavelength 
long. 

A general outline of the method of matching by means of stubs is 
presented here. (See Fig. 11-14.) At the point A, looking toward the 
load, there is presented to the line 0-A an impedance Z' which is given 
by equation 6-11 and is in general of the form r + jx; that is, it has a 
resistive and a reactive component. The resistance and reactance 
are both functions of the distance S to the load. For any particular 
value of S the impedance Z' can be resolved into an equivalent re¬ 
sistance and reactance in parallel. Call these parallel components Rp 
and Xp, For some value of S, Rp will be equal to Zoi (the characteristic 
impedance of the line) which in this case is taken as a pure resistance 
(~ VL/C). (See equation 5-44.) At point A, Xp will have a certain 
value which may be either capacitive or inductive and will be of the same 

^ Open-circuit lines, or stubs, may be used also, but they are seldom employed 
because of the difficulty in supporting two free wires with correct spacing and because 
of the tendency to radiate at the higher frequencies. 
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type as the reactance in Z\ In order to eliminate its effect it is only 
necessary to shunt across the line a reactance of the opposite kind and of 
the same value. The result will be a resistance Rp in parallel with a 
parallel-resonant circuit, and the total impedance presented at A to 
the line 0-A will he Rp{= 7oi), provided S is adjusted to make Rp = Zoi• 
Thus the line is matched up to the point A . The shunt reactance can 
be conveniently constructed of a short-circuited line with a length of 
about one-quarter wavelength. If the length of the stub is less than 
X/4, the reactance will be inductive, whereas, if the length is greater 
than X/4 but less than X/2, the reactance will be capacitive. (See 
equation G-47.) 

A detailed study of the basic relationships involved will be made 
starting with equations 5-9 and 5-10 which define the space variations 
of voltage and current along the line. Slightly rewritten, these equations 
are 

V = Vr cosh (a -f jfi)x + IrZo siuh (a + j0)x 

Vr 

I — If cosh {oL -h jfi)x + sinh (a + j^)x 
Assume a = 0, and recognize that Vr = IrZr : 



V = IrZr cos fix -f jlfZo sin fix 

[11-39] 


/ = -^ [ItZq cos fix + jlfZr sin fix] 

[11-40] 

For the purposes of this derivation it is desirable to replace equations 
11-39 and 11-40 with their exponential equivalents. 


7 = [1 + 

A 

[11-41] 


^ 11 - 
2Zo 

[11-42] 

where K = 

2 _ 2 

- — Kfip (called reflection factor)^ 

Zr -f- Zq 

[11^3] 

Since K = 

equations 11-41 and 11-42 may be written: 



Ir 6^'^* [1 + 

[11-44] 


It [1 - 

2Zq 

[11^5] 

® The magnitude of the reflection factor is the ratio of the magnitude of the re¬ 
flected wave to the magnitude of the direct wave at the receiving end of the line. 
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Examination of equation 11-44 shows that for given values of Zq and 
Zr the voltage coefficient, 

" 2 

is a fixed quantity and that the operator produces rotation (for 
variable x) but does not change the magnitude of the voltage as x varies. 
The change in voltage along the line is produced by the bracket term. 
On a per-unit basis where the voltage coefficient is unity, equation 11-44 
may be expressed: 

V' = [1 + [1].46] 

A graphical representation of equation 11-46 is given in Fig. 11-15. 
Since the operator does not affect the magnitude of V or of V\ the 



Fig. 11-15. Graphical representation of equation 11-46. 


unit vector (1 of Fig. 11-15) may be stopped on the reference axis, and 
the effect of the — (2^x — rotation of the vector K investigated. 
In Fig. 11-16 is shown the space variation of V' for the condition of 
^ = 45® and K — 0.5. 

From equation 11-46 or the diagram of Fig. 11-16 it is seen that 

V is maximum when 2fix — ^ = 0 or where 2fiXn,^^ = ^ [11-47] 

V is minimum when 2Px — ^ = ir or where 2/3xmin = tt + ^ [11-48] 

It is worth noting that equation 11-45 may be similarly manipulated 
to show that 

I is maximum when 2Px — ^ or where 2fiXa,ax = ir + ^ [11-49] 

I is minimum when 2fix — ^ = 0 or where 2fiXadn =* ^ [11-50] 
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Hence a current minimum occurs at the point of voltage maximum and 
vice versa. 

The important feature to be noted is that the location of the first 
voltage maximum is defined wholly in terms of Zo> and X(or/), and 
hence this point is a convenient reference point from which to work, 
either analytically or experimentally. From the relationship given in 
equation 11-47, 

a:max = ^ = —X [ 11 - 61 ] 

For lines customarily employed for ultrahigh frequencies, Zo is essentially 
resistive, and, if Zr is resistive, then 


^ is equal to 180° if Zr < Zo 
^ is equal to 0° if Zr > Zo 



Thus, if Zr < Zo, the first voltage maximum appears at = 90° or 
^max = and, if Zr > Zo, a voltage maximum appears at jSaJmax = 0° 
or ^max 0. 

A study of Fig. 11-16 will also reveal these facts if ^ is given the values 
of 180° and 0° respectively. The fact that the K vector revolves at an 
angular velocity of 2/3x indicates that voltage maxima (and minima) 
occur every 180° or every half wavelength along the line. 

Location of Stubbing Points, In order to determine the location of 
the stubbing points on the line, that is, points where the equivalent 
parallel resistance Rp looking toward the load is equal to ^o(— 2oi), 
it is convenient to employ the reciprocal of the equivalent parallel re¬ 
sistance Gx- At these points 


Rp = Zoi, 



and Ox = 


J_ 

^01 


[11-52] 
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The admittance of the line at x linear distance or angular distance 
from the load is, by equations 11-44 and 11-45, 

“1 - Ke 


= A = -Lfl 

V. Zoill 


+ K 


. —j2{$x —^Xmax) 


[11-53] 


where ^ is equal to 2j8r,„ax. (See equation 11-47.) 

A simplification will result from setting {^x — /3a:„ax) equal to A, 
as shown in Fig. 11-17. 



Fig. 11-17. A s (0x — ^Xmax) is the angular distance between the ptosition of the 
first voltage maximum and an arbitrarily selected point on the line, fix. 


If A is used in place of {fix — fix„,^x) in equation 11-53, an expression 
for Yx as a function of the angular distance from the point of first 
voltage maximum is obtained. 


1 ri - A'e-'2A 

7oi LI + 

1 ri - A2 -I- A(e’2A _ g-j2A)-j 
^01 ll+K^ + A'(e^2A ^ -,2A)J 


[11-54] 


By replacing the exponentials with their trigonometric equivalents 


1 n - A* + j2K sin 2A~l 

7oi Ll + + 2A cos 2 aJ 


[11-55] 


The conductance of the line x distance from the receiver is 


r I f 1 

^01 Ll “I” -j- 2K cos 2 aJ 

and the susceptance of the line is 

1 r 2jiCsin2A 1 

* Zqi L1 -f- 2K cos 2AJ 


[ 11 - 66 ] 

[11-67] 


where A is angular distance measured from the first voltage maximum. 
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Proper stubbing points along the line occur only where = l/^oi 
since reactive stubs are to be used. At these points the equivalent paral¬ 
lel resistance of the line (looking toward the load Zr) is equal to Zoi 
which for the ultrahigh frequency line is essentially resistive. From 
equation 11-56 it is evident that this condition exists when 


or 


^ l + K^ + 2K cos 2A 
cos 2A = —K 

cos~^( —K) 


[11-58] 

[11-59] 


Since it is desirable to express A using the positive value of K and re¬ 
membering that the cosine is negative in the second and third (juadrants, 
there are obtained four possible values for A in terms of the {+K) angle, 


180° dz cos 

A = dz--- 


[ll-59a] 


The expression for A locates the correct stubbing positions (in angular 
measure) from the position of the first voltage maximum. The first 
set of zb signs implies that A may be measured either toward the gen¬ 
erator (+) or toward the receiver ( —). 

A study of equation ll-59a will show that corresponding stubbing 
points occur every 180° along the line and that there are two correct 
stubbing points every half wavelength. Since it is desirable to cor¬ 
relate definitely the correct length of short-circuited stub with any ar¬ 
bitrarily selected stubbing point, it is best to neglect the first set of zb 
signs in equation ll-59a, thereby employing only + measurements. 
If a stubbing point thus found appears to be too far removed from the 
load (x = 0), a point which is 180° closer to the load may be employed, 
provided this point is on the actual line, that is, not in the region of —a:. 

The position of the first voltage maximum from the receiver {x = 0) is 

= - [See equation 11-47] 

Hence the angular distance from the receiver to a correct stubbing point 
is 

+ (180° ± cos-^K) 

- 


2 


[11-60] 
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and since 



iCrtub (= <Sf) = — [^ + (fl- ± COS 
47r 


720‘ 


[\p + (180° ± cos 


[11-61] 


where is linear measure from the receiver to the correct 

stubbing points. 

Length of Stub to Be Employed at a Specified Stubbing Point. The 
susceptance of the line is given by equation 11-57, and at the correct 
stubbing points 


cos 2A = —K and sin 2A = tVI — 


A study of the trigonometric relations involved shows that the — sign 
before the radical in the expression for sin 2A is used together with the + 

in A = ^ ^ and the + sign before the radical is used with 

the — in the expression for A. 

Since the susceptance of the stub (fif) must be the negative of the 
susceptance of the line (Ba:), 


1 r2K(Tvr^^)-i 

= 1 r 1 

^01 Lvi - ltd 


[11-62] 


For a short-circuited stub of length whose characteristic impedance 
is 7 o 2 (see Fig. 11-14) 


Z — jZq 2 tan B jZq 2 tan ^ys ■” 


ff 




1 


1 


±2K 


Zo 2 tan fiy, Zoi Vl - 


and 


tan%. = 


Zoi VI - 

Zo2 


[11-63] 

[11-64] 


=F2K 


[11-65] 
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If the characteristic impedance of the stub is the same as that of the 
line, then 

Vl - 

tan [11-66] 

Vl ■- F 

or fiy, = tan ^ - - [11-67] 

and 


Care must be exercised in the correct use of the plus-minus signs in 
equations 11-59a through 11-68. If the first set of zh signs in equation 
ll-59a is neglected, then only positive values of A are encountered and 



180° + cos-* K 

2 

[ll-59b] 


180® — cos~^ K 

A 2 =- 

“2 2 

[ll-59c] 

If A] is selected then 

, Vl - K'^ 

0ya = tan 

[11-69] 

If A 2 is selected then 

, Vl - K* 

&y ,2 = tan 

[11-70] 


If a plus sign is used in determining either A or then a minus sign 
must be used in determining the other. In the evaluation of fiyg the 
use of the minus sign indicates that the angular length in question is in 
the ^second quadrant, that is, greater than one-quarter wavelength. 

The stubbing points, measured from the load, may be expressed as 


yf/ 

^^.tubi = 2 

[ll-60a] 

and ^a:,tub 2 = g 

[ll-60b] 

in angular measure, and as 



[11-61 a] 

and 

[ll-61b] 

in linear measure. 
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97. Illustrative Example. Let it be required to design a matching stub and 
to determine the point of contact in order to match a line whose characteristic 
impedance is Zoi = 600 /O^ ohms to a load of Zy — 200 /O^ ohms. The char¬ 
acteristic impedance of the stub is to be the same as that of the line. 

Zoi = Zo = 600 ohms 
Zr = 200 ohms 


-0.5.0.5/180- 
200 + 600 - - 


180“ + eos-' 0.5 


1200 or A, = = 60“ 

2 


/S^Btubi = 90“ + 120“ = 210“ or 30“ /Sx.tubi = 90“ + 60“ = 150“ 

A'l = 0.0833X .S’2 = 0.417X 

-v/1 _ n ii2 v'l _ n 

jS2/«i = tan-‘ —-= 139.1® = tan”i — - — = 40.9® 

-2 X 0.5 2 X 0.5 


y,i = 0.386X 


2/«2 = 0.1135X 


Let Zr be changed from a value less than Zoi to a value greater than Zoi. 


Zoi = Zo = 600 ohms 


Zr = 1800 ohms 

K = ~ 

1800 -i- ()00 


= 0.5 = 0.5 /0“ 


180-+ 0.5-,^. 

2 

/3*Mbbi = 0“ + 120“ = 120“ 
iSi = 0.333X 

Py.i = tan-> ~ = 139.1“ 

-2 X 0.5 

y.i = 0.386X 


42 = Igg!-- = 60° 

2 

j8».tub2 = 0“ + 60“ = 60“ 

Si = 0.167X 

ys2 - 0.1136X 


Let Zr be changed from a purely resistive value to Zr = 150 + jfl50 ohms. 

Zoi = 600 ohms 

Zr = 150 + jl50 ohms 

150+,150-800- / 

150 + Jl50 + 600 ^- 

, 180“ + cos-i 0.62 - * 180“-coB->0.62 

Ai --- 116.85 or Ag --= 64.15 

2 2 
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= 75.12° + 115.85° j3W2 = 75.12° + 64.15° 

« 190.97° or 10.97° = 139.27° 

Si = 0.0304X S 2 = 0.387X 

Py.i = tan-* — ~ = 147.7° ^y.i = tan"* = 32.3° 

-2 X 0.62 2 X 0.62 

y,i = 0.4] OX y.i = 0,0897\ 


An extension of this illustrative example is shown in Fig. 11-18 which 
shows the variation of the ratios V/Vr and I/lr over the first 360° of 



line from the position of x = 0. Two voltage maxima and two voltage 
minima are present and, as previously stated, current minima occur at 
points of voltage maxima and vice versa. Also shown are the varia¬ 
tions of Bx and Gx, line susceptance and line conductance. Clearly 
shown is the fact that similar stubbing points (capacitive stubs) occur 
at 11° and 191°. In the above example the point at 11° was obtained 
by moving from the 191° position, as found using the first plus sign in 
equation ll-59a, to a point 180° closer to the load. Use of the first 
minus sign in equation ll-59a will yield the 11° point. An inductive 
stub is placed at the 139.3° point, and, as the curves show, a similar 
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stub could be placed at the 319.3® point if desired. Examination of the 
curves show that in 360® there are eight points that yield the correct 
value of Bx to effect a match, but only four points simultaneously 
satisfy the second requirement of Gx = l/Zoi. For the curves 


Gx = 


1 

Zoi 

1 

Zqi 


[ 

[ 


1 - A'2 

1 + ^2 + 2K cos 2A 
2K sin 2A 

1 + + 2K cos 2A 


] 

] 


[11-56] 

[11-57] 


where 2A = 2fix — 


V Zo . 

— = cos |3a: + J sin fix 

Vr 


— V (cos^x + 2 sin + (2 sin 0x)^ 


I Zr . 

= COS fix sin fix 

Mr Zq 


= V(cos fix — J sin fix)^ + (J sin jSa:)^ 


[11-71] 

[11-72] 

[11-73] 

[11-74] 


The results of the third illustrative example are given in Fig. 11-19. 
When stub 1 is used it is seen that the standing wave is virtually elim¬ 
inated from the line whereas when stub 2 is used the standing wave 
exists for 0.387X. 

Determination of Stubbing Points and Length of Stubs from Experi¬ 
mental Data. In those cases where Zr of the load is unknown, it may 
be determined from experimental data giving Fmax/k'mm a-nd the dis¬ 
tance from the load to the first voltage maximum. It is also required 
that the Zq of the line and the transmission frequency be known. From 
equations 11-41, 11-47, and 11-48 the ratio Fmax/^min inay be written. 


N = 


V 

’ max __ 
^ min 

l + K 




1 -K 


from which 


K = 


N - 1 
JV + 1 


1 + 

1 + A*--" 


[11-75] 


[11-76] 
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and the associated angle 4' is found from equation 11H17, 

„360° 

- 2 — 



(c) V is line voltage with stub 2 

Fig. 11~19. Matching with short-circuited stubs. See Art. 97. 


where X and oj^ax 
11 ^ 3 , 


are linear measure in the same units. 


Zr — Zq 


l + K/4^ 
l-K[± 


From equation 
[11-77] 


The location of the stubbing points and the length of the stubs may 



Lx)cation of stub from Vmax in wavelengths 



Standing wave ratio, Vmix/Vinin 

Fig. 11-20. Determination of location and length of matching stub. 

be found from the above value of N by writing the equations for A 
and fiya as 
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The curves of Fig. 11-20 summarize the results of this article by 
giving the location of the matching stub with reference to the point of 
Fmax and the length of the short-circuited stub. Curve A is for induc¬ 
tive stubs and the location is measured from toward the generator, 
('urve B is for capacitive stubs and measurement is made from F^ax 
toward the toad. 

The student should check the illustrative examples of Art. 97 with 
the curves of Fig. 11-20 

98. Graphical Treatment of Matching. A graphical construction 
for impedance matching on high-frequency lines which may be readily 
set up and which aids in the better understanding (if impedance match¬ 
ing as treated in the preceding pages will be presented. The construc¬ 
tion is based on the fact that the input admittance of a line having 



- b — 

FiCi, 11-21. Short section of line. 


negligible attenuation plots as a circle when G and B are used as co¬ 
ordinates. Points on this circle represent admittance at any given dis¬ 
tance from the receiving end. 

A short section of line having negligible attenuation is represented in 
Fig. 11-21. Let its characteristic admittance be Fo (= I/-F 0 ) and the 
terminating admittance be Fr = (?r + The characteristic ad¬ 
mittance of the section will be assumed to be a pure conductance 

Fo = (?o = l/Ro = 

The input impedance of this line of negligible attenuation is found 
from equation 6-11 and is 

Zr cos h + jZo sin b 
Zo cos b + gZf sin b 

Expressed in terms of admittances, this equation becomes 

1 , . 1 . , 

— cos 6 + j — sin 6 

-i ~ JL ^0 

F~ Fo’ 1 , ^ . 1 . , 

— cos D + j — sin D 

Fo Fr 

_ 1 (7o cos fe + jFr sin b 
Go Yr cos b + jGo sin b 
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Inversion of the latter equation gives 


or 


r= G + jB 


Go 


Yr COS h + jGo sin b 
Go cos h + jYr sin b 


G A- B = G cos b + jGp sin b 

^ “ Go cos 6 + JiGr + jBr) sin b 


[11-78] 


On cross-multiplication and then division of each term by cos there 
results 


GoG + jBGo - (GBr + GrB) tan b + j{GGr - BBr) tan b 

= GoGr + jGoBr + jGo tan & 
By separating real and quadrature t/Orms, two equations arc obtained: 

GoG - {GBr + GrB) tan b - GoGr = 0 [11-79] 

BGo + (GGr - BBr) tan b - GoBr - tan 6 = 0 [11-80] 

Elimination of tan b from these equations gives 

(jr 


Completing the square involving G and rearranging, there is obtained 



6? + « + eSI", 

-2ft- J 


V G^ + + Gg 

A 2Gr 



[11-82] 


Equation 11-82 is the equation of a circle, the center of which is at 


B = 0 

^ ^ G? + + Gf, 


2Gr 


and whose radius is 




[11-83] 


[11-84] 


A circle based on the above specifications is shown in Fig. 11-22.^ 

The circumference of this circle will contain all the possible values 
of the input admittance F, including of course Fr, obtained when 
6=0. As 6 increases, the value of F will proceed around the circle 


* With the definition of Y =» G + which has been adopted in the derivation, 
an inductive susceptance is a negative quantity and a capacitive susceptance is 
a positive quantity in the equations, and in depicting these quantities on a G-B plot 
an inductive susceptance is plotted below the zero ordinate and a capacitive suscep¬ 
tance is plotted above. 
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from point a in a clockwise direction and will become a pure conduct¬ 
ance at the point c, or d, where Y is written as G. If G is equal to the 
characteristic admittance of a line to the left of the section shown in 



Fig. 11-22. Circle diagram for impedance matching. 

Fig. 11-21, then an impedance match is obtained. This situation is 
shown in Fig. 11-23. 

The problem is usually presented by having given a line with a 
characteristic admittance G with the requirement that this line match 



Fig. 11-23. Short section of line. 


a receiving admittance Fr. Reference to Fig. 11-22 shows that two 
points on the circle are thus known, G (at c, or d) and Yr (at a). Know¬ 
ing the location of these two points, the circle may now be constructed. 
Draw a line from c to a, or d to a, and construct the perpendicular bisector 
of this line. The point of intersection of this bisector with the G axis 
locates the center of the circle, point /. With / as a center and f-a as 
radius the circle is drawn. The characteristic admittance of the match¬ 
ing section Go is then found as the square root of the scalar distances od 
and oc. Using equations 11-83 and 11-84, the values of od and oc 
may be written as 

G^ + S^ + Gl, \((?r + ^ 

- W, -+ -2ft- ) ■®» 

c? + B? + eg _ + B; + as j _ g. 


OC = 


2G, 
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On multiplication of these two expressions it is found that od X oc = 

Goy or _ 

Go == Vod X oc [11-85] 


Thus Go can be determined semigraphically from the given values of 
G and 

The value of 5, which is the angular length of the matching section 
and proportional to the arc of the circle measured clockwise from Yr, 
can be determined by a rearrangement of eciuation 11-79: 


tan b 


GoiGr - G) 
^{GBr + GrB) 


or 


h = tan ^ 


G„(G. - G) 

-(GBr + GrB) 


[11-80] 


In the event that Yr is a pure conductance the problem reduces to 
that treated in Art. 92. A circle-diagram method similar to the above 
may be used when the characteristic admittance of the line to be matched 
is not a pure conductance. A study of the above development will show 
that solutions do not exist for this method of matching when 


Illustrative Example, Let it be required to find the value of Go for a 
matching section to match a line of characteristic admittance G = 0.002 
mho (Z = 500 ohms resistance) to a terminating admittance of Yr = 0.006 — 
^'0.002 mho (Zr = 150+i50 ohms). The construction is shown in Fig. 
11-24. First the points G and Yr are located and connected by the line ca. 
The perpendicular bisector of this line is erected locating the center of the 
circle at point /. Then with f-a as radius and / as center a circle is drawn 
thus locating the point d. From the diagram oc = 0.002 and od = 0.007 
whereupon 

Go = VO.007 X 0.002 = 0.00374 mho 


which is equivalent to a characteristic impedance of 267.4 ohms. 

The value of b is determined from equation 11-86. Gr = 0.006, Br = 
-0.002, G = 0.002, R = 0, Go = 0.00374. 

^ ^ , 0.00374 X (0.006 - 0.002) 

b = tan”*^-:-^- - 

- (0.002 X -0.002) 

= tan-^ 3.74 = 76.02® 


which is equivalent to 0.208X. 

As a further illustration, let the problem of Art. 93, wherein a resistance 
of Rg = 200 ohms is to be matched to a load resistance of Rr = 700 ohms, be 
worked using the graphical method. 

Zg ^ Rg - 200 ohms, from which F (= G + jB) = 0.005 + jO mho and 
Zr - Rr - 700 ohms, from which Yr (®= Gr + j^r) * 0.00143 + jO mho. 
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From the data it is seen that both points, G and Yr Gr), now lie on the 
diameter of the circle, and their magnitudes are those of oc and od, namely, 
0.005 and 0.00143, giving 

Go = VO.00143 X 0.005 = 0.002675 mho 
or Zo = 374 ohms 

The length of the matching section is found from 

, ^ . 0.002675 X (0.00143 - 0.005) 

0 

which is a quarter-wavelength line. 

The characteristic impedance and the length of the line each check the 
values found according to Art. 93. 



G—^ 

Fia. 11-24. Circle diagram for illustrative example of Art. 93. 

99. The Matching Stub. The analysis of the matching stub given in 
Art. 96 may be complemented by applying the graphical method out¬ 
lined in Art. 98. 

Let the transmission line be represented as in Fig. 11-25. The 
circle diagram based on this line and its terminating admittance is 
shown in Fig. 11-26 for a resistive-capacitive termination. If the 
length b joi the line is now increased until such a point as c on the circle 
is reached, it is seen that Y has a real component equal to OGq and 
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a reactive component equal to ac. If a susceptance of the opposite 
kind and of the same magnitude as ac is connected across the line at 
this point, the net admittance at A (of Fig. 11-25) becomes merely 


A 



Fig. 11-25. Transmisfeion line matching by means of short-circuited stub. 

Go, thus matching the line at that point. Since ac is here inductive, 
a capacitive susceptance is placed across the line. As presented in Art. 
96, it is convenient to use a short section of short-circuited line for the 



matching stub, and for the stub to be capacitive it will be between one- 
quarter and one-half wavelength. 

Instead of stopping at point c and placing a capacitive susceptance 
equal to ac across the line at point 6 it would be possible to proceed to 
point c' where Y again has a real component equal to OGq and a re¬ 
active component equal to oc', the reactive component now being 
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capacitive, however. Since ac' is capacitive, an inductive susceptance 
equal in magnitude to ac' is placed across the line at the distance 6' 
from the load. The short-circuited stub, now being inductive, will be 
less than a quarter wavelength. 

As an illustration, let the problem of Art. 97, in which a line of char¬ 
acteristic impedance Zoi = bOO ohms is to be matched to a load of 
R = 200 ohms, be worked by the graphical method. The point of 



Fig. 11 “27. For use in connection with illustrative example of Art. 99. 

contact and the length of the stub are to be determined. The char¬ 
acteristic impedance of the stub is to be the same as that of the line. 

Yr = Gr+jBr^0.m+j0 
Fo = r = Go+jBo = 0.00167 +i0 


The center of the circle is found from equation 11-83 to be at co¬ 
ordinates 0, and 


0.0052 0 -f- 0.001672 

2 X 0.005 


= 0.00278 


The circle is constructed as shown in Fig. 11-27, passing through 
point Fr (= Gr). The distance ac (= — J5) represents 0,001925 mho 
inductive susceptance which is likewise the value of capacitive sus¬ 
ceptance required for matching. 

The length of the stub may be obtained from equation 11-63, noting 
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that the characteristic impedance of the stub is to be the same as that 
of the line. The impedance of the stub is 

-^—- = 520 ohms capacitive reactance 

0.001925 ^ 


From equation 11-63, 

whereupon 2/«i = 0.386X. 

The value of h is obtained from equation 11-8G. 


, . 0.00167 X (0.005 - 0 00167) 

0 = tan -:— 

-(0.005 X -0.001925) 


30° 


giving Si = 0.0833X. 

By progressing to point c' of Fig. 11-27, the distance ac' (= +B) rep¬ 
resents 0.001925 mho capacitive susceptance, whereupon the matching 
stub must be made to be 520 ohms inductive reactance. 

From equation 11-63, 

520 

%2 = tan~‘ — = 40.9° 

giving y ,2 = 0.1135X. 

From equation 11-86, 


, 0.00167 X (0.005 - 0.00167) 

b = tan- 

- (0.005 X 0.001925) 


150° 


and S 2 = 0.417X. 

These two possible stubs with their respective points of attachment 
to the line check the values obtained in Art. 97. 

100. Matching by Means of Two Stubs. The method of matching 
which has been treated in Arts. 96 and 99 requires that it be possible 
to adjust the position of the stub along the line. However, when 
either a coaxial line or a wave guide is to be matched to a load, it may 
not be possible or convenient to adjust the position of the stub. With 
these lines a method of matching which uses two stubs at fixed positions 
near the end of the line may often be employed. This double-stub 
method can be explained most readily by means of the circle diagram. 

Let a line of characteristic admittance Go which is terminated in a 
conductance Gr be represented as in Fig. 11-28. Let its admittance 
circle be the circle A. The object is to place a stub at some point on 
the line, as at C, such that there will be presented to the line to the 



MATCHING BY MEANS OF TWO STUBS 


231 


left of C an admittance Gq^ thus producing a condition of matched im¬ 
pedances. At the end of the line, across the terminating admittance, 
a tuning stub is attached which can be adjusted to represent inductive 



Fig. 11-28. Transmission line matching by means of two stubs. 


susceptance Br across Gr. The termination now becomes Gr — jB^ 
and the new admittance circle is £>. 

The centers of circles A and D and their radii may be found by use of 
equations 11-83 and 11-84. Circle A must of course pass through 
Gr and circle D must go through Gr — jBr. 

Proceeding back along the line, the admittance will be given by 
points on the circle D, and, in particular, one of these points is a on the 
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that the characteristic impedance of the stub is to be the same as that 
of the line. The impedance of the stub is 

= 520 ohms capacitive reactance 
0.001925 ^ 


From equation 11-63, 

Y" — 520 

= tan“^ — = tan“* —— = 139.1° 
Z {)2 oUU 

whereupon y^i = 0.380X. 

The value of b is obtained from equation 11-8G. 


^ 0.00107 X (0.005 - 0.00167) 

0 = tan - 

- (0.005 X -0.001925) 


30 ° 


giving Si = 0.0833X. 

By progressing to point c' of Fig. 11-27, the distance ac' (= +B) rep¬ 
resents 0.001925 mho capacitive susceptance, whereupon the matching 
stub must be made to be 520 ohms inductive rea(‘tance. 

From equation 11-63, 

520 

= tan“* — = 40.9° 

giving y ,2 = 0.1135\. 

From equation 11-86, 


^ , 0.00167 X (0.005 - 0.00167) 

0 = tan-- 

- (0.005 X 0.001925) 


150° 


and S 2 = 0.417X. 

These two possible stubs with their respective points of attachment 
to the line check the values obtained in Art. 97. 

100. Matching by Means of Two Stubs. The method of matching 
which has been treated in Arts. 96 and 99 requires that it be possible 
to adjust the position of the stub along the line. However, when 
either a coaxial line or a wave guide is to be matched to a load, it may 
not be possible or convenient to adjust the position of the stub. With 
these lines a method of matching which uses two stubs at fixed positions 
near the end of the line may often be employed. This double-stub 
method can be explained most readily by means of the circle diagram. 

Let a line of characteristic admittance Go which is terminated in a 
conductance Gr be represented as in Fig. 11-28. Let its admittance 
circle be the circle A. The object is to place a stub at some point on 
the line, as at C, such that there will be presented to the line to the 
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left of C an admittance Gq, thus producing a condition of matched im¬ 
pedances. At the end of the line, across the terminating admittance, 
a tuning stub is attached which can be adjusted to represent inductive 



Fig. 11-28. Transmission line matching by means of two stubs. 


susceptance Br across Gr. The termination now becomes Gr — jBr, 
and the new admittance circle is D. 

The centers of circles A and D and their radii may be found by use of 
equations 11-83 and 11-84. Circle A must of course pass through 
Gr and circle D must go through Gr — jBr. 

Proceeding back along the line, the admittance will be given by 
points on the circle D, and, in particular, one of these points is a on the 




232 


IMPEDANCE TRANSFORMATION 


line drawn vertically above Go- If an inductive susceptance equal to 
Go-a is placed across the equivalent point on the line, the admittance 
of the line at point C measured toward the load will be Go, which was 
desired. Instead of proceeding back to point a of the circle and placing 
an inductive susceptance equal to Go-a across the line at that point a 
capacitive susceptance could be placed corresponding to point a\ 
which is vertically below Gq. However, by using the greater length as 
at a a stub less than a quarter wavelength may be employed, whereas 
the length represented by the point a' would require a stub of one- 
quarter to one-half wavelength. 

Practically, the distance S is fixed by the construction of the line so 
that the physical separation of the two stubs cannot be changed. How¬ 
ever, the effective distance can be adjusted by the use of the tuning 
stub at the end of the line. The procedure may be best shown by means 
of an illustrative example. Assume in the illustration of Fig. 11-28 
that Go = 0.002 mho, Gr = 0.006 mho, and Br = 0. The center of the 
circle is found from equation 11-83 to be at coordinates 0, and 


0.006^ + 0 + 0.002^ 
2 x'0.006 


0.00333 


With this point as center the circle A is drawn passing through the 
point Gr. (See Fig. 11-28.) The distance Go-a'' (= 5), as measured, 
represents 0.0023 mho capacitive susceptance. This is the value of the 
inductive susceptance required for matching. The value of h is ob¬ 
tained from equation 11-86. 


,0.002(0.006 - 0.002) 

0 = tan - 

- (0.006 X 0.0023) 


149.9“ 


or <S = 0.417X. 

Now assume that an inductive susceptance of Br = —0.003 mho is 
placed across Gr. From equation 11-83 the center of the circle is found 
to be at coordinate 0, and 


0.006=^ + 0.003=^ + 0.002^ 
2 X 0.006 


= 0.00408 


Circle D is drawn passing through point Gr — jBr. The distance 
Gg-a (= B) represents 0.0029 mho capacitive susceptance. The 
value of 6 is 


, 0.002(0.006 - 0.002) 

-(0.002 X -0.003 + 0.006 X 0.0029) 

= 145“ 
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or >S = 0.403X. Any negative value of Br greater than 0.003 mho, 
su(*h as B'r (== —0.000 mho) gives a value of h greater than 145°. Thus 
it is seen that the effective length S can be changed by variation of the 
stub at the end of the line. In the illustrative example the minimum 
effective length of S is given by h = 145° or 0.403X; that is, the stubs 
cannot be placed closer together than 0.403X. 

Thus in this example, if the stubs are placed so that the distance S 
is somewhat greater than 0.403X, then matching will be possible. How¬ 
ever, if they arc placed at points slightly less than 0.403X, then no 
adjustment of the stubs could produce matching. 

101. The Transmission-Line Calculator.^ Aver> useful tool in trans- 
mission-line calculations is the circular .>lide-rule chart based on the 
circle-diagram method of solving transmission-line problems. The 
chart which is the basis of this cak*ulator depends on a transformation 
of the ordinary R-X coordinate plane, used for the expression of complex 
impedances, into a new curvilinear s^’^stem through a conformal transfor¬ 
mation. The present treatment will cover impedance transformations in 
terms of the length of the line and matching by means of a single stub. 

The input impedance of a high-frequency lossless line in terms of its 
terminating impedance and line length is given by equation 6-46, 

2^2 cos h + jZp sin b 
^ ^ Zq cos b “b jZr sin b 


Since Zq is a constant for any particular problem, impedances will be 
written as multiples of Zq rather than in the usual direct form. Thus 
the input impedance will be written 


Zs _ Zr cos b + jZp sin b 
Zq Zo cos b + jZr sin b 


[11-87] 


wherfe b = ^S, 

When written in terms of exponentials and rearranged, equation 
11-87 becomes 


Z = 



1 1 ^ 

^ Zr + Zo 

1 _ ~ 
Zr+Zo 

1 + W 

1 - w 


1 + 
1 - 


[ 11 - 88 ] 

[11-89] 


where W = Ke [11-90] 

^ Transmission line Calculator,” by P. H. Smith, ElectronicSj Jan. 1939. An 
Improved Transmission Line Calculator,” by P. H. Smith, Electronicsj Jan. 1944. 
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and 


K 


In terms of Z' 




K 


Zr Zq 
Zf + ^0 


= K/J, 



[11-43] 


[11-91] 


(Note also that equation 11-88 may be obtained as the quotient of 
equation 11-41 and equation 11-42.) In the above equations, K is in 
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Fig. 11-29. R-X field in Cartesian coordinate system. 


general a complex quantity of the form expressible on the W plane 
as a vector, and is a term which produces rotation of K in accord¬ 
ance with the value of 6, the angular length of the line under consider¬ 
ation. Equation 11-89 can be solved for W also, giving 

- Iri 


Equations 11-89 and 11-92 represent a linear transformation between 
the Z- and IF-planes. That is, W — U + jV can be plotted on the 
W plane where the coordinate axes are U and F, or Z can be plotted on 
the Z plane where the coordinates are the familiar R and X. 

In Fig. 11-29 is represented the usual R-X coordinate system where 
the lines, R = constant and X = constant, are of course perpendicular. 
It is of interest now to determine the shape of the corresponding W 
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curves, of Fig. 11-30, as given by equation 11-92. These curves will 
again be characterized by setting R — constant and X = constant. 
For this purpose equation 11-92 is written 


W=U +3V = 


7-1 R+jX-\ 


or 


7+1 R+jX+l 
U + UR -VX + j{RV + UX + V) =- R + jX - 1 


[ll-92a] 



Eia. 11-30. Transmission-line chart for determining input impedance of high- 
frequency line. Example of Art. 101. 

By separating real and quadrature terms, two equations are obtained: 


U+UR-VX=R-1 [11-93] 

RV + UX + V = X [11-94] 


Curves for constant R are determined by eliminating X from equa- 
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lions 11-93 and 11-94. Then 


r + - 7? + 1 


^ Rr + F 

and ^ = T:r7r 

or, setting the right-hand members equal, 

U^{R + 1) - U{2R) + (/?-!) = ^V^(R + 1) 

By completing the square in U and rearranging, there is obtained 

[‘' - iiTr]’ + 

Equation 11-95 is the equation of a family of circles, the centers of 
which are at 

R 1 


R + 1 


F = 0 


and whose radii are 


R \ 


[11-90] 


[11-97] 


These circles all pass through the point 1,0, and two have been drawn 
in Fig. 11-30 iov R = 2 and R = 0.43 ohms. 

The curves for constant X are determined in a similar manner, by 
eliminating R from equations 11-93 and 11-94. The following is 
obtained, after completing the squares and rearranging, 


([/-1)^ + 




[11-98] 


Equation 11-98 is the equation of a family of circles whose centers 
are at 

t/ = 1 1 


7 = _ 

X 


[11-99] 


and whose radii are 


[11-100] 
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where X may be positive or negative. It is seen that these circles all 
pass through the point 1,0 also. Two are shown in Fig. 11-30, for 
X = 1 and X = -0.32 ohm. 

The field of Fig. 11-29 represents the usual R-X system in which 
every point to the right of the X axis corresponds to a possible value of 
Z (= R + jX). The field of Fig. 11-30 represents an R-X system, 
also, now distorted and made up of circles, in which every point within 
the unit circle, = 0, corresponds not only to a particular value of 
/ but also to the corresponding value of W U + jV). Thus the 
field of Fig. 11-30 is a irandation field for transforming back and forth 
from one system to another. This transformation is known as a con¬ 
formal transformation and is such as to lea\'e angles unchanged. For 
instance at the point A in both systems is represented the same value 
of Z, and the lines of constant R and are perpendicular. 

The point ^4, as stated, represents two quantities. It represents 
Z = 2 + jl, and it also represents a certain value of W — V + jV. 
This value of W can be expressed by equation 11-90 in terms of Zr, Zq 
and by or by equation 11-92 in terms of Z = 7? + jX. Equation 11-90 
states that the locus of Wy expressed in terms of Zr, Zo and />, is a circle 
about the origin. When the terminating impedance is held constant, 
but the electrical line length varied, the values of U and V will lie on 
a (‘ircle with the origin as center. The value of K can change only if 
the terminating impedance changes, and can change only if the 
line length changes. It should also be noted that one complete revolu¬ 
tion is made when b varies over 180° or the electrical length of the line is 
varied by a length equal to X/2. The circle for Z^ = 140 + j70 ohms 
and Zo = 70 ohms is drawn (dashed) in Fig. 11-30. 

Thus there is now set up a graphical construction which has certain 
advantages since W appears as a circle with a uniform angle scale. 
Distance from the load may be measured by merely rotating in a clock¬ 
wise direction (as indicated by the negative exponent in equation 11-90) 
from any particular starting point. It is possible now to fix in this 
field a certain value of load Z corresponding to & = 0, such as at A. 
Going back toward the generator is represented by following the dashed 
circle in a clockwise direction for the required distance, say to the point 
C where the value of Z, the input impedance at that point, may be read 
on the R-X coordinate system. 

A numerical example will be given to clarify the discussion. Let it be re¬ 
quired to find the input impedance to a short high-frequency line in which 
Zr = 140 + j70 ohms, Zo = 70 -h jO ohms, and b - 82°. The terminal or 
load impedance in terms of Zo is 

Z' = 2 +jl 
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This value is set at point A on Fig. 11“30 at the intersection of 22 == 2 and 
X = +1 circles. From equations 11-90 and 11-91, 

W = 

Z' + l 

2-h;l + l 

= 0.447 /26.57° 7-164° 

= a: /-164° 

It is seen then that, in terms of U and F, AT is given by the point A and that 
JV is obtained by rotating AT clockwise from this point through 164 mechanical 
degrees (degrees on the chart) corresponding to 82° on the line, locating point 
C. Here 

W = 0.447 7-137.43° 

and at this point C 

Z = 0.43 - iO.32 

and = (0.43 — jO.32) X 70 = 30.1 —^22.4 ohms. 

This value of Z, should be checked by means of equation 6-46. 

It is evident then, that the use of the chart for determining impedances 
at any point involves a process of transferring back and forth between 
the two coordinate systems which are superposed so that every pair of 
W values corresponds to an appropriate pair of Z values. First, one 
sets the value of Z on the W plane by using the R and X values; then 
the appropriate rotation is added, corresponding to the length of line, 
which rotates the radius vector on a uniform scale to a new value of W 
which is read off in terms of Z. 

The process will work in either direction. For instance, an input 
impedance may be known at some distance h ahead of the load. This 
value of Z is set on the chart, and a rotation of h is made in the counter^ 
clockwise direction leading one to the value of the load impedance Z\ 

Determination of an Unknown Impedance from the Standing Wave 
Ratio, At that point on a line where the standing wave (voltage) is 
a maximum the per unit resistance has the value of the standing wave 
ratio. This fact may be used to determine an unknown impedance, 
such as Zr, provided the characteristic impedance of the line and the 
distance to the first voltage maximum are known. 
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and, from equation 11-44, 


and, from equation 11-45, 

Innn= 

ZZo 


Kriiax ^ ^ 1 4" 

= Z = Zn 


and 


■frnin 


/o 


1 -K 


l + K 


1 - K 


- — N (a scalar quantity) 


Hence at the point of voltage maximum the per unit impedance is 
resistive and has the value of the standing wave ratio N. 

In the previous illustrative example it is seen that = 0.447/20.57° 

and N = 2.02. Refer to Fig. 11-30. Upon rotating K clockwise 
through 20.57°, thereby locating the position of the standing wave 
(voltage) maximum, the value of the per unit Z is found to be 2.62 + jO 
and the per unit resistance has the value of the standing wave ratio. 

In Fig. 11-31 is shown the Smith chart in which circles of constant 
R and X are solid and circles of constant N are dashed. The values of 
N may be read along the horizontal axis between the points 1.0 and oo. 
Note that around the outside of the chart is a scale marked off in terms 
of decimal parts of a wavelength for convenience in making calcula¬ 
tions. With its use a protractor is unnecessary. 

As an illustrative example, let it be required to determine the value of an 
unknown load impedance on a line which has a characteristic impedance of 
300ohms and a standing wave ratio of 4.5. The distance from the load 
to the first voltage maximum is 104° or 0.289X. Refer to Fig. 11-31. The 
per unit impedance at the point of the standing wave maximum is given by 
point A where the standing wave ratio is 4.5. On moving around the circle 
having the standing wave ratio of 4.5 a distance of 0.289X toward the load^ the 
per unit impedance becomes that specified by point B ( = 0.236 — jO.236 
ohms). Thus Zr is 100 /—45° ohms. 

Note, In Fig. 11-31, the per unit impedance at the point of the standing 
wave minimum is given by point A' (= 1/A) and of course the distance from 
the load to the first voltage minimum is 0.039X. The same per unit im- 
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pedance is then obtained by moving around the 4.5-standing-wave-ratio 
circle a distance of 0.039X toward the load. 


The charts of Figs. 11-31 and 11-32 are available for working problems 
given at the end of the chapter. 

The Matching Stub. For the solution of the matching-stub problem 
it will again be convenient to work with admittances. The input 
admittance of a line in terms of the characteristic admittance Yq is, 
from equation 11-88, 


Ys 1 - 

Fo 1 + 


[ 11 - 101 ] 


1 - W 
1 + W 

where W = 

Or, from equation 11-102, 


Then 




1 - Y 
1 + Y 


U+jV^ 


1 - Y 
1 + Y 


I-G-jB 

l + G + jB 


[11-102] 

[11-103] 

[ll-103a] 


By writing Y = G + jB and solving equation ll-103a in a manner 
similar to that employed in the solution of equation ll-92a it may be 
shown that the chart of Fig. 11-30 is applicable to the use of admit¬ 
tances by simply substituting G's for /^^s and B's for X^s, +B for +X, 
and —B for —X. 

In order to illustrate the procedure involved let it be proposed to design a 
short-circuited matching stub and to determine the point of contact in order 
to match a line whose characteristic impedance is Zq = 600^^ ohms to a 
load of Zr = 150 + jl50 ohms. The characteristic impedance of the stub is 
to be the same as that of the line. (See Art. 97.) 

Zq = 600 -1- jO ohms Yq = 0.001667 mho 

Zr = 150 + jT50 ohms Yr = 0.00333 - j0.00333 mho 


(a) Locate Fr/Fo = 2 — as shown at A on Fig. 11-33. Rotate K clock¬ 
wise until it intersects the (r = 1 circle at C (= 1 — yi.58). The stub is 
placed on the transmission line at this point since at the point of attachment 




Smith oluuiCireleB of (»sM (ISy penainiim of P. E Sm^ 
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G must equal l/7o (see equation 11-52) or G = Yq and in terms of the char¬ 
acteristic admittance = 1. The angle passed through in going from A to 
C represents a length of line corresponding to 26. In this instance the angle 
is 26 = 22‘^or6(= = 11°. 

(6) Or rotate K until it again intersects the G = 1 circle at point Z) (~ 1 + 
yi.58). The angle passed over is 26 = 27<S.8° or 6(= = 139.4®. 



Fig. 11-33. Transmission-line chart for matching stub example of Art. 101. 


(c) To determine the length of short-circuited stub corresponding to place¬ 
ment (a), start at point Ui (where Frgtub/I^o = and proceed clockwise 
around the G = 0 circle until the intersection with B = +il.58 is reached at 
E, (Reactance of the type opposite to that of the line is required.) The 
angle passed through represents a length of stub corresponding to 26stub i* In 
this case the angle is 26gtubi = 295° or hg^ub i = 147.5°. 

(d) To determine the length of stub corresponding to placement (6), stai-t 
at point Vif and proceed clockwise around the G = 0 circle until the inter- 
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section with B = —j \.58 is reached at F. The angle passed through represents 
a length of stub corresponding to 26gtub2* The angle is 26Btub2 = 64.5° or 
^Btub2 == 32.3°. 

These values agree with the analytical results obtained in Art. 97. 

PROBLEMS 

11-1. Design an H pad that will match a load resistance of 100 ohms and liave 
an attenuation of 4 decibels. 

11-2. A generator liaving an internal resistance of 500 ohms is to be matched 
to a load impedance of 200 ohms resistance. Design a two-element (L-type) reactive 
matching network to match this load to the gcn(‘rator. 

11-3. Design an L section which will produce a reflt‘Ction match between a gen¬ 
erator of impedance /j, = 60 -h j30 ohms and a load imp(‘dance of Z, = 600 — jSOO 
ohms. What decibel gain or loss results from insc'iting the L section? 

11-4. Design an L section which will produce a reflection match b(‘twei‘n a gen¬ 
erator of impedance Zg = 600 — jSOO ohms and a load impedance of = 60 -|- ;30 
ohms. What decibel gam or loss results from instating the L section? 

11-5. (a) Design an L section which will pioduce a reflection match l)etwe('n a 
generator of impedance Zg = 200 /O^ ohms and a load impedance of Zr = 67 /— 26.6° 
ohms. What change in decib(‘ls occurs from inserting the matching section? 

(h) Design a reactive L section which will effect a conjugate match. Wliat 
change in decibels now occurs from inserting the matching section? 

Selector switch 



11-6* (a) Design an L section which will produce a reflection match between a 
generator of impedance Zg = 67 /— 26.6° ohms and a load impedance of Zr = 200 /O® 
ohms. What change in decibels occurs from inserting the matching section? 

(6) Design a reactive L section which will effect a conjugate match. What 
change in decibels now occurs from inserting the matching section? 

11-7. A transmission line whose characteristic imp(*dance is 600 ohms resistance 
is to be connected to another line whose Zo is 200 ohms resistance. 

(a) Design an L-type resistance matching network. 

(b) Design an L-type reactive matching network. 

(c) What gain or loss in decibels occurs due to the insertion of each type of 
matching network? 

11-8. Design a voltage attenuator as shown in Fig. 11-34 to meet the following 
requirements: 
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1. Vb * 0.1 Va, Vc = 0.1 Vb, and Vb = 0.1 7c. 

2. The resistance looking back into the network from the Vq terminals shall be 
the same whether the selector switch is set at either the Ay B, or D positions. 

(a) Determine three linear relationships between the resistors, R^y Es, and 
724 from which the general requirements can be met. 

{b) Determine the resistance looking back into the network from the 7o terminals 
if 72 1 = 110, 7^2 = 99, R'a = 11, and 7^4 = 110/9 ohms with the selector switch set 
at positions Ay By Cy and D. 

11-9. A generator has a resistance of 600 ohms and is to supply power to a load 
resistor of 100 ohms. 

(a) Design a reactive L section to match these resistors. 

(b) Design a reactive T section to effect the match. 

(c) What gain in decibc'ls occurs due to th(* insertion of each type of matching 
network? 

11-10. Spt'cify the ek'ments of a reactive T st'otion which will match a generator 
of Zy = 500 ohms to a load = 70^ ohms and produce a phase shift of 137®. 
Zi is to be set at 800 ohms, and the frequency is 10 megficycles per second. 

11-11. The two resistances in l^rob. 11-9 are to be matched at 20 megacycles per 
second by using a quarter-wavelength line made of )/^-inch-diameter wire. Wliat 
are the length and spacing of the wires? 

11-12. An imp(‘dance of 100 -f ^’250 ohms is to be converted to its conjugate by 
the use of a quarter-wavelength line. Can tliis be done, and if so what are the 
characteristics of the line? 

11-13. Find the value of K for a line having a characteristic impedance of 300 /O® 
ohms wliich is terminated in an impedance of 100 /— 45® ohms. What is the voltage 
ratio, terminating impedance? 

11-14, An antenna feeder is 1000 feet long and is made up of two parallel wires 

inch in diameter and spaced 6 inches center to center. It supplies power at 
5 megacycles per second to an antenna whose effective resistance is 100 ohms. Design 
a short-circuited stub for impedance matching, and specify at wliat point it should be 
attached to the line. Assume both lines have the same Zo( = V L/C). 

11-16. The antenna feeder in Prob. 11-14 is to be match(}d to the 100-ohm resist¬ 
ance load at a frequency of 10 megacycles per second. The stub line has a Zq of 
150 ohms resistance. Find the length of the stub and the point at which it must be 
connected to the line. 

11-16. A line having a characteristic impedance of 475 ohms resistance is termi¬ 
nated in an impedance of 100 4- jlOO ohms. This line is to be matched to its termi¬ 
nating impedance by the usti of a short-circuited stub which has the same character¬ 
istic impedance as the line. Determine the length of the matching stub and the 
distance from the receiver end of the line to the stub for each of the two correct 
stubbing points closest to the receiver by: 

(a) the analytical method of Art. 96, 

(b) the graphical method of Art. 99. 

11-17. Experimental data obtained on a certain high-frequency line shows 
that 7max/7min * 4.26 and the distance to the first voltage maximum is 0.208X. 
Determine the location of short-circuited matching stubs, and give the lengths of 
these stubs. 
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11-18. A line whose characteristic impedance is 300 ohms is operating at 200 
megacycles, and it is desired to use this line to measure an unknown impedance 
which is connected across the receiver terminals, at x = 0. Experimental data 
yield Vj^ax = 100 and Vmin * 20 units, and the first voltage maximum (from 
X = 0) is located at 12.5 centimeters from the receiver terminals. Find the value 
of Zr specifying both the magnitude and the phase angle of 7r- 

11-19. Determint' the value* of characteristic impedance necessary for a matching 
section which is to match a line of characteristic impedance Zy = 475 ohms resist¬ 
ance to a terminating impedance of 100 — jlOO ohms. Use the method of Art. 98. 
Specify, in terms of wav(*length, the length of the section. 

11-20. Solve Prob. 11-14 by the graphical method of Art. 99. 

11-21. A line having a characteristic impedance of 300 ohms is terminated in 
an impedance of 100 /— 45° ohms. This line is to be matched to its terminating 
impi*dance by the use of a short-circuited stub which has the same characteristic 
impedance as th(* line. Determine the length of the matching stub and the distance 
from the receiver end of the line to the stub for each of the two correct stubbing 
points closest to the r(*ceiver by: 

(а) the analytical method of Art. 96, 

(б) the plotted form as illustrated in Fig. 11-18, 

(c) the grapliical method of Art, 99. 


o- 

9- 


Fig. 11-35. For use in connection with Prob. 11-27. 

11-22. The line and load impedance of Prob. 11-16 are to be matched by means 
of two stubs, one at the terminating impedance and the other fio of a wavelength 
from the terminating end of the line. Find the length of each stub necessary for 
matching. Each stub is to have the same characteristic impedance as that of the 
line. 

11-23. Using the Smith chart, find the input impedance of a line for which 
Zo — 300 + jlOO ohms, = 338°, a = 0, and whose termination, Zr, is 100 — ^200 
ohms. 

11-21. A line is ^ wavelength long and must have an input impedance of 
600 + i300 ohms. Zo *= 300 /O^ ohms and a = 0. Find the terminating impedance 
using the Smith chart. 

11-26. Solve Prob. 11-14 by means of the Smith chart. 

11-26. Solve Prob. 11-16 by means of the Smith chart. 

11-27. A lossless line, 3.8X long, which has a characteristic impedance of 
Zoi « 140 /O^ ohms is terminated by an impedance Zr and is connected at its other 
end to a lossless line 2.6X long having a characteristic impedance of Z 02 * 7^/9! 
ohms, as shown in Fig. 11-35. 




- 2 . 6 X--+*■ 
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(а) What must the value of Zr be so that no standing waves are present on the 
140-ohm line? What is the standing wave ratio on the 70-ohm line? What is the 
value of the input impedance /«? 

(б) What must the value of Zr be so that no standing waves are present on the 
70-ohm line? What is the standing wave ratio on the 140-ohm line? What is the 
value of the input impedanc(^ Z«? 

11-28 A line which has a characteristic impedance of 500 ohms is terminated 
in an impedance of 600 + j500 ohms. The line has an attenuation of 1 decdbel per 
wavelength. What is the input impedance and standing wave ratio for a line which 
is 3 wavelengths long? 



CHAPTER XII 


ULTRAHIGH-FREQUENCY TRANSMISSION IN WAVE 
GUIDES —GENERAL 

Of increasing importance in recent years has been the transmission 
of extremely high frequencies, usually referred to as UlIF transmis¬ 
sion. For this purpose two rather different systems have been used. 
One is the coaxial or concentric cable conductor which consists essen¬ 
tially of a tube with a rod placed inside of and concentric with it. These 
two elements constitute the two conductors of the line, and ordinary 
transmission theory can be applied, as shown in previous chapters. 
The second system makes use of a tube or pipe, rectangular, circular, or 
elliptical in cross section, with no internal conductor. The ordinary 
theory of transmission cannot be applied in general to this latter system. 
However, both can be handled on the electromagnetic-wave basis, 
using Maxwell’s equations.^ 

A number of papers and books in recent years have treated the 
theory of such high-frequency transmission rather fully, and reference 
should be made to them for more complete information. 

The second method mentioned, that of transmission through a hol¬ 
low tube, is generally referred to as wave-guide transmission of ultra- 
high frequencies. In a sense this is misnamed, as any method which 
confines the propagation to a certain direction may be called a wave¬ 
guide method. For instance, the ordinary parallel-wire system can 
be treated on the basis of electromagnetics waves guided by wires. 
However, the name has come to be associated definitely with this par¬ 
ticular method and always means the propagation of electromagnetic 
waves through hollow tubes. 

The material of this and the following chapters treats, in an elementary 
way, the theory of transmission through rectangular and cylindrical 
guides. Maxwell’s equations will be needed for both types of trans¬ 
mission, but for the cylindrical type Bessel functions^ will also be 
required. 

102. Elements of Field Configuration. In beginning a discussion of 
the elementary theory of the so-called wave guide it is first advan- 

^ See Appendix VI. 

* See Appendix VII. 
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tageous to emphasize that the propagation which takes place is through 
the dielectric material inside the guide. In considering the propaga¬ 
tion of radio waves in space it is seen that whatever energy is trans¬ 
ferred is conveyed by the advance of the electromagnetic wave. In 
radio this propagation is more or less in all directions unless a directive 
antenna is employed, whereupon the field is constrained to advance 
only in a relatively limited space. The wave guide serves merely to 
limit this field to still more definite bounds. The theory remains 
that of the propagation of the electromagnetic; field which is based on 
Maxwell's equations. 

In order to understand the material that follows it is essemtial to have 
in mind a relatively clear physical picture of the type of transmission 
to be considered. There arc many modes c^f operytion (or excitation) 
possible, and those treated in the following })ages are selected as illus¬ 
trative of the general problem. The ones selected are also the ones whicjh 
are normally used in practice. 

First, some elementary properties of electromagnetic fields must be 
reviewed. A fact whi(*h is fundamental to the general discussion here is 
that in the electromagnetic field the electric lines of force (the E vectors^) 
always cross the magnetic lines at an angle of 90°. This can be seen in 
an elementary manner by reference to equation A-63. Note from this 
equation that if the electric field is assumed to be entirely in the y 
direction, that is, Ex = E^ = 0, then the magnetic component Hy is 
identically zero, showing that H and E must be perpendicular. Thus, 
in a wave guide, the electric and magnetic lines are mutually perpen¬ 
dicular, regardless of the shape of the guide, and this fact in itself 
presents a means of obtaining an idea of the configuration of ttie field. 
The detailed configuration for a particular (;ase however will depend 
on both the method of excitation used to establish the electromagnetic 
field‘and the boundary conditions existing at the walls of the guide. 

103. Boundary Conditions and Field Distribution. Those conditions 
or restrictions which are imposed on an electromagnetic field at its 
boundaries are called boundary conditions. In an electromagnetic 
field which exists within an enclosure made of material having infinite 
conductivity the electric vectors (E) must always intersect the boundary 
of the enclosure at 90° angles. In other words, at the surface of the 
boundary there can be no tangential component of the electric field, 

® In electromagnetic theory it is customary and convenient to employ the symbol 
E to represent the electric intensity (the negative of the potential gradient), even 
though the same symbol is used to represent emf (or potential difference) in circuit 
theory. The context of the subject matter will clearly indicate which of the two 
physical quantities is intended. See footnote (2), Chap. XIII, on notation. 
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since the material, having infinite conductivity, cannot support a po¬ 
tential gradient. This then constitutes a boundary condition. Also 
at high frequencies the current is found to flcm in a very thin layer on 
the inside surface of the guide. (Refer to Fig. A-11, Appendix VI.) 
In this connection it is of interest to note that the conducting surfaces 
of wave guides are sometimes silver-plated to improve the conductivity 
and that only a very thin layer (in the order of 10~® centimeter) is 
required to make a guide behave essentially as would a structure of solid 
silver. 

Interest in the present treatment lies primarily in propagation through 
two types of wave guides, the rectangular and the cylindrical. In the 



Fig. 12-1 Illustration of displacoment current-density vectors {Jd) and conduction 
current-density vectors (Jc) in rectangular TEo i mode. 


rectangular wave guide which is considered first the simplest mode of 
operation is characterized by the fact that the electric lines and the 


associated displacement current-density vectors 




are all 


perpendicular to the base of the tube and extend between the lower and 
upper boundaries as shown in Fig. 12-1. The Jd vectors in Fig. 12-1 
may for example leave the lower boundary at right angles and make con¬ 
tact with the upper boundary in the same manner. These Jd vectors 
produce a magnetic field within the interior of the guide as indicated by 
the dashed lines and establish conduction current densities in the walls 
of the guide as indicated by the Jc lines shown in Fig. 12-1. The 
various time- phase relationships cannot be shown in a diagram of this 
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kind, and neither can the space densities of the electric and magnetic 
fields be depicted. These quantities can however be determined from 
Maxwell’s equations as is shown presently. Figure 12-1 serves the 
purpose of showing the reader that the interior of the guide is filled with 


Jd vectors 


^established 


by £ 


dl) 


and that these current-density vectors 


are rendered continuous by conduction current-density vectors, Jcj 



(a) (6) (c) 

Fig. 12-2. Illustrations of three possible modes of excitation in rectangular wave 
guides, (a) TEo,i, (6) TEo, 2 ; (e) TEo*3. 

which exist in the metal walls of the guide. The precise manner in which 
the Jd vectors establish a magnetic field within the interior of the guide 
and the manner in which the E and H fields interact to produce wave 
propagation along the axial length of the guide will follow a solution of 
Maxwell’s equations which are applicable to the particular boundary 
conditions employed. 

For the present, we shall assume that the Jd configuration shown in 
Fig. 12-1 may be established in a rectangular wave guide and that in this 
configuration Ed (which establishes Jd) varies as a half sinusoid from 
one vertical wall to the other. (Various methods of excitation are 
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shown in Fig. 12-2.) In any case, Ed must be essentially equal to zero 
at either vertical wall, and, if the guide is excited in such a manner that 
maximum Ed occurs at the mid-section, then the half sinusoid of space 
variation of Ed will fit the boundary conditions. Later it is shown that 
this space variation of the Ed vectors will satisfy Maxwells equations 
and hence represent a possible mode of operation in the rectangular 
wave guide. 

Since Jc = Ec/p = gEc, the electric-field intensity Ec in the metal 
wall is negligibly small if g (the conductivity of the metallic walls) is 
sufficiently high. Unless the RP power loss in the walls of the guide is 



(a) (b) 

Infinite conductivity Finite conductivity 

Fig. 12-3. Effect of guide conductivity on shape of electric lines. Propagation in z 
direction. Rectangular TE mode. 

of immediate concern, it is customary to assume that Ec is equal to zero, 
and this assumption is equivalent to assuming g = oo. 

If p = 00 , the electric vectors meet the top and bottom walls of the 
guide at precisely 90° as shown in the side view of the guide in Fig.l2-3a. 
If however, g is finite, a small value of Ec exists at both the top and 
bottom walls which results in a slight tilt of the E vectors at these walls 
as shown in Fig. 12-36. For good conductors, however, this tilt is so 
slight that it is neglected except where the power loss in the walls is 
under consideration. 

Wave guides may be excited in many different ways with the result 
that many modes of wave propagation may exist in the guide.^ In 
Fig. 12-2 are shown three different modes of excitation of rectangular 
wave guides. In each case the electric intensity vector is introduced into 
the guide along a conductor, which is an extension from the output of the 

^ It should be recognized that any field configuration which represents a solution 
of Maxwell’s equations and at the same time satisfies the boundary conditions 
imposed by the metallic walls of the guide represents a possible mode of operation 
of the guide. The following chapters are devoted to the details involved in estab¬ 
lishing particular modes of operation, and much of what is said here about wave 
guides is established on a more rigorous basis in these chapters. 
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oscillator employed to energize the system, in such a manner as to make 
the E field transverse relative to the axial length of the guide. (See 
Fig. 12-4.) The intensity of the electric field varies sinusoidally in 
space, and of the various number of possibilities threic are shown in 
Fig. 12-2. The designations employed to distinguish these three modes 
of excitation are TEo,i, TEo, 2 , ^ind TEo.a where the TE indicates that the 
electric field is always transverse relative to the direction of propagation, 
that is, relative to the axial length of the guide. The subscripts 0 



indicate that zero space variation of the E vectors occur along the y axis 
of Fig. 12-4, dEJdy = 0; and the subscripts 1, 2, and 3 refer to the 
number of half sinusoids of space variation of E which occur between 
a; = 0 and x = h oi Fig. 12-4. (More elaborate schemes of notation are 
sometimes employed, but where only a few of the more basic modes of 
operation are to be considered the scheme employed here appears to be 
satisfactory.) 

In Fig. 12-2a the electric intensity is so distributed that it is maximum 
in the middle bXx == 6/2 and essentially equal to zero at the side bound¬ 
aries (x = 0 and X = b) because of the high conductivity of the walls. 

In Fig. 12-26 the boundary conditions are still fulfilled, but the space 
variation of the electric field intensity goes through one complete cycle 
from zero at x = 0 to zero at x = 6/2 and to zero again at oj = 6. This 
mode of operation is induced into the guide by injecting an EySitx — 6/4 
which is equal in magnitude but opposite in direction to the Ey which is 
injected at a; = 36/4. 
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The mode of excitation illustrated in Fig. 12-2c is similar in certain 
respects to a in that the intensities of both electric fields are zero at 
a; = 0 and x = b and maximum at a: = 6/2. 

In the cylindrical guide shown in Fig. 12-5 it is obvious that the only 
surface in contact with the electromagnetic field is the inner surface 
of the guide at the radius r = 6. At this surface the boundary con¬ 
dition requires that the tangential component of the electric field be 
zero. The field however may exist in such a tube in a number of 
different configurations. In any case it will be noted that, if cylindrical 
coordinates are used as shown, there are two components of the elec- 



Fig. 12-5. Coordinate system for cylindrical wave guide. 


trie field which may be tangential to the inner surface, Ee and 
These components must reduce to zero when r = 6 if a perfect con¬ 
ductor is assumed. Two possible modes which may exist in such a 
tube are considered in the following pages. The first mode, shown in 
Fig. 12-6a, has electric lines which meet the inner surface perpendicu¬ 
larly, Ee being zero, and which have components Eg in the z direction 
only at values of r less than 6. It is to be noted also that in this mode 
the field is entirely symmetrical about the axis of the tube. The 
other mode to be considered is shown in Fig. 12-66. The electric 
lines again meet the inner surface perpendicularly; but now, although 
no Eg component exists, there exist both Er and Ee components. It 
must be kept in mind, however, that at r = 6, Ee must be equal to 
zero. Note that in each of these modes there are no tangential com¬ 
ponents of the electric field at the boundary. 
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The mode of operation shown in Fig. 12-6o is designated as TM since 
the magnetic field is transverse relative to the axis of the tube and the 
mode indicated in Fig. 12-66 is designated as TE since the electric field 



(b) 

Fig. 12 -6. Configuration of electric lines in TMo.i and TEi.i, waves. 


is now transverse. The subscripts employed in connection with cylin¬ 
drical wave guides have meanings which arc somewhat different from 
those used in connection with rectangular guides. (See page 297.) 

104. Field Configuration and Propagation. Whether one mode or 
another will actually exist depends on a number of factors to be con- 
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sidered later. The immediate question concerns the configuration of 
the magnetic lines which must occur in conjunction with the electric 
lines. It is necessary to make use of the previously expressed require¬ 
ment that magnetic lines are everywhere perpendicular to electric 
lines, and it must also be recalled that magnetic lines must be continuous. 


K 



Fio. 12-7. Field configuration in rectangular guides, TEo.i wave. 

-Electric lines of force. 

-Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 

Let the rectangular TEo.i mode be considered first. It was seen 
that the only existing electric field component is Ey. This fact im¬ 
mediately requires that the magnetic lines be confined to the x-z plane, 
or in other words the magnetic field can have no y component. Since 
the magnetic lines must be continuous, they then exist as closed curves 
parallel to the x-z plane, such as shown in Fig. 12-7c. An inspection 
of Fig. ]2-7a will show that the electric and magnetic lines of force 
are represented as having definite directiohs shown by arrows. Refer¬ 
ence to the meaning of the Po3mtmg vector as established in the vector 
method of handling field equations will establish the following facts. 
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The flow of power in an electromagnetic field at any point will be given 
by the equation 

p — E X H watts/sq m 

or, if 4> is the space angle between E and the value of p may be written 
p = I EH I sin 4> watts/sq m 


(a) 

End section d-d' 



i Side section e-e' 



Fig. 12-8. Field configuration in rectangular guides, TEo ,2 wave. Corresponds to 
type of ex(;itation shown in Fig. 12-26. 

' -Electric lines of force. 

-Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 


Here ^ is the smaller space angle between E and H, and the direction of 
propagation will be given by the right-hand rule applied as follows: 
Let the curled fingers of the right hand lie in the plane of E and H 
and point in the direction from E to H through the smaller angle] then 
the thumb will point in the direction of power flow. Applying this 
rule to Fig. 12-7a, using the directions of E and H as shown, it is found 
that the direction of propagation is along the positive z axis. In Figs. 
12-76 and 12-7c the propagation is toward the right. 

The rectangular mode TEo ,2 is similarly portrayed in Fig. 12-8. 
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Of the cylindrical modes to be considered, that illustrated in Fig. 
12-6a, known as the TMoj, allows of only one component of the mag¬ 
netic field. It is clearly seen that with the electric lines as shown, if 
the magnetic lines are to be everywhere perpendicular to the electric 



Section c-c' 


Fig. 12-9. Fiold configuration in cylindrical guides, TMo,i wave. 

-Electric lines of force*. 

----- Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 



Section c-c’ |c' 

Fig. 12-10. Field configuration in cylindrical guides, TEi.i wave. 

-Electric lines of force. 

-Magnetic lines of force. 

The circles with crosses and dots represent direction of electric lines according to 

the usual convention. 

lines, they must then lie in concentric circles about the axis. In other 
words only the He component can be present, as illustrated in Fig. 
12-9. Note here again that the directions of the transverse com¬ 
ponents of the field are such that the propagation takes place to the 
right or in the z direction. 

The necessary configuration of the magnetic lines in the TEi,i cylin- 
drical mode is not so easy to visualize. However, a careful inspection 
of Figs. 12-66 and 12-10 will show that the magnetic lines must consist 
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of closed loops which lie parallel to the z axis and which are curved 
appropriately about this axis in order to be everywhere perpendicular 
to the electric lines. It is thus seen that the magnetic field in this 
mode of transmission must have all three possible components, Hr, 
Hey and Hz. In Fig. 12-10 it is again seen that the directions of the 
fields are such as to produce propagation in the z direction. 

106. Determination of Tube Sizes. In this and the following sec¬ 
tions, in order to present a brief outline of the physical aspects of wave 
guides as an introduction to later theoretical work, certain equations 
from future chapters will be used without immediate discussion of their 
derivation. These equations are intended to show some of the char¬ 
acteristic features of wave-guide transmission which will be derived in 
some detail in later chapters. 

Wave guides in general act like high-pass filters transmitting only 
frequencies above a certain critical or cut-off ” value. For this reason, 
as will bo seen, they are suitabki, in reasonable sizes, only for the trans¬ 
mission of extremely high frequencies. Fortunately the equations 
giving this cut-off frequency in teims of tube size or vice versa are very 
simple. 

The discussion will first consider the rectangular TEo.i mode pre¬ 
sented in Fig. 12-7. It is shown in C'hapter XIII that the cut-off 
frequency for this mode depends only on the width h of the tube and 
for an air dielectric is given by 

/o = ^ cycles/sec [13-19] 

where c and h are respectively the velocity of light and the tube width in 
similar units, usually centimeters per second and centimeters, or meters 
per second and meters. Note that the dimension h must be the one 
which is perpendicular to the electric lines of the field in the simpler 
modes. When written in terras of the wavelength of the vibration in 
air this equation becomes 

Xo = c//o = 2h 

which clearly shows that the critical or cut-off wavelength is that which 
will just fit into a space twice as wide as the tube. Longer wave¬ 
lengths than this will not be transmitted. 

As an illustration let it be required to find the cut-off frequency and 
wavelength for a tube which is 10 centimeters wide. From equation 
13-19, 

o ^ 10^® 

/o = 2 ^ 10 = 1-5 X 10® cycles/sec 
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The corresponding wavelength is of course 20 centimeters. Frequen¬ 
cies above 1.5 X 10® cycles per second will be transmitted, and for 



Fig. 12-11. Cut-off frequencies for various modes of transmission. 

b - radius of tube in centimeters 
h « width of tube in centimeters for rectangular guide 


practical work a frequency considerably above this value should be 
used. Equations for cut-off frequencies of various other modes are as 
follows. 
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For the TMo.i mode in cylindrical guides (Fig. 12-9), 

cv 

fo = ^ cycles/sec [14-20] 

2wb 

where c is the velocity of light, h is the radius of the tube, and p = 2.405. 

For the TEi,i mode in cylindrical guides (Fig. 12-10) the equation is 
the same but with p = 1.84. 

Curves showing the relations between tube dimensions and cut-off 
frequencies are given in Fig. 12-11 for several different modes of opera¬ 
tion. These are plots of equation 14-20 using the appropriate value of 
p. Parenthetically, it should be noted that this equation applies also 
to the rectangular tube, for the TEo.i mode, where b is the width of the 
tube, if p is taken as tt. One curve is also given in Fig. 12-11 which 
represents the frequency for minimum attenuation of the TMq.i mode 
as a function of 6. The curves for /o are such that only combinations of 
/ and h represented by points above the curves result in transmission. 
For example, a tube is specified as having a radius of 4 centimeters. 
What modes will be transmitted at 4 X 10® cycles per second? The 
answer is immediately seen to be TEo.i rectangular, TMoa, 

The following tabulation gives the values of p to be used in the gen¬ 
eral equation for cut-off frequency: 


p 

Mode (cylindrical) 

1.84 

TEi.i 

2.405 

TMo.i 

3.83 

TEo.i 

3.83 

TMi.i 

5.14 

TM 2.1 

5.33 

TEi,2 

IT 

TEo.i (n'ctangular) 


106. 'Criteria for Selection of Shape and Size of Tube. The question 
now arises on what basis the type of tube to be used as well as the mode 
of excitation is selected. In the consideration of this matter it is neces¬ 
sary to note that a usable tube should be somewhat larger than the criti¬ 
cal size for the frequency in question. Also, for most modes there is 
a frequency at which minimum attenuation occurs, and this frequency is 
generally a considerable distance beyond fo- In the rectangular guide 
one other peculiarity is to be noted. If a tube having dimensions such 
that a = 6 is transmitting a certain frequency which is somewhat above 
the cut-off frequency, then the tube can transmit the same frequency 
with the electric lines parallel to the dimension b as well as perpendicular 
to 6. Thus such a tube can transmit the same frequency in two different 
orientations. Such a condition would cause considerable difficulty in 
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actual practice since, if detecting equipment were constructed to pick 
up only the wave which has E parallel to a, and if for some reason a 
parasitic vibration were set up at right angles to this wave, the detector 
would not indicate its presence. 

The problem of detection also dictates certain requirements in 
cylindrical tubes.' If a detector were inserted through the wall of a 
cylindrical guide which is transmitting the TEi,i niode, it is seen that 
an accidental change in the orientation or polarization of the wave would 
result in a decreased pickup. In fact if the plane of polarization were 
to rotate 90° no indication at all would be obtained. On the other hand 
it is noted that the TMo,i mode is circularly symmetrical, and such 
rotation of the wave would not cause any error in the detector reading. 

For transmission through rectangular tubes it has been intimated 
that a form other than square should be used in order to maintain what 
may be called the original polarization. There is also a requirement on 
dimensions fixed by attenuation. The fact can be shown that, for 
minimum attenuation for various tubes of the same perimeter but 
various values of a/b when transmitting the TEo.i mode, a/h should 
be about 1.18 where a is the dimension parallel to the electric field. It 
will immediately be noted that these dimensions will allow the same 
frequency to be transmitted with both polarizations, and so the atten¬ 
uation requirement cannot be utilized. Thus, in spite of an increase 
in attenuation, a/b is made less than unity and may be made about 0.5 
in order to transmit as low a frequency as possible with a minimum of 
copper. The detailed considerations for size are somewhat involved, 
and in practical cases, since the transmission is generally for short dis¬ 
tances, the primaiy determining factor may be convenience. 

As an illustration, the attenuation for a rectangular copper tube 3 
inches by 1.5 inches transmitting at 3 X 10® cycles per second in the 
TEo,i mode may be calculated to be 5.0 decibels per 1000 feet. This is, 
of course, far from the ideal conditions. The attenuation for a tube 
having the optimum a/b ratio of 1.18 and the same cut-off and trans¬ 
mitted frequencies as the above 3-by-l .5-inch tube is 2.96 decibels per 
1000 feet. Note that here no attempt has been made to transmit the 
optimum frequency. That the attenuation can be relatively low for 
ideal conditions is seen from the fact that this guide of 3 inches 
width, which has the optimum a/b ratio when transmitting the 
optimum frequency of 3680 megacycles per second, has an attenuation 
of 2.13 decibels per 1000 feet. 

The tube considered above, which has an attenuation of 5.0 decibels 
per 1000 feet, is designed to transmit 3000 megacycles per second. It is 
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interesting, before leaving this portion of the general discussion, to 
determine how well this tube meets the cut-off requirement. The 
cut-off frequency is given by equation 13-19. 

3 X 10® 

xoffisi ■ 19™ 

Thus certainly 3000 megacycles per second is passed easily. For a 
wave with a 90° shift in polarization 

3 X 10® 

Consequently this mode will not be transmitted, so there is no danger 
of a wave of the same frequency and mode existing in the tube at 
right angles to the original. The cut-off frecjuency for the next higher 
mode TEo ,2 given by fo = c/6, and use of the relation shows that 
this mode cannot be transmitted since the cut-off frequency is either 
3940 or 7880 megacycles per second depending on orientation. 

The above discussion brings out the advantage of the rectangular 
tube transmitting the TJ]o,i mode. If a/b is approximately 0.5 or 
less, the tube will not transmit any other mode or orientation at the 
given frequency. The disadvantage lies in the fact that the tube is 
not operating with minimum attenuation. 

In order to decide definitely on tube size for a cylindri(;al guide it is 
necessary to consider the effect of size on attenuation. For most modes 
minimum attenuation exists at some definite frequency above cut-off, 
and this frequency varies for different tube sizes. It is advisable to 
select a tube size which will give a minimum attenuation at approxi¬ 
mately, the frequency to be used. The TEij wave (Fig. 12-10) has a 
lower attenuation than the TMq.i (Fig. 12-9). However, for short 
lengths, this disadvantage of the TMo.i wave is outweighed by its 
advantage, mentioned above, gained by its circular symmetry. The 
relation for minimum attenuation in the TMo,i mode is \/b = 1.5. 
Actually however any value from 1 to 2 may be used, as in this region 
the attenuation remains substantially constant. For the TMo,i wave 
the attenuation curve is almost flat over a band width of about 2 times 
the cut-off frequency. In a tube of 4 centimeters radius for example the 
attenuation limits for such a frequency band are 3.96 and 4.15 db per 
1000 feet. 

As an illustrative problem, assume that it is required to determine 
the tube size to transmit 3000 megacycles per second and to prevent 
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the transmission of all modes above TMo,i. The cut-off size is given 
by equation 14-20. 


/o = 3000 X 10® = 


3 X 10® X 2.405 
2‘irb 


from which 


3 X 10® X 2.405 
3 X 10® X 2r 


0.0383 meter 


Thus it is known that a tube larger than one having a radius of 3.83 
centimeters is to be used. From the relation X/5 = 1.5, 


X 

b 

b 



c 3 X 10® 

1.5/ “ 1.5 X 3 X 10® 
0.0667 meter 


Thus for minimum attenuation, the radius of the tube should be 6.67 
centimeters. It is now necessary to determine whether any higher 
modes will be transmitted through the tube. The cut-off size (radius) 

3 83c 

for the next higher mode, the TEo.i, is given by /o = * 

2irb 

5 - 

2Tr/o 


3.83 X 3 X 10® 
2irS X 10^ 


= 0.061 meter or 6.1 cm 


Accordingly the TEo.i mode would be transmitted, and it is necessary 
to reduce the tube size to not more than 6.1 centimeters radius. Let it 
be reduced tentatively to a radius of 5.8 centimeters, and recheck the 
size for the optimum attenuation condition. 



This is satisfactory because \/b falls in the range from 1 to 2. It must 
be remembered that this tube can also transmit the TEij mode at 
this frequency, so that owing to some irregularity the tube may be trans¬ 
mitting two modes simultaneously. In this respect, rectangular wave 
guides do not suffer from irregularities or tortuosities to the same extent 
as circular wave guides. It is for this reason that rectangular wave 
guides are often selected in place of circular wave guides in actual 
practice. 
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107. Combinations of Tubes and Modes. Any practical system of 
wave guides will involve the problem of selecting tube shapes, sizes, 
and modes of vibration to be used. For the rectangular tube sufficient 
material has been covered to justify the selection of a guide having 
dimension a considerably less than b and transmitting its lowest possible 
mode, the TEo,i. For purposes of ordinary transmission in a fixed 
system this method would be satisfactory. However it suffers from 
the lack of mechanical flexibility in that it is difficult to transmit the 
TEo.i mode through elements which may be changing their orientation 
with respect to the source. For this reason it would seem to be better 
to transmit only symmetrical waves through cylindrical guides, but, as 
stated previously, this permits of the existence of lower modes which 
will interfere with measurements. A compromise must be made by 
using the symmetrical mode in the movable sections and changing from 
one to another whenever necessary. This requires, of course, an easy 
way of changing from rectangular to cylindrical guides and vice versa. 

In such a composite system the indicating or detecting equipment 
would be attached to the rectangular guides at those points where only 
one mode can exist and that in the (jorrect orientation. Thus any 
extra loss due to irregularity in the cylindrical section or in the couplings 
will show itself through an indicated increase in over-all attenuation. 

108. Methods of Excitation. Thus far the discussion has been con¬ 
cerned only with transmission through the guides. Two important 
additional problems, however, are excitation and detection of the waves. 
Generally speaking the excitation of any given mode may be accom¬ 
plished by setting up artificially at some point in a tube either an electric 
or magnetic field of the corre(;t configuration. As a simple illustration 
let it be required to construct a transfer section which, fed by a small 
coaxial line, will set up the TEo.i mode in a rectangular tube. In this 
tube the electric field is entirely transverse, consisting only of the com¬ 
ponent Ey. The maximum intensity of this component occurs at the 
center of the tube where x = 6/2. Such a field suggests the possibility 
of extending the inner conductor of the coaxial line transversely through 
the wave guide parallel toEyj as shown in Figs. 12-2 and 12-12. The 
coaxial tuning stub b and the sliding collar a are used to provide a support 
for the end of the conductor as well as to provide a means for adjusting 
for maximum transfer of power from coaxial cable to wave guide. The 
transverse conductor is usually placed about a quarter wavelength from 
the closed end of the tube in order to provide for reinforcement due to 
reflection in phase at c. If the end of the tube were adjustable so that 
the distance from the conductor to the end could be varied at will, a still 
better match between coaxial cable and wave guide could be obtained. 




section a»a 

Fig. 12~14. Method of excitation for the TMo.i wave. 
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On account of the similarity in configuration between the rectangular 
TE(),i and the cylindrical TEi,i modes the latter may be set up in 


exactly the same manner as in Fig. 
12-12, as shown in Fig. 12-13. 

The TMo.i mode has as a charac¬ 
teristic of the field configuration a 
well-defined axial component of E. 
The Ez component is a maximum at 
the center of the tube, and such a 
field configuration suggests that this 
mode may be set up by projecting 
the center conductor of a coaxial 
cable into the end of the guide as 
shown in Fig. 12-14. The length of 
the rod projecting into the end of the 
tube may be varied in order to obt 
Since the only magnetic component i 



Fkj. V2~1L. Method of excitation for 
cylindrical TMoj wave. 


in optimum transfer of power, 
this mode is He^ an alternative 



Fig. 12 - 16 . Mod^ of excitation. 


method of excitation is suggested as shown in Fig. 12-15 where a small 
loop fed by a coaxial line projects into the side of the tube and sets up 
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the appropriate magnetic field. This is the method which is used in 
the resonators of some klystrons. 

Transfer se(*tions to he used to change from waves guides to coaxial 
lines are made exactly as in the cases mentioned above. In other words, 
if a section is good for transmitting from coaxial cable to wave guide, 
it will also be suitable for the opposite transmission. Alternative 
methods for exciting various modes in cylindrical guides are presented 
in Fig. 12“16. 

109. Methods of Detection. For detecting the presence of waves in 
a wave guide the most suitable means available at present is the ordinary 



crystal detector. The problem of detection is naturally divided into 
two classes, detection and pickup. It may be necessary merely to de¬ 
tect a wave as it passes along a tube in order to determine the relative 
amount of power being transmitted or to detect standing waves, etc. 
In other words it may be necessary to extract only a small amount of the 
power for purposes of some kind of indication. On the other hand it may 
be necessary to pick up all the power being transmitted, as for instance 
when receiving a signal. For the first use mentioned it is essential to 
disturb the wave in the tube the least possible extent. 

The first problem to be considered will be the detection of standing 
waves in a tube. A so-called traveling detector for either rectangular 
or cylindrical guides is represented in Fig. 12-17. This detector con¬ 
sists of a fine short wire probe projecting through and insulated from a 
slide which travels in a longitudinal slot in the guide. For the rec- 
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tangular guide it is necessary that this detector travel in a side of the 
guide which is perpendicular to the electric lines of force. It should be 
centered laterally so that its position is at a: = l)/2 when used to detect 
the TEo.i mode. In this position the electric intensity is a maximum, 
and thus the amount of pickup will be greatest. The probe should be 
as short as possible so as not to disturb the field any more than necessary. 
Electric linos will end on the probe, thus producing a potential difference 
between it and the material of the guide near the slot. The probe is 
connected through a crystal detector to the slide itself, while across the 
detector is connected a capacitor and a microammeter. This detector 



Fig. 12--18. Wavemeter for measuring wavelength in guide. 


is known as the vshunt type. As the detector is moved along the slide, 
a pulsating direct current which is a function of the electric-field intensity 
at the point in question flows through the microammeter. By this 
means the distribution of the field in the tube can be easily determined. 
Various mechanical constructions may be used for the traveling detector. 

The shunt type of detector is used also in resonant chambers, or 
wavemeters. One of these is represented in Fig. 12-18. In this 
instance a small amount of power is introduced into the chamber at A 
through the coaxial cable. The plimger P is moved until the open space 
in the tube is some multiple of a half wavelength, whereupon resonance 
will Occur, and the probe and detector at B will indicate a maximum 
reading. The probe should be placed approximately one-quarter wave¬ 
length from the solid end of the chamber. By adjusting the plunger 
to successive positions which result in maximum readings the wave- 
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length can be found. It must be remembered that the detectors must 
always be in the wall on which the electric; lines end. This applies 
to all three modes considered previously. With the TEi,i cylindrical 
mode, care must be taken that the polarization of the excitation is such 
that the electric lines meet the tube near the probe. The optimum posi¬ 
tions for the detector for the three modes are shown in Fig. 12-19. 
Note especially that there is no specialbest location of the detector 
in the TMo.i cylindrical mode. Such a fact agrees with the previous 
statements as to the advantages of the TMo.i mode. Note that, in 
the cylindrical TEi.i mode, the detector becomes less effective if for 
some reason the polarization changes. In particular, if the polarization 



Fig. 12-19. Optimum positions for detector. 


rotates by 90°, no power at all can be picked up. In the rectangular 
TEo.i mode, if the tube were constructed so that the required frequency 
may be transmitted in both polarizations simultaneously, the detector 
when placed as shown will indicate only the intensity of the wave which 
has vertical electric lines. 


PROBLEMS 

12 - 1 . In Fig. 12-1 assume that at the center of the guide Ed is 50,000 volts per 
meter of sinusoidal lime variation, the frequency of which is 3 X 10® cycles per 
second. Determine the maximum value of the displacement current density at the 
center section, assuming that cr = 1. 

12 - 2 . A frequency of 2500 megacycles per second is to be transmitted in a rec¬ 
tangular guide in the TEo.i mode. Determine the minimum dimension of tube 
width h for such a tube, and suggest a value for the dimension a. Give reasons for 
the choice of dimension a. 

12 - 3 . Find the cut-off frequency for a rectangular tube having dimensions of 
a » 1 cm and 5 » 3 cm when transmitting in the TEo.i mode. Calculate the 
values of Vp and \g in this tube when transmitting at a frequency of 2/o. 

12 - 4 . Specify the range in size of cylindrical tube which will transmit in the TEi,i 
mode at 4000 megacycles per second but which will not transmit the TMo.i mode at 
this frequency. 
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12 - 5 . Specify the range in size of cylindrical tube which will transmit in the 
TMo.i modi' at 4000 megacycles per second but which will not transmit the TEo,i 
mode at this frequency. 

12-6. A cylindrical copper tube is to b(‘ used for thi' transmission of the TMo,i 
mode at a frequency of 3500 megacycles per second. What will be the optimum 
size of tube? Will this tube transmit the TOo.i mode at this fn*quency? 

12 - 7 . It is required to transmit 5000 megacycles per second through a system 
composed of several fei't of rectangular guide opt'rating into a section of cylindrical 
guide. The rectangular tube is to transmit in the TEo.i mode and the cylindrical 
tub(‘ in the TMo.i mode. Specify the size of rectangular tube and the size of cylin¬ 
drical tube necessary. Design a coupling for joining thi* two sections together. 

12 - 8 . Suggest a mi'thod for connecting a klystron to the rectangular guide of 
Prob. 12-7 and for transferring the power from the cylindre al guide to a coaxial 
line. Adjustments should be provided for obtaining the maximum transfer of power. 
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In the previous chapter the general problem of wave-guide trans¬ 
mission was outlined, and certain equations were used for which no 
derivations were given. The present chapter is devoted to the mathe¬ 
matical theory of the rectangular wave guide and to the derivation of 
its fundamental ecjuations. The theoretical derivations begin with the 
electromagnetic equations developed in Appendix VI. 

110. The Differential Equations. Let the problem be proposed to 
find the characteristics of transmission through a rectangular tube such 
as shown in Fig. 13-1. The “ dominant mode of transmission which 
is to be considered is designated by the letters TEoj.^ The width of 
the tube is h in the x direction, the depth is a in the y direction, and the 
longitudinal dimension is along z. The forms of MaxwelFs equations as 
they apply here are equations A-57, A-58, A-59, A-62, A--63, and A-64. 


dHy 

dx 

djh 

dy 


^ ^ nF 4- 

— grAg + 

dy dt 

4 . 

— ghx + 

dz dt 


[A-59] 

[A-57] 


^ See Electromagnetic Waves in Metal Tubes of Ilt*ctangular Cross-Section,’* 
by John Kemp, Part 3, Sept. 1941, for an alternative treatment. 

The method of designating the modes of transmission is based on the components 
of the field which are transverse. Thus a field designated by TEn.m has only trans¬ 
verse components of the electric field, in the ” dominant ” mode Ey only, although in 
general Ey and Ex may both exist, as well as Hxt Hy^ Hg. However, there would be 
no Ex component. The designation TMn.m means that only transverse components 
of the magnetic field exist while all components of the electric field may be present. 

The subscript notation, as applied to rectangular guides, refers to the number of 
half wavelengths or maxima of the field-intensity distribution which fit transversely 
into the guide at the cut-off frequency. The index n indicates the number of half 
wavelengths found along the y axis and m the number found along the x axis. Thus 
in the TEo.i mode there is no variation in the electric field along the vertical side, 
whereas along the base the electric field intensity varies from zero to a maximum 
and to zero sinusoidally, covering one-half wavelength of this variation. Waves 
such as TEi ,2 and TE 2 ,i which have complementary indexes are alike except for 
orientation in the guide. 
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dih _ 

r. ^^Ey 


dz 

dx 

dt 

[A-58] 

dEy 

dEs 

djjioHg 


dx 

dy 

dt 

[A-64] 

dE, 

dEy 

diioEj. 


dy 

dz 

dt 

[A-62] 

dE^ 

dEz _ 

dfJL^Hy 


dz 

dx 

dt 

[A-63] 


A solution of these equations, as given, would yield propagation in an 
arbitrary direction in space In order to simplify malters, since it is 



Fig. 13-1. Rectangular wave guide. 


known that propagation is to be in the z direction and also that it is 
desired to treat of only sinusoidal variations in time, some adjustment 
is necessary. Since only sinusoidal functions are involved, all the 
time derivatives in the above eciuations can be eliminated. The 
terms involving time derivatives will now be transformed as follows: 
Let E and E be replaced by and respectively where the new 
3f’s and S^s are independent of time and are functions of the space 
coordinates only.^ 

^ In the notation of ChapWrs XII, XIII, XIV, XV, and Appendix VI the light face 
E and U are general space vectors and are functions of .r, y, g, and i. The bold face 
script & and script 3Ff are functions of the space coordinates only. The light face 
script & and script SJC are functions only of the space coordinates exduMve of z. 
Where it is necessary to indicate the usual a-c complex vector, which indicates phase 
position, bold face E’s and H's will be used with or without subscripts as the situa¬ 
tion may demand. This is a departure from the system used in previous chapters 
and should be carefully noted. 

Wherever the exponential term is used it is to be remembered that only the real 
part of its trigonometric equivalent is retained. The substitution is justified because 
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Where no subscript appears with either E or H it is meant that the 
expression is general and that any subscript desired may be provided. 
Also that which is given immediately following concerning 6 applies 
also to 3f. The assumption made above concerning the dependence 
of E on time amounts to assuming that E is given by the product of 
two terms: & and or 


where & is now a function of x, y, and z only. Thus in MaxwelTs 
equations E may be replaced by the above expression, and the deriv¬ 
ative dsE/dt may be replaced by It will be found, 

as shown in the following paragraph, that the time derivatives will dis¬ 
appear and that the exponential terms may all be divided out. 


of the ease with which the exponential is handled mathematically. Its use may be 
made cleaner by the following brief illustration: 

Suppose that a function H is known to be made up of a part dependent sinusoidally 
on t and a part tK dependent on x, y, and z only. Write 

H * 

Remembering that only the real part is to be retained, this is equivalent to 

// =* 3f cos <at [A] 

=* real part of 5f (cos ut + j sin ut) [B] 

Now let it be required to find dH/dt. Tliis may be written in two ways, either in 
the direct manner as from equation A, 

|(3fco8«0 [C] 

at 

or as the real part of 

I [D] 


These will be shown to be equivalent. From C, 

0 

— (tH* cos oat) ~ —3Fr 0) sin wt 
at 

From D, 

I 

at 

“■ 30"w(co8 at -jr j sin ut) 

(—oa sin oat + cos oat) 

of which the real part is 

“"SFf w sin oat 


IE] 


IF] 


which is seen to be the same as equation E. 
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Let attention be directed to the type of propagation where the only 
component of the electric field present is This requires that 
6x = 6* = 0, although all components of tK may be present. The 
above equations become, after transforming the t derivatives: 


dtKy _ 
dx dy 

d3C, _ d!Ky 
dy dz 

a3Cx _ agfx 
dz dx 


0 

0 







dz 


= — 


0 = — jWo3^» 

From equation 13-6 it is seen that JJfy = 0. 

Let equation 13-4 be differentiated with respect to x. 


dSfj _ -1 d^&y 
dx joilM) dX^ 


[13-1] 

[13-2] 

[13-3] 

[13-4] 

[13-5] 

[13-6] 

[13-7] 


From equation 13-5 there is obtained, upon differentiation with re¬ 
spect to z, 


dtK^ _ 1 d^Sy 

dz jufio dz^ 


[13-8] 


If the expressions 13-7 and 13-8 are substituted into equation 13-3, 
there is obtained 


,2" + ^ = ig+ 


ju/io dz‘‘ jwno dx 
Let this equation be rewritten 

d^&y , d^&y f 2 I • \n 

= (-&)W + 3o>iiog)& 

= h!‘&y 

where = —u^fioz -H junog. 


[13-«] 


[13-10] 
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The solution of the differential equation 13-10 will give &y as a 
function of x and z. From the value of &y the 3f's can be determined 
by using equations 13-4, 13-5, and 13-0. 

111. Solution of Equation 13-10. It is to be expected from previous 
considerations that the propagation of the wave along the tube should 
give rise to some change in &y analogous to that experienced by the 
voltage vector on a transmission line. In other words, it is safe to 
assume that part of the solution, that depending on z, is 

Eyr = 

where y is the usual propagation constant, written y = a + Thus 

®2/ = Eyi&y 

= ^yKr'^^ 

where ^y is a function of x and y only. Equation 13-10 then becomes 

^ ^ = (-6,W + 

aZ OX 


or, differentiating the first term and dividing out Ke 




dx^ 


( — CO VoE + JwMoS') 


or 


dx^ 


( — ^2 _ 


[13-11] 


Since the propagation is taking place in a region where g = 0, equation 
13-11 may be written 

[13-12] 

where and &y is a function of x and y only. 

The solution of equation 13-12 is known to be of the form: 

5>y = A[ cos kx 4* A 2 sin kx 

It has been assumed that the z term of &y is so the complete 

solution of &y becomes 

“ ^yEy\ 

= {Ai cos kx + A 2 sin kx)KC''^^ 

= (Ai cos kx + A 2 sin kx)t^^ 


[13-13] 
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Two boundary conditions exist which will allow two of the constants, 
one of the and k, to be evaluated. They are 

S. = 0 

when X = 0 and x = b 

These conditions exist because at the inner surface of the metal tube 
where the conductivity has })cen assumed infinite zero-potential differ¬ 
ence and hence zero-potential gradient exist. Using these conditions, 
two equations result 

0 = 

0 = [A.] cos kb A 2 sin kby'^^ 

From these equations it is easily seen that 

Ai = 0 

A 2 sin kb = 0 [13‘-14] 

From equation 13-14 it is found that kb must be equal to zero or to 
some multiple of tt radians; that is, k = mw/b. Making this substi¬ 
tution for k, the solution of equation 13-13 may be written 

&y = Ae^'^^ sin [13-15] 

where the subscript has been dropped from the constant. The above 
interpretation requires that 

k = + wW = ^ [13-16] 

112. ^Propagation Constant, Cut-Off Frequency, Velocity, Wave¬ 
length. Since there are an infinite number of possible values for m, 
there exists an infinity of solutions for eejuation 13-15. An important 
mode of vibration is obtained, however, for the lowest practicable 
value of m, that is, unity. The wave obtained for this mode of vibra¬ 
tion is variously referred to but will be denoted here by the symbol 
TEo.i. For m — 1, equation 13-16 provides a means of determining 
y the propagation constant. Thus 

^ 

■y* + wW = ^ 


2 
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from which 



[13-17] 


According to equation 13-17, y may be either a real quantity or a 
pure imaginary, depending on the relationship between (ir/h)^ and 
coVos. Interest in the present discussion, however, lies only in those 
waves which are propagated with no attenuation, and thus y must be 
a pure imaginary; that is, -y = 0 + jfi. Accordingly 


or 



[13-18] 


If mks values for /uo? and h are employed, is expressed in radians per 
meter length of tube. 

The vanishing of a is a direct consequence of the assumption that the 
material of which the tube is constructed is a perfect conductor. In 
order for 0 to be real, it is seen from equation 13-18 that coVos must be 
greater than (r/b)^. It thus appears that the wave guide will transmit 
only frequencies above a certain cut-off frequency /o. The cut-off 
frequency is obtained from the equality. 


woMos = 



or 


Wo = 2wfo = 


The cut-off frequency is 


1 


TT 

b 


fo =- 7 = cycles/sec 

2feV/ioe 


For air, 1 /Vm^ = c, the velocity of light. 
Therefore 

/o = cycles/sec 
Zb 


[13-19] 
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As an illustration, let it be required to determine the cut-off frequency 
for a rectangular tube with dimensions of a = 5 cm and 6 = 8 cm. It 
should be noted that no restrictions have thus far been placed on the 
value of a] For this tube 


3 X 10^ 

fo = 20 0 ^ = 1*75 megacycles/sec 

The phase-shift constant for this frequency is of course zero, but it 
increases indefinitely in value as the frequency is increased above the 
cut-off frequency as indicated by equation 13-18. 

The phase velocity is given by 


0 ) 



«'-©• j'-©' 


meters/sec [13-20] 


and the wavelength in the guide is 


— 


27r 

1 



c 


meters 


[13-21] 


Let the wavelength of the wave in air, corresponding to this frequency, 
be written as 



2ir (a 


where c is the velocity of light. Substitute this value of c/« into equa¬ 
tions 13-20 and 13-21, and 


Vp — 


i/^y _ /^Y 
VVXa/ \2b/ 




meters/sec 


[13-22] 
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Also 



[13-23] 


As an illustration let it be required to find the phase velocity and 
wavelength for a wave of frequency / = 3 X 10^ cycles/sec in a tube 

of width h = 10 cm. _ 

27r3 X lO-V 
3 X 10"' / 

= 54.5 radians/meter 
2^3 X 10^ 

Vv = —::—;— = 3.40 X 10^ meters/sec 
54.5 




X 


27r 

54.5 


0.115 meter or 11.5 cm 


The wavelength in air for this wave is 


K-j 


3 X 10” 
3 X 10* 


= 0.10 meter or 


10 cm 


The striking result of these calculations is that the velocity in the 
guide is greater than the velocity of light, and as a consequence the 
wavelength in the guide is greater than that in air. It is to be noticed 
that at the cut-off frequency 0 = 0 and both Vp and \g are infinite. 

113. Components of the Magnetic Field. Equation 13-15 shows 
that &y is given as 

&y = sin J [13-24] 


when m has been set equal to unity. A is a constant which depends on 
the magnitude of the excitation only, and y = jV (w/c)^ — (ir/h)^. The 
remaining components of the magnetic field can be determined by 
means of equation 13-24. Thus, from equations 13-4 and 13-24, 




1 d&y 

jo)Ho dx 


oiMob 



[13-25] 
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From equations 13-6 and 13-24, 





dz 


, TTX 

-sm 

COjLto 0 


[13-26] 


The component JCy has already been shown to be zero. 

The calculation of the absolute values of the above components can 
be accomplished as follows: It is necessary to write the terms in their 
complete form, including the time term. From equation 13-24,^ 


u 

= A [cos {(^l — fiz) + j 

1 j 

• A cos (oit — fiz) CAAX , 

b 


sm {oil 


or, taking the real part, 

. TTX 

sm ■ 


■^//(reul) 

In a similar manner, from equation 13-25, 

oj/ioO b 

= [cos {uit — fiz) + j sin 

OiJJLob 

of which the real part is 

„ —Att . , . wx 

‘ Sin {o)t - 0z) COS y 

and, from equation 13-26, 

COMO b 


[13-24aJ 


[Oit — I3z)] cos y 


[13-25a] 


or 


- - [cos (o)t — fiz) + j sin (o)t — Pz)] 

COMO 

^»(real) = - COS (co< - fiz) Sin -r" 

coMo b 


. wx 
sm -r 
b 


[13- 


* See footnote 2 of Art. 110. 
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These three equations will give the three components of the field any¬ 
where in the wave guide at any given time. Equation 13-24a, repre¬ 
senting the only component of the electric field, indicates, as has 
already been pointed out, that the electric field for this mode is dis¬ 
tributed sinusoidally across the guide. The nonexistence of a mag¬ 
netic component Hy is consistent with the fact that the electric and 
magnetic lines must be everywhere perpendicular. In order to arrive 
at the actual shape of the magnetic lines it is necessary to derive an 
equation which will give the curves. To do this it is to be noted that 
the slope of the magnetic lines dx^dz at any point is equal to the ratio 
of Hx to Hz. 

The ratio is found from the equations 13-25a and 13-2r)a. 


Accordingly 


or 


dx _ Hx 
dz Hz 




cos — fiz) sin 


sin (o)/ — ^z) cos 



TTX 




0b cos (cot — 0z) , 
—-- 

IT sin {(at — 0z) 



0b 


TT 


cot {ojI — 0z) dz 


On integration there is obtained 


tx 


In sin — = —In sin {<at 
b 


0z) + In C 


In sin — + In sin {(at — 0z) = In C 
b 

ttx 

or sin sin {<at -- 0z) = C [13-27] 

b 

A set of curves representing the magnetic lines of force in a rectan¬ 
gular guide of 8 centimeters width when transmitting a frequency of 
3 X 10® cycles per second is shown in Fig. 13-2. The curves are drawn 
for the time condition of / = 0. The wavelength in the guide is 12.8 
centimeters, and the cut-off frequency is 1875 megacycles per second. 
The numerical value of the constant C which appears in equation 
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X 


Fig. 13-2. Magnetic lines of force in a rectangular guide. TEo.i mode. 
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13 -27 determines which of the loops is under consideration. The 
numerical equation for the A loop of the figure is 

sin ^ sin (—0.4912:) = —0.243 

with dimensions taken in centimeters. 

114. Calculation of Zq. Strictly speaking, since there are no con¬ 
ductors involved in the ordinarj^ sense in the wave guide, a characteristic 
impedance does not exist for it. However, there are voltages and cur¬ 
rents involved, as may be seen by the following considerations: An 
electric-field intensity exists as given by equation 13-24. A po- 



Fig. 13-3. Illustrating the transmission-line analogy of a wave guide. 

tential difference therefore exists between the top and bottom of the 
guide. Furthermore, as shown in Appendix VI, it is reasonable to 
associate a current with JI and thus also with 3Ff. In fact, H is ex¬ 
pressed in amperes per meter. It is also evident that H and the 
associated guide current should be at right angles to one another. 
This is clear even from the simple well-known expression H — IJ (27rr) 
where H is the field about a wire carrying a current /. Since &y is 
effective from the bottom to the top of the tube, by analogy it would be 
appropriate to find a current component which is directed along the 
z axis of the guide. This situation may be visualized to some extent 
by an inspection of Fig. 13-3. Here the total magnitude of voltage 
difference between the bottom and top of the guide at x = 6/2 where &y 
is maximum is obtained from equation 13-24 as 

«/o 


Aa 


[13-28] 
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since &y is constant in magnitude at any particular instant of time along 
the y axis. Since the term affects all components the same for a 
given value of it may be omitted here. Also, by the circuital law of 
magnetism, it is known that the integral of around the path abcda 
of Fig. 13-3 will give the value of current flowing in the z direction 
along the lower plate of the guide. The magnitude is given by the 
integral, 

h = 


Now at high frecpiencies it is clear that at any appreciable depth in the 
metal the electric vector &y and the associated magnetic vector 
have been reduced effectively to zero, and so in integrating around the 
path abcda it is convenient to notice that only along a-b will there be a 
sensible value of (See Appendix VI concerning depth of penetra¬ 

tion.) Thus the current desired is easily obtained by the following 
integral: ^ 

1, = 


If the evaluation of h is performed at 2 = 0, it follows from equation 
13-26 that 


h = 


WMo 

^b 




2_^b 


[13-29] 


Now il is clear that we have expressions for a maximum transverse 
potential difference across the center of the guide and for a longitudinal 
current based on the peak value of //x- (This is analogous to a trans¬ 
mission line having line conductors which correspond to the bottom and 
top plates of the guide.) Since the fundamental units of H and E are 
amperes per meter and volts per meter, we immediately obtain an 
expression for Zo(= F//) from equations 13-28 and 13-29 which is at 
least the dimensional equivalent of ohms. 

^ V a^IXoTT 

7^'W 
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Ujsing equations 13-20 and 13-22, this becomes 


2b 



or, expressed in terms of / instead of Xo, it is 


[13-31] 



591a _ 

4-{0 4 


(Refer to Appendix VI for numerical values of e, and juo.) 

Another possibility for a definition of Zq is to define it as the ratio of 
Ey max to Hj: max> ^ ratio which also has the dimensions of ohms. Em¬ 
ploying this concept and using equations 13-24a and 13-26a, 


591a 


(f/ 


ohms 


[13-32] 




& 


[13-32a] 


By way of illustration, this equation will be compared to equation 13-32 
for a = 5 cm, 6=10 cm, and / = 2/o. For equation 13-32, 


591 X 0.05 ^ 

Zq = - ■. = 342 ohms 

o.ioVi -1 

For equation 13-32a, 


2w X 3 X 10® X 4ir X 10“^ 

Zo - ~-z = 


= 435 ohms 


In general, there is little agreement among the various definitions of 
Zq as applied to wave guides, and in practice the concept of character¬ 
istic impedance is not much used. Instead emphasis is placed on the 
standing-wave ratio, and correct termination is obtained when a travel¬ 
ing detector, similar to that shown in Fig. 12-17, indicates the sam^' 
voltage when moved along the guide for a distance of at least a hal. 
wavelength. 

Illustrative Example, Let it be required to plot fo against the guide 
width 6, and jS, Vp, \g, and Zo against the frequency for the 5-by-8-centimeter 
tube considered in Art. 112. It can be seen from equation 13-19 that the 
curve relating fo and 6 is a hyperbola. For b expressed in centimeters in this 
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particular case, 

15 

/o = - 7 - X 10^ cycles/sec 
h 


This curve is shown in Fig. 13-4. 



Fia. 13-4. Variation of cut-off frequency with width of rectangular wave guide. 


For b expressed in centimeters, the value of is given by equation 13-18 as 


39 . 5 / ^^ _ 

9 X 10'^' \H/ 

= V4.39/^ X 10~‘^^ — 0.1542 radians/cm 
27r/ 

^ cm/see 

2w 

K — cm 



These three quantities are plotted in Fig. 13-5. 

It will be noted that the phase velocity in the tube is higher than the 
velocity of light, only approaching the velocity of light as a limit as the fre¬ 
quency is indefinitely increased. 

The characteristic impedance is given by equation 13-32, from which 


Zo 



370 _ 

0.0351 XI0^° 


f 


ohms 


It will be noted that Zq is imaginary for frequencies below the cut-off fre¬ 
quency, and at fo it becomes infinite. The limiting value of Zo as the fre¬ 
quency increases without limit is 370 ohms. The characteristic impedance is 
plotted in Fig. 13-5. 
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Fig. 13-6. Illustration of group velocity. The scale for platting the resultant 
wave is not the same as that for waves yi and 2 / 2 . 
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116. Group Velocity. Thus far the only velocity considered has been 
the so-called phase velo(uty which is the velocity of the crest of a 
wave whose time variation is sinusoidal. This velocity has significance 
only if one is speaking of a steady-state wave which is already in exist¬ 
ence. Obviously, no intelligence can be transmitted by means of this 
steady-state wave, and in communications of any kind waves must vary 
in a certain manner and must be finite in duration. The actual trans¬ 
mission of energy then takes place at a velocity known as the group 
velocity Vg and corresponds to the velocity of the region of reinforce¬ 
ment or interference when two waves, for instance, of slightly different 
wavelength and velocity are superposed. In wave guides the group 
velocity is always less than the phase velocity. It will be found that, 
in the wave guide, although the phase velocity Vp may become infinite, 
the group velocity is always less than the velocity of light. 

Let it be assumed that two slightly different waves exist which may be 
expressed as follows (see Fig. 13-G): 

From equation 13-24a, 

^»(real)l = A.' COS (wi« - ^iz) 

= A' cos 2 t {sit - 0 [13-33] 

^.(real)2 = A' COS [13-34] 

The sum of these two waves is 


Ey=A' j^cos 2ir i^it “ CO® 2ir ^/ 2 < — 

= 2 A'>cos^[(/i+/ 2 )<-(^ + ^).] • cos. - 0.] 

[13-35] 


When Xi = X 2 , 
and 


Then 


/i + /2 = 2 / /i — /2 — d{J) 

i+i.? 

Xi X 2 X Xi X 2 \X/ 

Ey = ^A' COB . - d «J| cos 2. (ft - ^ 

2A' cos T — d z 


cos — (vt — z) [13-36] 
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Equation 13-36 is the expression for a wave traveling in the z direction 
with a phase velocity v and an amplitude given by the bracket term. 
Interest lies in the determination of the velocity of the crest of the 
resultant wave. This velocity is given by the condition that the 
amplitude term must remain at its maximum value, or 

d(f)t = d(^z 


or 


d(f) d(2Tf) do, 


[13-37] 


For the rectangular wave guide, 



or 


— = group velocity, Vg = [13-38] 

dp Vp 


An inspection of equation 14-21 shows that equation 13-38 holds also 
for the cylindrical wave guide. Equation 13-38 shows that, since Vp is 
always greater than the velocity of light, Vg is always less than the veloc¬ 
ity of light. 

In passing, it is of interest to apply equation 13-37 to the distortion¬ 
less line treated in Art. 40, wherein 0 = usVlC. Then 

vie 


d0 VW uVlC 


It is thus seen that for this line the group velocity and phase velocity are 
equal. 

116 . Attenuation in Rectangular Guides. In the foregoing discussion 
of wave guides it has been assumed that the walls of the tubes have been 
perfect conductors and accordingly that at all frequencies above cut-off 
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the attenuation is zero. Actually guides are constructed of relatively 
high-conductivity materials such as brass, copper, and silver, and the 
finite conductivity will of course produce some loss in the guide since 
there will be some penetration of the field into the metal. (See Ap¬ 
pendix VI.) 

The procedure for calculating attenuation will be as follows: First, 
equat ions 13~24a and 13-2Ga will be rewritten to include an assumed 
attenuation term, where a is the usual attenuation constant in 
nepers per meter. These expressions will be combined in Poynting’s 
vector (Art. 104) and integrated over the cross section of the guide. 
The power loss per unit length of the guide will then be found by 
differentiating the power with respect to 0 , and finally the expressions 
obtained may be rearranged to give an explicit expression for a in terms 
of normally specified quantities. 

Equations 13-24a and 13-26a, rewritten to include the attenuation 
term, are as follows: 

Ey = A cos iu>t - Pz) sin — 113-39] 

b 

H^ = €-“* cos (wt - ffz) sin ^ [13-40] 

cogo ^ 

Since the space angle between these fields is 90° and since the units are 
volts per meter and amperes per meter, we may write the peak power 
employing the Poynting-vector concept as 

A 2jD 

p =-cos^ ((at — fiz) sin^ ^ watts/sq m [13-41]^ 

The time-averaged power per unit cross section of the x-^ plane becomes 
p = -2az •„2 n^-491 

2 a./xo b 

The total power is now obtained by integrating over the cross section of 

^ This expression is positive because Poyntiiig’s vector is written in vector nota¬ 
tion as 

^JEy X iHx 
as kEyH X 

which, on substituting equations 13-39 and 13-40, becomes positive. It is noted 
that the direction of propagation turns out to be -f At which means that propagation 
takes place along the positive z axis as specified by equations 13-39 and 13-40. 
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the tube opening. This becomes 


Pt 


A^0a 

2wmo 


Jo 0 


A^^ab 

4a)Ato 


The power loss per unit length is 


from which 


dz 4a)Mo 


a 


Pl 

2Pt 


[13^3J 


[13-44] 

[13-46] 


This should be compared with equation 5-40. (Note that if the right 
side of equation 5-46 is multiplied by the square of the line current in 
both numerator and denominator equation 13-45 is obtained.) The 

transmitted power at 2 = 0 is given by expression 13-43 as ——^ • 

4como 

To find Pl in the vicinity of ^ = 0, note that at the surfaces of the 
guide we have the following expressions for //. Along the vertical sides 
such as at A in Fig. 13-7, from equation 13-25a, 


Air . 

Hi = - 7 sin (co< — pz) 

cjpob 

At a point such as B, from the same equation, 

rr • / . ON 

Hz — - - Sin {(at — Pz) cos — 

(apob b 

At a point such as C, from equation 13“26a, 

TT ^ S 

Hx — -cos {(at — pz) sin — 

(apo b 


[13-46] 


[13-47] 


[13^8] 


In the preceding material, where the conductivity has been assumed 
to be infinite, there is no electric wave transmitted into the metal, and 
thus no power enters the walls. However in this case, where g is finite, 
an electric field may exist in the metal, and the immediate problem is to 
determine its magnitude. In changing g from infinity to its actual value 
for the guide walls, it will be assumed that the resulting percentage 
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change in the magnetic? field at the surface is negligible. Just inside the 
metal surface there will be an electric field which will be determined 
through a knowledge of H and the characteristics of the metal. We may 
define the intrinsic impedance of the metal in terms of E/H as follows 
where boldface letters are now used because time phase angles enter the 
picture. 



Fig. 13-7. For dotcrrnining the power loss in the walls of a rectangular wave guide. 

where of course ju and g refer respectively to the permeability and the 
conductivity of the metal walls of the guide. Then the electric fields 
corresponding to equations 13-46, 13-47, and 13-48 are 



Equation 13-49 indicates that the magnetic component lags the electric 
component by 45°, and so, in writing the expression for power density 
in general, 

P- ^7nn.^nnBCOS45® [13-51] 


where cos 45° is the power factor and and ffnns represent the 
rms values of the quantities in question. 

The rms values of H corresponding to equations 13-46, 13-47, and 


* See equation A-91, Appendix VI. 
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13-48 are, respectively. 



(At .4) 

M - 

e(rm8) /— 

V2w/io^ 



(AtB) 

Aw TX 

■f*a(rms) /- COS 

V2«mo& ^ 

> 

[13-62] 

(AtC) 

TT ’T* 

•^xirms) /— Sin 

'V 2o) JJLq ^ 




The power flowing into the side walls per unit area, such as at A in 
Fig. 13-7, then becomes, when equations 13-50 and 13-51 are used, 


P = \Zi\Hf 


z(rnui) 


Lll 

\2(7 


2g 2o)W 


watts/sq m 


[13-53] 


The power flowing into both sides of the guide for 1 meter length, is 


P' = 


/coiit aA^w^ 


watts 


[13-54] 


Power flows into the top and bottom of the guide on account of two 
different field configurations. One is at points like B where H is 
longitudinal and the other at points like C where H is transverse. 
Both conditions exist, of course, to some degree, at all points of the top 
and bottom. At B the power per unit area is as follows, using the second 
of equations 13-52, 

p = 


Cjiii A V 

\2gf 2 «^Mo5^ 



watts/sq m 


[13-55] 


This component of power flow into both the bottom and the top of 
the guide per unit length is given by integrating across the tube and 
multiplying by 2: 

cos^-dx 


y/ 



watts 


[13-56] 
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Similarly the power flow into top and bottom on account of fields 
involving Hi, as at C, is 

^ V r'’ ■ 2 , 

“ \ hi - 2~2 I sin T dj" 

A/ 2g oTfjLo Jo b 


^ . o ttx 

j / sin^—( 
)t/o b 


COM 

^g'2^ 


[13-57] 


The total power loss per unit length is the sum of equations 13-54, 
13-50, and 13-57, 


\2g co>oL 


FaTT^ . TT^ , i3%‘ 


k2 oJv 


2b 2 


watts [13-58] 


Now from equations 13-43, 13-45, and 13-58 the attenuation constant 
becomes 


'co/x 2 air^ tt^ 

2g wno^ab _b^ 2b 2 _ 


Substituting 




and X = c/fj Xq = 26, c = 1 /Vmo€o, 

into the above equation, there is obtained, 

1 I / X , 

a = \ - -p=- , I + “tI r") nepers/meter 


where m refers to the metal and mo is the value for free space. 


[13-59] 


PROBLEMS 

13-1* A rectangular wave guide has dimensions as follows: a =* 3 cm, 6 * 10 cm. 
It is excited in such a way that A of equation 13-24 is unity. “Y is assumed to equal 
/jS. A frequency 50 per cent above the cut-off frequency is to be transmitted. Find 
the components of the electromagnetic field 12 centimeters from the sending end of 
the tube, at the point x « 6/4, and y * a/2, when t * 0. 

13-2. Plot 2fo, Vpf and against frequency for the wave guide of Prob. 13-1 from 
/o to 3/o. 

13-3. For the wave guide of Prob. 13-1 plot the wavelength in the guide against 
the wavelength in air over the range of frequencies fo to 3/o. 

13-4. Plot the group velocity of the guide of Prob. 13-1 against frequency over 
the range/o to 3/o. 
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18-6. Derive the numerical equations for the curves which represent the mag¬ 
netic lines of force in a rectangular wave guide with dimensions of a = 5 cm and 
6 “ 8 cm when excited in the TEo.i mode. The curves are to pass through the 
following points: 

(а) a; = 4, a = 0.2 (c) a: = 4, 2 = 1.0 

(б) a; « 4, 2 = 0.5 (d) a; = 4, 2 = 1.5 

(e) a: = 4, 2 = 2.0 

The guide is transmitting at 3000 megacycles p(;r second, and the time condition is 
t = 0. 

13-6. Plot the equations derived in Prob. 13-5 for the magnetic lines of force for 
that tube. 

13-7. A rectangular wave guide has dimensions of o == 1 cm and ?) = 3 cm. The 
mode is TEo.i, and the frequency is 1.5/o. I-<et A in equation 13-24a be 10® volts 
per meter. Find the total power transmitted. Find Zq from equation 13-32 and 
from equation 13-32a. 

13-8. A rectangular wave guide is made of copper, and its dimensions arc a = 5 
cm and 6 = 10 cm. Find the attenuation in db per meter when transmitting fre¬ 
quencies of 1.5/0, 2-0/o and 2.5/o. Change the a dimension to 11.8 cm and recalculate 
the attenuation at each fr(‘(|uency. The mode is TEo.i. 

13-9. Show that the ratio a/h for minimum attenuation when transmitting in the 
TKo.i mode for a fixed perimeter (2a + 26) is 1.18 where a is the dimension parallel 
to the electric field. 



CHAPTER XIV 

ULTRAHIGH-FREQUENCY CYLINDRICAL WAVE GUIDES 


117. Transmission in Cylindrical Guides. In Chapter XII a few 
of the many possible modes of electromagnetic vibration in rectangular 
guides were briefly mentioned. That it is also possible to set up a great 
number of modes of vibration in cylindrical guides should be evident. 
The type of wave produced is determined by the method of excitation, 
provided the size of the tube will permit the transmission of that par¬ 
ticular wave. 



Fig. 14-1. Field configuration in cylindrical guides, TMo,i type. 

-Electric lines of force. 

-- - Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines 
according to the usual convention. 


One of the simplest modes of vibration possible in a cylindrical guide 
is characterized by magnetic lines which are concentric about the axis 
of the tube. Such a mode is consistent with the requirement that mag- > 
netic lines be continuous; hence both radial and axial components of H 
are at once eliminated. The electric lines which exist within the guide' 
must meet the requirement that they make contact with the boundary 
of the tube at right angles, and that they be everywhere perpendicular 
to the magnetic lines. The tube is assumed to possess infinite conduc- ' 
tivity. Thus it is seen that for this particular case the electric field can 
have components in the direction of propagation and in a radial direc¬ 
tion, but in no other directions. In Fig. 14-1 are shown electric (solid) ‘ 
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and magnetic (dash) lines as they exist for this condition. As time 
passes, the loops of electric lines and the associated magnetic lines pro¬ 
gress along the tube at phase velocity. Two loops constitute a wave¬ 
length since it is apparent that conditions are repeated after every second 
loop. 



Section a-a 

Fig. 14-2. Method of excitation for the TMo.i wave. 


The purpose of the present chapter is to outline briefly the theory of 
this mode of vibration in its simplest form and to derive equations giv¬ 
ing its characteristics of transmission. This wave can be obtained by 
feeding electrostatically an axial rod projecting into one end of the 
tube as shown in Fig. 14-2. Later, one other mode of transmission in 
cylindrical guides will be considered, that of the dominant,'^ or 
TEi.i, wave. 



Fig. 14 r- 3 . Coordinate system for cylindrical wave guide. 


118. The Differential Equations. For transmission through a 
cylindrical tube the natural coordinates to use are the cylindrical 
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ones, r, and z, where the tube is oriented so that its axis is along the 
z coordinate. (See Fig. 14-3.) The Maxwell equations for this case 
are derived in Appendix VI and are as follows: 


dHz 

_ m 

rdd 

dz 

dllr 

1 ^ 
!fe; 

1 N 

dz 

dr 

dr He 

dHr\ 

> ar 

de) 

dE^ 

dEe 

rdd 

dz 

1 

1 

\ 

dz 

dr 


1 / ^Er\ 


QEr + 

gEe + 

qEz + 


deEr 

di 

deEe 

deE, 

di 


dtXpHr 

dt 


d^JLpHe 

dt 


dt 


[A-67] 

[A-68] 

[A-69] 

[A-70] 

[A-71] 

[A-72] 


As before, these equations may be simplified by writing in 
place of E andJJCc^"^ in place of H, with appropriate subscripts, thus 
making an assumption that the time variations of E and H are sinus¬ 
oidal. Also, as before, certain restrictions are placed on the fields 
in order to obtain a certain type of vibration. Let the fields have 
components only as follows '} 


Electric: E^ and Er 
Magnetic: He 

that is, Ee = Hr — Hz = 0. Also, on account of circular symmetry 
d/dS = 0. The conductivity of the dielectric material will again be 

^ This assumption leads to a mode of vibration different from the rectangular 
TEo.i mode and is introduced here to provide variety of treatment. This mode is 
designated as TMq.i. 

The method of designating modes in cylindrical guides is different from that 
used in rectangular guides. The TM and TE have the same meanings as given in 
footnote 1 of Art. 110. For the TM mode the first subscript refers to the order of • 
the Bessel function involved in the solution while the second subscript refers to 
the number of the root of that Bessel function. In the TE mode the first subscript 
designates again the order of the Bessel function involved, but the second refers to 
the number of the root of the derivative of this Bessel function. • 

In the TMo.i mode the Bessel function /o provides the solution while the first 
root, 2.4048, is the one used. The TEi,i mode involves the derivative of the 
Bessel function J i and the first root of •li, which is 1,84. 
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considered as zero. Applying these restrictions to equations A~t)7, 
A--69, and A-71 there is obtained 


dXe 

dz 


1 / dr3Ce \ 
r\ dr J 

d&r d&g 

dz dr 


= jo3B&r 

[14-1] 

= j03E&g 

[14-2] 

= — j03IXQDC$ 

[14-3] 


The procedure for setting up the dift'erential equation and its solution 
follows very closely that given for the solution in Cartesian coordinates. 
Write equation 14-2 in the form 

[14-4] 

dr 


It will be assumed, in this case also, that the part of the solution de¬ 
pendent upon z, the coordinate in the direction of propagation, is 


where y is the propagation constant to be determined. Making this 
substitution in equation 14-3, in a manner similar to that used for the 
rectangular guide, there is obtained 


y^r + 

or 

[14-6] 

Equation 14-1 becomes 


= JweSr 

[14-6] 

and equation 14-4 


rdiXs 

^ +Ji^ = jrcoe©* 
dr 

[14-7] 


It is desirable to obtain a differential equation expressing a relationship 
between S, and r. To this end first substitute 5^ from equation 
14-6 into equation 14-6. From equation 14-6 


and equation 14-6 then becomes 






[14r«] 
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This equation is solved for and the result substituted into equa¬ 
tion 14-7. 



or 


and 




—jcos d&z 

+ co^fjLoz dr 


[14-9] 


dTK$ —jo>e d^d)g 

dr + coVoe dr^ 


Substituting the expressions for "DCe and d'DCe/dr into equation 14-7 


-jicurs 




jQ3e 


dg* 


Y + w /ios dr Y + Mos dr 


= jrcoz&g 


Let + co^/xos. Equation 14-10 may then be written 


L 1 d&g 

dr^ k^ dr 


[14-10] 


[14-11] 


or 

+ + = 0 [14-12] 

dr r dr 

119. Solution of Equation 14-12. The solution of equation 14-12 
is given in Appendix VII, where appears in the place of k^ (equa¬ 
tion A-108). The solution is Joikr), Yo{kr)y or a combination of these 
such as Ho{kr) or HQ{kr), Within the tube, where r may become 
zero, it is necessary to select a solution which will be finite for r = 0. 
Among the above, only Jo(kr) meets this condition. Thus the r part 
of the solution is 

g, = A'Joikr) [14-13] 

where = y^ + w^i^oe. If the z part of the solution be written also 
there results as a complete solution 

&g = A'Kr^^Mkr) = Ae^^Mkr) [14-14] 

It is to be noted that 6* is the component of emf along the axis of' 
propagation; and, since the wall of the tube is assumed to be a perfect 
conductor, the component S, along the wall, at r = 6, where b is the 
radius of the tube, is zero. Thus a boundary condition is = 0,' 
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when r == &. (See Fig. 14-3.) Therefore from equation 14-14 

= 0 [14-14a] 

Accordingly Jo(kb) = 0. There are an infinite number of values of 
kb which will result in a value of zero for Jo{kh). The lowest of these 
values as found from a table of the function Jo is 2.4048.^ Thus 

== = 2.4048 = p [14-15] 

The propagation constant, 7 , is obtained from equation 14-15. 

y = [14-16] 


120 . Propagation Constant, Velocity, and Wavelength. The argu> 

ment concerning the propagation constant for the cylindrical guide 
follows that given previously for the treatment of propagation in the 
rectangular guide. Interest lies in those waves transmitted with no 
attenuation; so 

y = = j yj [14-17] 


or 



[14-18] 


If mks values for mo? s and b are employed, p is expressed in radians per 
meter length of tube. The development now parallels that given for 
the rectangular wave guide, the only difference being in the fact that 
here p(= 2.4048) appears instead of tt. 

The critical frequency which divides the region of transmission from 
the region of nontransmission is given by jS = 0 . Thus 

2 P - ^ 

and 



from which 



cycles/sec 


[14-19] 


* Gray, A., and G. B. Mathews, Treatise on Bessel Functions, New York, The 
Macmillan Co., 1895. 



PROPAGATION CONSTANT 


301 


For / < /o complete attenuation results, and for f > fo perfect trans¬ 
mission takes place. 

If the inside of the tube is air or free space, the substitution c = 
l/Vjuoco can be made, where c is the velocity of light. The following 
can then be written: 


Vp 


^0 



cycles/sec 



radians/meter 


meters/sec 


meters 


[14-20] 

[14-21] 

[14-22] 

[14-23] 


121. Illustrative Example. Let it be required to determine fo, P, Vp, and 
'Kg for a tube whose diameter is 3 inches. It will be assumed that the material 



b m centimeters 

Fig. 14-4. Variation of cut-off frequency with radius of cylindrical wave guide. 


is a perfect conductor and that the tube contains air as a dielectric. An 
equation for /o will be written which utilizes the numerical values of c and p, 
that is, 

^ cp 3 X 10* X 2.4048 1.148 X 10* , , 

/o = -^-— ---r- cycles/sec [14-24] 

27r6 27r6m 

where 6m is in meters. For the 3-inch tube this becomes 
/o = 3010 megacycles/sec 

Accordingly, the 3-inch tube acts like a high-pass filter which will transmit 
only frequencies above 3010 megacycles per second. Cut-off frequency 
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versus tube radius is plotted in Fig. 14-4 for tubes from about 1 to 20 centi¬ 
meters in radius. 

For the 3-inch tube _ 

_ 2.4Q48 Y 

9 X 10'*“ V 3.81 / 

= a/ 4.39/® X — 0.398 radians/cm 

Values of together with Vp and Xg are plotted against frequency in Fig. 14-5 
for the 3-inch tube. 




Fig. 14-5. Typical curves for cylindrical wave guide. 


122. Calculations of Field Components. One component of the field 
inside the tube has already been found. Written out completely, in¬ 
cluding the time term, it is 




18*) 


[14-25] 


where p/h has been substituted for k from equation 14-15. Following 
a procedure similar to that used for the rectangular guide, this com¬ 
ponent can be written 


or 



[cos {<at — pz) -b j sin (cof — fiz)] 


£^*(real) — A Jq 


cos {(at — fiz) 


[14-26] 
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The component He can be found from equation 14-9, using the ex¬ 
pression A-103, 

-jctfs d&z 


’X» = 


■y* + wW 3r 


jbSiAh 


Ji 




[14-9] 

[14-9a] 


and 


a t — fiz) 


or 


= Ji [cos (cat — fiz) + j sin (cat — fiz)] 

H,(raai) = Ji (y) «in - fiz) [14-27] 


From equations 14-8 and 14-9a 

Sr = ^ 
jcoe 


and 




or 


^ j0Ab 

^7r(real) = ^ ^ sin («^ - [14-28] 


123. The Field Configuration. It is seen that the field considered 
in the previous article is ihade up of one magnetic component, Hsf 
which is not a function of 6, Thus the magnetic lines are circles con¬ 
centric about the tube axis. The shape of the electric lines are found 
from the slope, dr/dz, of the E curves at any point and this slope must 
be equal to the ratio of the field intensities at the point in question. 
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Thus 


dr 

dz 


0 ^ coe — /S®} 


AJ, 

V 


Ji 


(j) 


This equation can be rearranged to give 


tan (o)t — fiz) 


. . dr - -tan (o)t — fiz)dz 


or 


pr /pr\ 

6--'»W 


ndr 

-r- = —tan {u)t — pz)dz^ 
0 


pr /pr\ 

J w 

Integrating both sides of the equation there is obtained 

[(^) (^)] ^ cos {cot “ jSs) + In C 


from which 


cos {(Ot — fiz) == 


©•'■(f) 


[14-29] 


A set of curves representing the electric lines of force in a cylindrical 
guide of 5 centimeters radius when transmitting a frequency of 3 X 10® 
cycles per second is shown in Fig. 14-6. The curves are drawn for the 

* A useful differential form in Bessel functions is 


xJo{x) 


d[xJi{x)] ^ 
dx 


Reddick, H. W., and F. H. Miller, Advanced Mathemaiics for Engineered New York, 
John Wiley & Sons, p. 214, )fi38. 
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Fig. 14-6. Electric lines of force in cylindrical guide. TMo.i mode. 
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time condition of ^ = 0. The wavelength in the guide is 15.5 centi¬ 
meters. 

The numerical value of the constant C which appears in equation 
14-29 determines which of the curves is under consideration. The 
numerical equation for the A curve of the figure is 

/ ^ X 0.0072 

cos ( — 0.4052:) = - 

^ ^ (0.481r)Ji(0.481r) 

with dimensions taken in centimeters. 

124. Characteristic Impedance. The characteristic impedance Zq will 
be defined as the ratio of the transverse emf in the tube to the longi¬ 
tudinal current corresponding to the magnetic field term The 
transverse emf will be given by 

where the exponential terms have been omitted since they refer only to 
the phase of the emf. 

= -Ajfi^Uoip) - /o(0)] 

= [14-30] 


The current may be obtained by integrating around the inner 
surface of the tube. 


/ = y DCsbde 


= 2irjutA — Ji(p) 
V 


[14-31] 


where again the exponential terms have been omitted. The charac¬ 
teristic impedance thus becomes 

I «*2«pJi(p) 

= 1.442 X 10“ X - - ^ 


ohms [14-32] 
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The value of Jiiv) == Ji(2.4048) can be found on reference to a table 
of Bessel functions and is 0.519. It will be recalled that the quantity 
e is l/(367r X 10®) for free space. (See Appendix VI.) 

The limiting value of Zq as Vp approaches the velocity of light is 
48 ohms. The characteristic impedance as obtained from equation 
14-32 is plotted against frequency in Fig. 14-5 for the 3-inch tube. 

126. Attenuation in Cylindrical Guides for the TMo,i Mode. Thus far 
in this chapter it has been assumed that the wave guides are constructed 
of material having infinite conductivity. Under this condition of course 
there can be no loss of power, and the attenuation constant is zero above 
the cut-off frequency. However, as was mentioned in Chapter XIII, 
if the material has a high but not infinite conductivity, the attenuation 
is finite though small, and it may be assumed that the tangential mag¬ 
netic-field intensity next to the metal surface is not appreciably different 
from the previous value. As in the preceding chapter, it will again be 
assumed that the attenuation constant a will be given by the expression, 

_ 1 power loss per unit length 
2 power transmitted 

It is thus necessary to calculate the transmitted power and the power 
loss per meter length, in the vicinity of z = 0, as on page 290. 

The power transmitted may be calculated from equations 14-27 and 
14-28. It is noted that these components are perpendicular and in such 
a direction that the direction of power transmission is along the positive 
z axis of the tube, according to Poynting^s vector. 

The magnitude of Poynting^s vector is 

' p = EtHq watts/sq m [14-33] 

Substituting from equations 14-27 and 14-28, the power expression 
becomes 

p j 2 __ watts/sq m [14-34] 

. The average value of power is 

^avg = m [14-35] 

In order to obtain the total power transmitted, equation 14-35 must be 
integrated over the cross section of the wave-guide opening. The 
expression is not a function of B) accordingly, the integration with 
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respect to 6 merely means multiplication by 27rr. Thus the total power 
becomes 

[14-36] 

on substituting for p from equation 14-18, using c = l/V^oeo and 
e = €o for air. 

It is now necessary to evaluate the power loss per meter of the line. 
The only magnetic component present is He which, at the guide wall 
where r = 6, has the value given by equation 14-27, 

(p) gin [14-38] 


It will be assumed that reduction of g of the wall material to its actual 
value will not affect the value of He. Then just beneath the surface of 
the metal the value of Eg will be given by 


where 


Eg = ZiHe [14-39] 

^ 9 


as given in Appendix VI. In the immediately following equations the 
term mo will be used for both the air in the tube and for the metal which 
is nonferromagnetic. 

It is seen that there is a phase difference of 45° between Eg and He 
in the metal, and the power flow into the metal must be written as 
follows, using the quantity 1/V2 as the power factor, 

/w/Xo 03^r2/ \ ^ f 

f = -— Jf(p) sin^ {fat - ffz) [ 14 - 40 ] 

The average power is 

/coMo t2/ \ / 

^"»v* = \ ■ • 2p2 ~ ™ J 

^ This integration comes from a useful formula in the theory of Bessel functionSf 

£ Amxdx - + 4(fee)j 

In the above development, n « 1 and Jq(M)) «* 0. 
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This is a constant, and in order to obtain the value for 1 meter length of 
line it is only necessary to multiply by the area of the wall, 2ir6. Thus 
the total power loss becomes 

lufio , 2 / \ 

Pl = J-z -2-'^atts [14-42] 

M p 


~ \l'^' y; W watts 


and the attenuation becomes 




tf-© 


: nepers/meter 


[14-43] 


I nepers/rneber [ 14-44] 


[14-45] 


The attenuation is thus seen to depend in a somewhat peculiar manner 
on the frequency. This will be investigated in the following sections. 

126. Curves of Attenuation and Phase Shift, TMo,i Mode. Equation 
14-45 may now be written into the more general expression for the pro¬ 
pagation constant, remembering that, from equation 14-21 




It can be shown that equation 14-47 is also valid when / < /q.® At 
such frequencies this equation becomes, 

[14-48] 



® See. for example, Attenuation of Electromagnetic Fields in Pipes Smaller than 
the Critical Size,'’ by E. G. Linder, Proc, 7. R. Vol. 30. No. 12, Dec. 1942. 
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Fig. 14-7. Attenuation and phase shift versus ///o for the cylindrical guide trans¬ 
mitting the TMo.i mode. 



[14-49] 

[ 14 ^] 


Curves of a and |8 versus f/fo are plotted in Fig. 14-7 for a cylindrical 
guide of 4 centimeters radius when transmitting in the TMo.i mode. 
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The constants used are 


€0 = l/(36Tr X 10®) farad/meter 
Mo = 47r X 10“"^ henry/meter 
gf = 6 X 10^ mho-m/sq m 


It should be noted that, for very low values of /, a approaches the 
value p/h = 60.1 nepers/meter. It is interesting to note that, for low 
values of /, a is independent of tube material and depends only on 
dimensions. This is the basis for an important type of attenuator used 
in microwave work. 

127. Optimum Size of Wave Guide. On account of the manner of 
occurrence of / and h in equation 14-45, it might be suspected that some 
particular combination of these two factors might produce minimum 
attenuation. In order to investigate this point it is better to work in 
terms of wavelength; so let equation 14-45 be rewritten as follows, 
using / = c/X, and /o = pc 12Tb : 





where 


[14-51] 


K = 






From this equation it is clear that for a constant value of \/b the attenu¬ 
ation decreases rapidly as b increases. For low attenuation it is then 
advisable to use as large a tube as permissible. However, the attenua¬ 
tion also varies with (X/6), and the optimum value of (X/&) is found by 
minimizing M. Let (X/6) = A, and (p/2t) = g. 

M = (h- 

^ = -Uh - = 0 

an 

or 

1 - = 0 


from which 


X 2ir 
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Actually the value of h is not very critical, and values between 1.0 and 
2.0 are satisfactory. Thus the criteria for low attenuation are to set 
(1) h as large as possible and (2) (X/6) at about 1.5. However, if the 
frequency to be transmitted is fixed, then the value of h is controlled by 
the factor 1.5. 


128. Comparison of Wave Guide with Coaxial Cable. As an illustrative 
example, let it be required to transmit a frequency of 2000 megacycles per 
second and to compare the attenuation when using a wave guide with that 
obtained when using a coaxial line of the same diameter whose ratio of radii 
has the optimum value of 3.6. (See Art. 41.) The relation X/6 = 1.5 for 
the TMo,i mode gives the radius of the cylindrical guide as 


h 


X 


1.5 


c ^ 3 X 10" 

1.5/ " 1.5 X 2000 X 10» 


0.10 meter 


The cut-off frequency for this tube is 



3 X 10^ X 2.405 
27r X 0.10 


= 1148 X 10® cycles/sec 


= 1148 megacycles/sec 


The attenuation is given by equation 14-45 in which 
/ = 2000 X 10® cycles/sec 
6 = Co = l/(367r X 10®) farad/meter 
/Dio = 47r X 10"“^ henry/meter 
^ = 6 X 10^ mho-m/sq m 
6 = 0,10 meter 


On substitution of these quantities, a becomes 

a = 3.72 X 10“^ neper/raeter 
= 0.984 db/1000 ft 


It will be assumed that equation 5-48 can be applied to the coaxial cable 
at 2000 megacycles per second. Changing to decibels per 1000 feet, equation 
5-48 becomes 


a = 40.1 X 10“® X 




, b 
log- 
a 


db/1000 ft 


[5-48al 


Let the following values be used 


/ = 2000 X 10® cycles/sec 


a = 2.78 cm (radius of inner conductor) 

6 = 10 cm (inner radius of outer conductor) 
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From equation 5-48a, 

40.1 X 10 -« V 2 OOO X 10 » ( — + — ) 

_ \2.7S 10/ 

^ log 3.6 

= 1.48 db/1000 ft 

It is seen from the above that, in this illustration, the wave guide is to be 
preferred over the coaxial cable; however, the wave guide is used only for 
the very high frequencies because of the rather inconvenient sizes encountered 
at the low frequencies. Another advantage to add to the improvement in 
attenuation is the fact that the wave guide, in many cases, is the more easily 
constructed. 


THE DOMINANT WAVE IN CYLINDRICAL GUIDES 

129. The Dominant Wave in Cylindrical Guides. The dominant or 
TEo.i wave for rectangular guides was considered in Chapter XIII. 



Section cV 1® 

Fig. 14-8. Field configuration in cylindrical guides, TEi.i type. 

-Electric lines of force. 

-Magnetic lines of force. 

The circles with crosses and dots represent direction of electric lines according to 

the usual convention. 

From the standpoint of logical sequence it might be inferred that this 
same type of wave, since it may exist in a cylindrical guide, should have 
been considered first in the present chapter. However, since the 
mathematical development for the dominant wave in a cylindrical guide 
(designated TEi,i) is somewhat more involved than that for the ‘^longi¬ 
tudinal ” or TMo,i wave, the treatment of the dominant wave was 
delayed until more familiarity with the mathematics had been gained. 
The mode of vibration now considered is shown in Fig. 14-8, and the 
similarity to the corresponding mode for rectangular guides shown in 
Figs. 12-2a and 12-7 is evident. 
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The dominant mode of vibration may be obtained in a manner similar 
to that employed for the rectangular guide, that is, by exciting by means 
of a transverse rod as shown in Fig. 14-9. An examination of Fig. 14-8 
shows that there is no component of the electric field parallel to the axis 



Fig. 14-9. Method of excitation for the TEi.i wave. 


of the tube. The other components Eq and Er are present. All com¬ 
ponents of the magnetic field may be present. As evident from the fore¬ 
going treatment of the longitudinal wave, a certain amount of dupli¬ 
cation between types of transmission is to be noted. However the 
development by the student of the basic equations for these three types 
of transmission in wave guides should provide a very good insight into 
the general problem. 

130. The Differential Equation. The basis of the treatment is again 
of course equations A--67 to A-72 inclusive. The same assumptions 
as to variations of E and H with t and z are to be made as previously 
employed. The equations can be written as follows after these simplifi¬ 
cations have been applied, remembering that = 0: 

= (fl^ + Jwe)5r 

—Y^Cr —^ *= {g +j(az)&e 
l/dr^Ke 

r\ dr ae ) 

y&e = 


[14-62] 

[14-63] 

[14-64] 

[14-66] 
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—y&r- —j<an(pCe 
1/5^ dSr\ . cv 

~r\ir -li)~ 


[14-56] 

[14-57] 


From equation 14-55, 


dSe . dDCi 

1,—- 


Multiplying equation 14-5G by r and taking the derivative with respect 
to r gives 

dr&r . drDCfi 

From these two equations, using equation 14-54 

d&e dr Sr 

^ - -r- [14-58] 


— - - ^ 114^1 

Differentiate equation 14-57 with respect to 0, divide by r, and rearrange. 
j /d^r&e _ d^\ ^ 1 dOC, 
r^coMo \ d6^ ) r dS 

Substituting this expression and that of equation 14-56 into equation 
14-52 

j Me 3^&r\ Jy" . , . . 




= (g + [14-60] 

/ W/lQ 


Eearrangement of this equation will give 
1 / d^Se dSe . 

” j^v ^ ae a^/ “ 


= 0>WMo - w‘ 


'MoS - 7*) &r 


Using equations 14-58 and 14-59 this becomes 
d^r&r . dr Sr . 


where 




fc® = a^juos + — i^wMo 


[14-61] 


131. Solution of the Differential Equation. Multiply equation 14-61 
through by r, and consider that the new function to be found is rS^ = Q- 

ar* ar ar 


[14-62] 
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Let Q be represented by RT, where R is the portion of the solution de¬ 
pendent only on r and T is the part dependent only on 0. Then 


or 


d^R „dR „ d^T 
dr dr d^ 


d^R ^ ^ I ^ 

r’ dr^ r' dr t‘ dd^ 


-h^r^RT 

-AV 


[14-63] 



Fig. 14~10. Coordinate system for the TEi.i wave in cylindrical wave guides. 
The z axis projects into paper. 


Since the third term depends only on B, it must be independent of the rest 
of the equation. Therefore it is a constant with respect to the r terms 
and can be represented by a constant Cj. Then 


d^T 

d^ 


= -CiT 


and 


d^R , 1 af? , CA „ „ 


The solution of equation 14-64 is 

r = (72 sin Vci a -h C3 cos Vcl B 


[14-64] 

[14-65] 


[14-66] 


where T is the part of Q (= rS^) dependent on 8. From Fig. 14-10 
it is seen that there are two values of B where r Sr will be zero, 0® and 180°. 
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Thus two boundary conditions exist for equation 14-66. 

0 = C 2 sin y/Ci 0 + C 3 cos 0 

0 = C 2 sin VCi IT + C 3 cos tt 


From these equations it is seen that = 0 and that sin tt = 0. 
Thus the simplest condition results if VCi = 1 , and Ti = 1 satisfies the 
condition. Thus 


T = C 2 sin 6 

[14-67] 

Equation 14-65 now becomes 


d^R .la/?, /_ 1 \ „ ^ 

TT + "^ + ( ^-" 2 )^ = 0 
dr^ r dr \ r^J 

[14-68] 

The solution of this equation is known to be® 



R = FJi(hr) + GYiihr) 

The fact that Yi(hr) becomes infinite at r = 0 causes it to be unsuitable 


® In Appendix VII it is shown that J\(r) and Fi(r) are solutions of 


d^y 1 dy 
dr'^^r' dr 



0 


[A] 


It will be shown that, if r in the above equation is clianged to //«, then Ji{hz) and 
Yi(hz) will bo solutions of 


^ , 
dz^ z dz 



= 0 


[Bl 


Substituting hz for r into equation A 

^ ^ 1 ^ 
dr h dz 


d'^y _ d dy ^ d /ldy\ __ 1 d^y 
1? “ JrTr * hdzKlJz) “ 

Therefore equation A becomes 

1 + JL^ 

dz^ hz h da! \ A V/ ^ 


Multiplying through by 


d'^y 

dz^ 



« 0 


0 


[Cl 


Since the solution of equation A is CJ i(r) + Z)Fi(r), then the solution of equation C 
must be CVi(A«) + D'YiQiz). 



318 ULTRAHIGH-FREQUENCY CYLINDRICAL WAVE GUIDES 
for use as part of this solution, so the complete solution may be written 


Q = = HT = (C 2 sin ^)F./i (Ar) 

= AJiQir) sin d 

where 4 is a constant depending on the excitation. Thus 


[14-69] 


Sr = “ sin B 

T 


[14-70] 


It is now necessary to determine in order to apply the boundary 
condition that = 0 when r = fc. Proceed as follows: 


= AhJ'iQir) sin 6 


[14-71] 


and, from equation 14-58, 


— --AhJ[{hr) sin B 
oB 

= — AA./i(Ar) J* sin Be 
= AhJ[Qir) cos B -]r B 


The boundary conditions for are 


Accordingly 


Sa = 0 at r = 6 (radius of the tube) 


TT Sir 

= 0 at 0 = - or — (any r) 

A 


0 = AhJ'i (hr) cos -+ B 

JU 


and, since cos (ir/2) = 0, 5 = 0. Then 


and, at r = 6, 


Therefore 


Se = AhJ\(hr) cos 6 
0 = AhJ{(hb) cos 0 
J'tihb) = 0 


[14-72] 


[14-73] 
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This equation^ is satisfied by placing hb = y = 1.84. 
found that 

hb = y = 1.84 = bV — jgo)Ho 


It is thus 
[14-74] 


However, for the interior of the tube, (7 = 0, so that h will be used to 
represent 


and 


h = VcoVoe + ^ 



or 


-y = a + j/3 = 





Again the only type of transmission which is of interest is that which is 
carried on with no attenuation; so 



[14-75] 


132. Components of the Field. Two of the field components have 
already been found. They are 


&r = — Ji{hr) sin d 

T 


[14-70] 


Also 


&B = AhJiQir) cos S [14-72] 

S, = 0 


^ McLachlan, N. W., Bessel Functions for EngineerSy New York, Oxford University 
Press, 1934. represents the derivatives of Ji(hh) with respect to hh. The 

expression for this derivative is 


from which 


hbJ'iihb) = Ji(hb)-hbJ2(hb) 


JUhb) 


Jiihb) 

hh 


- J2{hb) 


Through the use of tables of and J 2 this equation can be solved by trial with the 

condition that 

-w~ 

since J[(hb) « 0 from equation 14-73. It is found by this means that hb — 1.84. 
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Two components of the H field can be found from equations 14-55 and 
14-56. From equation 14-55, 


= — J[ Qir) cos B 
coMo 

From equation 14-56, 

WMo 


co/xor 


J\{hr) sin 6 


[14-76] 


[14-77] 


From equation 14-53, 


and 


dr 


= —yJCr - jojsSff (g = 0 ) 

10^ A h f 

—- Ji{hr) cos 6 — jo)EAhJi{hr) cos 6 

WMO 

= —jAh (—^ + ws") Jiihr) cos $ [14-78] 

\ WMO / 


= — jA/i f—^ (Ar) cos B 

or \«Mo/ 


from which 


5 ^^ = — J 1 (hr) cos B 
<ano 


[14-79] 


133. Properties of the Transmission. Since p for this mode of 
transmission differs from the P in previous modes only through the 
quantity y, the following expressions can be written immediately: 





radians/meter 


[14-75] 


where mks values are used for c and 5, 


/o = 


cy 

2irb 


cycles/sec 


[14-80] 
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■ " r-^ .. ^ meters/sec [14-81] 

V' - (31s) 



[14-82] 


Also it can be shown that 


Zo = 


353 


353 


J'-©' 


ohms 


[14-83] 


The curve of attenuation versus frequency for this mode of vibration 
is quite similar to that of the TMo.i mode, both curves having a min¬ 
imum. 

In this connection it is interesting to note that the attenuation of 
one of the possible modes in cylindrical guides, the TEo.i, decreases 
continuously as the frequency is increased. 

134. Comparison of the TEij Wave with the TMo,i Wave. Since 
the quantity y which appears in the expressions for the TEi,i wave is 
less than the p that appears in the characteristic equations of the 
TM(),i wave, it is clear that a given size of wave guide will transmit a 
much lower frequency in the TEi.i mode than in the other. In fact 
for a 3 -inch tube the cut-off frequency for the TMo,i wave was found 
to be 3010 megacycles per second. For the TE 14 mode the cut-off 
frequency is, from equation 14-80, 

' 3 X 10® X 1 84 

■ 2. X 1.5X 0,0254 " 2310 megacycW»c 


Also for a given tube size and a given frequency the phase velocity 
for the TEi,i or dominant mode will be less than for the TMo.i or 
longitudinal mode. This means of course that the group velocity will 
be greater for the TEi,i wave, and thus actually transmission will be 
speeded up, 

PROBLEMS 

14-1. For the type of wave considered in Art. 117 and for z = < =» 0 plot the 
value of the and He components from r = 0 to r = b. (Take 4=1, the 

tube diameter to be 3 inches, and / = 4000 megacycles/sec.) Repeat for t = 
0.626 X 10“^® sec. 

14-2. Find the values of Ery and in Prob. 14-1 at a point given by « « 5 
cm, r = 1 cm, and t = 0. 
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14r-3. Given a cylindrical wave guide with a diameter of 4 inches. The wave 
to be transmitted is the type treated in Art. 117. Plot Zo, Vp, Vg^ and \g against 
frequency from /o to 3/o. 

14r4. The tube in Prob. 14r-3 is made of copper. Find the attenuation in db per 
mile at a fn^jnency of 3500 megacycles/sec. 

14r-6. What is the* optimum size of tube to transmit 3500 megacycles per second 
using a cylindrical copper guide, the excitation bc^ing of the type considered in Art. 
117? What is the attenuation of the tube per mile in db? 

14r-6. A cylindrical guide has a diameter d = 3 in. and is transmitting the “ dom¬ 
inant wave considered in Art. 129, at a frequency 30 per cent above the cut off 
frequency. What are the values of f?p, Vg^ X^, and Find the lowest diameter 
of tube which will transmit a dominant wave of 3000 megacycles per second. 

14-7. Derive the numerical equations for the curves which represent the electric 
lines of force in a cylindrical wave guide having a radius of 5 centimeters when ex¬ 
cited in the TMo.i mode. The curves are to pass through the following points: 

(а) z = 0, f = 0.5 cm (c) 2 = 0, r = 1.5 cm 

(б) 2 = 0, r = 1.0 cm (d) 2 — 0, r = 2.0 cm 

(e) 2 * 0, r = 2.5 cm 

The guide is transmitting at 3000 megacycles per second, and the time condition is 

^ = 0. 

14-8. Plot the equations derived in Prob. 14-7 for the electric lines of force. 



CHAPTER XV 

ELECTROMAGNETIC THEORY OF COAXIAL LINES 


In the opening paragraph of Chapter XII mention was made of the 
fact that the theory of coaxial, or concentric, conductors can be 
handled on the basis of Maxwell’s equations, although elementary cal¬ 
culations on such lines have been treated very briefly in earlier chapters 
by means of the ordinary line theory. It is now well to note that in 
transmission lines in general, as the frequency is indefinitely increased, 
the treatment by the electromagnetic theory is more and more justi¬ 
fied. It is for this reason that, in recent years when greater emphasis 
is being placed on ultrahigh-frequency work, a knowledge of electro¬ 
magnetic field theory is necessary to every student of communication 
engineering. 

At first sight it may seem, after the treatment of the cylindrical 
wave guide in Chapter XIV, that very little change will be necessary in 
order to make the treatment applicable to the coaxial line. Such is the 
case. However, it will be noted that the simple act of placing a con¬ 
ductor in the center of a cylindrical guide, while it can still be taken 
care of by the same theory, will lead to somewhat different results in 
many respects. One of the great advantages of the electromagnetic 
theory is that it can be applied equally well to problems which are 
normally handled in quite different ways. 

In this' chapter only the elements of the theory of coaxial transmis¬ 
sion are presented and the student is advised to refer to supplementary 
material available in published articles.^ 

136. The Differential Equation. Cylindrical coordinates fit natu¬ 
rally into the present problem. The aim is to set up a differential 
equation which will relate the various field components and provide 
a means for determining the characteristics of the propagation. This 
preliminary development for the coaxial line will parallel that for the 
cylindrical wave guide in all respects, and it is presented here again 
merely to prevent unnecessary confusion. 

In Fig. 16-1 is shown a sectional view of such a line. The outer 
radius of the inner conductor is a, the inner radius of the outer con- 

Electromagnetic Theory of Coaxial Transmiasigg Lines and Cylindrical 
Shields,” by S. A. Schelkunoff, B.S.T.J., Oct., 1934. 
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ductor is 6, and P represents a point within the enclosed space desig¬ 
nated by the coordinates, r, 0, and z where z is taken as the direction 
of propagation. For such a transmission line, where circular symmetry 
exists, there is no variation with 6. Thus, in the set of equations A-f)7 
to A-72, all derivatives with respect to B will be zero. Also it will be 



assumed that the time variation of all quantities is sinusoidal and given 
by so that in the equations and may be substituted 

for E and H, In the resulting equations the S^s and ’s will be func¬ 
tions of r and z only. Let it be further assumed that the material 
between the cylinders is a perfect dielectric, thereby making g = 0. 
The resulting equations can now be written by reference to equations 
A-67, A-68, A-69, A-70, A-71, and A-72. 



. o 

dz 

[15-1] 

d^r 

dz 

• iR 

[16-2] 


> Sr 

[16-3] 


— “ —jvmSCr 

[15^] 
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- - ^ 

[15-5] 


\dr ) = 

[16-6] 


It will be noted that the above equations fall into two groups, one 
involving and one involving SFCg. On a line energized by connecting 
a generator to one end in the usual manner, E cannot have a 6 com¬ 
ponent and therefore equations 16-2, 15-4, and 15-6 are eliminated. 
The remaining three equations will be further altered by the justified 
assumption, used in Chapter XIII, of making that part of each field 
component which depends upon z equal to 


If this is done, all of the derivatives with respect to z can be eliminated 
in a manner similar to that used in Chapter XIII. From equation 15-1 


II 

% 

[15-7] 

Expanding equation 15-3 


-h Jiff = jo)er&e 
or 

[15-8] 

From equation 16-6 



[15-9] 


It will be noted that these equations are identical with equations 
14-6, 14-7, and 14-5, respectively. The differential equation which 
expresses the relationship between 6* and r is given by equation 14-12 
and is 

^ + + = o [15-10] 

where 

The solution is also 

= AJo(.kr) + BYoQer) [15-11] 

where both Jq and Fo are used, as shown in Appendix VII 
136. Evaluation of the Propagation Constant. The development for 
the coaxial pair now deviates from the course followed for the cylin- 
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drical wave guide. Since r ranges from a to b it never becomes either 
zero or infinite. For this reason the Fo part of the solution which is 
infinite at r = 0 can be retained. Along either conductor at r == a 
and r = 6, €, must be zero because of the perfect conductivity of the 
material. Accordingly, two defining equations result. At r = b 

6* = AJoikb) + BYoikb) = 0 [15-12] 

and at r = a 

&xa * AJo(ka) + BYo(ka) = 0 [15-13] 

Let equations 15-12 and 15-13 be rearranged as follows: 


and 


or 


A _ Yo(kb) 

B Jo(kb) 

A ^ Yo(ka) 

B Jo(ka) 

A ^ Yojkb) ^ Yo(ka) 
B Jo(kb) Joika) 


In order to obtain approximate values of k the above equations can 
be rewritten in terms of circular functions.^ For large x 


Jo{x) 



[15-15] 


Yoix) 



[15-16] 


TT aing these two approximations, equation 15-14 can be written 


A 

B 


in ^fcb — 0 sin — 0 

os ^fcb — 0 cos ^fco — 0 


[15-17] 


* Gray, A., and G. B. Mathews, A Treatite an Beatd FvncHoru, New York, The 
Macmillui Co., 1895. Kinuin, T., and M. A. Biot, MathemoHeal Method* in Engi¬ 
neering, p. 63, New York, McGraw-Hill Book Co., 1940. 
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This equation will be satisfied if 


nv + ka — ^ = kb —^ 
4 4 


or 


from which 


k(]b — a) — riT 


k = 


nr 

b — a 


However, k^ has been given the role of + w^/xoe, so 

- k^ — 
and 




>o£ 


[15-18] 


[15-19] 


Assigning various values to n will give y for the corresponding modes of 
transmission. It is seen that a cut-off frequency exists which, for air 
dielectric, is given by 


0 ) 

c 


nv 

h a 


or 


/o = 


nc 

2 (6 - a) 


The cut-off frequency, below which transmission will not take place, 
becomes zero for n = 0. This amounts to setting k = 0 and the mode 
obtained is treated in the following section. 

137. Mode of Transmission for ft = 0. It is obvious that equation 
15-14 can be satisfied by making ft == 0. This leads to the simplest 
possible mode of transmission and requires that Ez be zero every¬ 
where, as will be shown subsequently. Let equation 15-7 be solved 
for Sr and the result substituted into equation 15-9. 








dr 


or 


dr jus 


[15-20] 
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Since k = 0, d&g/dr = 0, and is a constant as far as any change 
with respect to r is concerned. It was previously shown that 6^ = 0 
at the boundaries. Thus S* must be zero everywhere. 

The fact that k has been chosen as zero requires further that 


or that 


k^ = = 0 


7 ^ = --(a^fjLQe 


y = floe 


[15-21] 


The propagation constant is made up of two parts, an attenuation 
constant and a phase constant, that is 

y = a +jP = ^*co\/ju^ 


= (aV plqe 


[15-22] 


However, the velocity of light, c, is equal to I/V'moco; so the velocity 
of the wave transmitted by the line is 


(a 

Vv = - — c 


[15-23] 


138. Components of the Field. One component of the field has 
been shown to be zero everywhere under the assumption that k = 0. 
Equations 15-7, 15-8, and 15-9 may now be written 


y'Xe = jwe&r 


From equation 15-8 


[15-24] 


and from equation 15-9 


ySr = 


[15-25] 


Equations 15-7 and 15-25 can be shown to be consistent if A; = 0. 
From equation 15-25, using equation 15-21 






[15-26] 
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Equation 15-24 states that 


or 

from which 



rDCe=C 


= 


c 

r 


[15-27] 


where (7 is a constant, independent of r. The field about a wire is, by 
the circuital law of magnetism, DCs = I/2irr amperes per meter where 
I is in amperes and r is in meters, then 



[15-28] 


Thus the constant C in ccjuation 15-27 is I/2Tr. 
The field components now are 


and 



[15-26] 



[15-28] 


139. The Characteristic Impedance. It is a comparatively simple 
matter to find the voltage between the inner and outer conductors in 
terms of the current. Let equation 15-28 be substituted into equa¬ 
tion 15-26. 





2itr 


[15-29] 


The voltage between conductors is found by integrating S, from the 
inner conductor surface to the outer conductor. 
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From this equation the ratio F// = Zo is found to be 



[15-30] 


By substituting the numerical values for /iq and £ (= «o) there is obtained 
for air dielectric 

Zo = 601n- ohms [15-31] 

a 


= 138 log- ohms [5-47] 

a 

140. Inductance and Capacitance of a Coaxial Line. As a conclud¬ 
ing article it will be shown that the usual equations for inductance 
and capacitance of a coaxial line can be derived on the basis of the 
electromagnetic treatment. It has already been shown that = 
I/2rr is consistent with the foregoing development, where I includes the 
variation with respect to z, and that (or is zero everywhere. 
Also, as has been done previously, that part of the field component which 
is dependent upon I will be omitted. Equation 15-5 can then be written 


_ —jcojUp/ 

dz 2irr 


[16-32] 


and from equation 16-1 


or 


27rr 


dj 

dz 


= —jo)Z&r 


-• — = —y27rajeSr 
r dz 


Let these equations be integrated with respect to 
r = b. 



1 - 

—jo>nol r^dr 


dzjf, 

2ir r 

or 

dV _ 

J h 


dz ~ 

2ir ^ a 

Also 

dl p^dr 
dzJaT 

—j2iruaj' 6rdr 


dJ, h 
— In- = 
dz a 

-j2in,sV 


[15-33] 
r from r = a to 


[15-34] 
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or 


dl —j2itutV 

dz b 

In- 
a 


116-36] 


where V is the potential difference between the elements of the coaxial 
line. 

On the basis of ordinary transmission line theory the differential 
equations 16-34 and 16-36 may be written 

dV 

— - -Z/ [16-36] 

and 

^=-IT [16-37] 

where a negative sign now appears in place of the positive sign in 
equations 5-1 and 5-2. The occurrence of negative signs in these 
equations is due to the fact that voltage and current drops are taken 
in the direction of propagation. The capital Z and Y are used in 
equations 15-36 and 15-37 to denote impedance and admittance per 
unit length, instead of lower case letters as in equations 5-1 and 5-2, 
because of the prior use of z as the coordinate axis in the direction of 
propagation. A comparison of equations 15-36 and 15-37 with 
equations 15-34 and 15-35 shows, on the basis of infinite conductivity 
of conductor and a perfect dielectric between conductors which is the 
basis of the present treatment, that 

Z = ^ In - = >L [16-38] 

2ir d 


and 



a 


= jwC 


[16-39] 


where L and C are parameters of the line per unit length, measured 
in henrys and farads respectively. 
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From equations 15-38 and 15-39, 


L = ~ In - henry/unit length 

2t a 

[15-40] 

C — farad/unit length 

a 

[15-41] 

In the rationalized mks system 


Mo = 47r X 10"^ henry/meter 
and 

«o= l/(3()ir X 10®) farad'meter 

On substitution 


L = 2 In - X 10"^ henry/meter 
a 

[1-24] 

C = ■■ I—-- farad/meter 

18 X 10®In- 
a 

[1-35] 

Changing to henrys and microfarads per mile and to logarithm to the 
base 10, 

L = 0.741 log- X 10 ® henry/mile 
a 

[1-25] 

and 

log^ 

[1-37] 


a 


These are the usual equations for L and C as defined and derived in 
Chapter I. It is seen that on the more general theory they occur as 
constants inherent to the system, depending only on the boundary 
conditions and the fundamental bases of Maxwell’s equations. 

This rather brief treatment of coaxial lines (and that in the previous 
chapters on wave guides) is to be looked on as merely introductory. 
It cannot be too greatly emphasized that the student should make 
himself thoroughly familiar with the electromagnetic treatment of 
electrical-engineering problems and with the mathematical methods 
which are basic to this treatment. 



CHAPTER XVI 

TRANSMISSION--LINE EXPERIMENTS 

The aim of the present chapter is to outline briefly a number of exper¬ 
iments which are designed to lend considerable aid to the better under¬ 
standing of various portions of the text material. Detailed procedures 
will not be given because of the fact that the equipment available in 
different communication laboratories varies greatly. It is assumed, 
however, that the more usual pieces of test equipment are at hand, such 
as the impedance bridge, vacuum-tube voltmeters, and oscillators. An 
artificial transmission line will be necessary for the performance of 
several experiments. If such a line is not already available, one can 
be constructed with little difficulty by calculating equivalent T sec¬ 
tions by the method given in Chapter VII. The effective length of 
each T section should be approximately 1/16 of the total length of the 
line, and the line should be sufficiently long to subtend slightly more 
than one wavelength at the usual test frequency, which for convenience 
may be taken to be 796 cycles per second. 

The experiments on wave guides involve equipment not usually 
available. However, these experiments have been included because 
of the increasing importance of high-frequency technique, and many 
laboratories may find it advantageous to acquire the necessary equip¬ 
ment. These two experiments should offer suggestions concerning the 
types of apparatus needed for elementary work. 

1. Determination of Equivalent T and tt Sections. 

Reference: Chapter II. 

Apparatus needed: Several three- and/or four-terminal boxes con¬ 
taining unknown T or tt sections. 

Impedance bridge. 

Oscillator (voice frequencies). 

Exercises: Label the input terminals of the unknown networks a 
and h and the output termirials c and d. Measure Zaboi Zedoi 
and ZedB by means of the impedance bridge at a frequency of 796 cycles 
per second for each network. Record the data as: iZado, Lahoi (Cabo)> 
Rahay Lahsy (Cab,), ©tc., and /. Repeat the measurements for a fre¬ 
quency of 1600 cycles per second, 
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Report: Calculate the elements of the equivalent T section of each 
network at both frequencies and draw a circuit diagram for each. 
Also calculate the elements of the tt sections equivalent to the T sec¬ 
tions at 796 cycles per second. Discuss fully. Are the elements of 
these sections constant or do they change with a change in frequency? 
Verify the validity of equation 2-31 by means of test data for each 
network and frequency employed. 

2. Verification of Th4venin’s Theorem and the Reciprocity Theorem. 

Reference: Chapter III. 

Apparatus needed: Resistances. 

Variable d-c voltage. 

Ammeter and voltmeter. 


E := 



Fig. 10-1. 


Test circuit for verification 
Th4venin's theorem. 


Exercises: (a) Thevenin^s Theorem. Set up a circuit such as shown 
in Fig. 16-1, preferably using resistances which are large compared to 
the internal resistance of the battery. Measure the value of the 

current I in the load resistance. 
Remove the resistance and 
measure: 

( 1 ) Eab» 

(2) Rah with E removed 
and the two terminals short- 
circuited together. It would 
be preferable to insert a resist¬ 
ance at E when the battery is removed of a value equal to the internal 
resistance of E. 

Use these measured values to _ 

construct the circuit shown in * 

Fig. 16-2, again using Rl- How 
does the load current compare 
with the value as measured be¬ 
fore any change was made? 

Determine the values of E, Ri, 

R 29 Rbj and R^^ as used in Fig. 


Eaf, (as measured in 1) 


Fig. 16-2. Test circuit constructed from 
data obtained in experiment 2(a). 


R, R. 



Fig. 16-3. Test circuit for verification of 
reciprocity theorem. 


16-1. (Note that the resist¬ 
ance of the ammeter consti¬ 
tutes part of Ri^,) Determine 
by calculation the values of 
Rah and E^ and compare with 
the values used in the circuit 
of Fig. 16-2. 
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(6) Reciprocity Theorem. Set up a circuit such as shown in Fig. 
16-3. Record the value of the current /. Interchange the source of 
voltage and the ammeter and again record the value of the current. 

Report: Write a discussion of the results of this experiment and 
establish proof, by means of suitable equations, of the truth of these 
theorems. 

3. Distribution of Voltage and Current along an Infinite Line. 

References: Chapters IV and V. 

Apparatus needed: Artificial line of approximately 15 sections. 

Oscillator. 

Vacuum tube voltmeter or other means of measuring either the 
absolute values of voltages and currents or the ratios of voltages and 
currents at any point along the line to input voltages and currents. 

Exercises: Calculate the characteristic impedance, Zq, for the test 
line at 796 cycles per second, using the known parameters of the line. 
(If these values are not known then Zo can be found by the methods of 
Experiment 7 and Chapter VII.) Terminate the line by means of an 
impedance equal to Zq, thus causing the line to simulate one of infinite 
length. Make all of the necessary measurements, at 796 cycles per 
second, in order to obtain either Vi and /i, the voltage and current at 
the line input terminals, and Vn and In, the corresponding values at the 
end of the nth section, or the ratios Vn/Vi and In/Iu 

Report: Plot the voltage and current ratios Vn/Vi and In/h against 
equivalent line length in miles. If the values of Vn and In were ob¬ 
tained, calculate the impedance at each junction between sections and 
plot Z against line length. The impedance at any point is Zn = Vn/In- 
If the ratios VJVx and /n/^i were obtained, then calculate the ratio 
of the impedance at any point to the input impedance as 

Vn Yn 

v\ Zi 

h h 

and plot against line length. Determine a by means of data obtained 
from the above plotted curves, using the equations 
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4. Distribution of Voltage and Current along Open- and Short- 
Circuit Lines, 

Reference : Chapters V and VI. 

Apparatus needed: Same as for Experiment 3. 

Exercises: (a) ‘With the output terminals of the line open-circuited, 
measure either the ratios Fn/Fi and In/Ii or the input voltage and 
current and the corresponding values, Vn and after each section of 
the artificial line, when using a frequency of 796 cycles per second. 

(6) Repeat for a short-circuit line. 

Report: Plot the voltage and current ratios Fn/Fi and In/Ii against 
equivalent line lengths in miles for both the open- and short-circuit 
lines. If the values of Vn and In were obtained, calculate the imped¬ 
ance at each junction between sections and plot curves of impedance 
against line length for both conditions of operation. If the ratios 
Fn/Fi and In/h were obtained, then calculate the ratio of the im¬ 
pedance at any point to the input impedance and plot against line 
length for both lines. Draw a curve through the intersections of the 
two voltage ratio curves and calculate the attenuation constant a 
from = VJV\^ Draw a curve through the intersections of the 
two current ratio curves and calculate a from = IJIi* The 
wavelength X can be obtained from the curves by noting the distances 
between appropriate minimum and maximum points on them. Using 
data obtained from the curves, calculate jS, -y, X, and v. 

6. Determination of Velocity of Propagation. 

References: Chapters V and VI. 

Apparatus needed: Artificial line terminated in its Zq. 

Oscillator. 

Cathode-ray oscilloscope. 

Exercises: Connect the oscillator, set at 796 cycles per second, and 
one pair of oscilloscope plates across the input terminals of the line. 
With the amplitude of the input oscillation, as viewed on the oscillo¬ 
scope, set at a convenient value, connect the other pair of plates across 
the ends of successive sections along the line. For each test make a 
note of the approximate phase relationship between input and output 
voltages, and, when sufficient sections have been placed in the line to 
obtain a phase shift of approximately 180® or some multiple thereof, 
adjust the frequency until the phase shift is an exact multiple of 180®. 
Record the number of sections in the line, the phase rotation, and the 
frequency, /. Repeat for other frequencies considerably different from 
796 cycles per second and from each other. 
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Report: For each test calculate the velocity of propagation and plot 
velocity against frequency. Calculate the propagation velocities for the 
frequencies used, from the known line parameters, and plot against fre¬ 
quency. Check against the value of v found from Experiment 4. 

6. Open-End Voltage as a Function of Line Length. 

Reference: Chapter VI. 

Apparatus needed: Same as for Experiment 3. 

Exercises: Using the known parameters of the line, determine by 
calculation whether Ferranti effect exists at 796 cycles per second and, 
if so, over what lengths of line. If there is no Ferranti effect at 796 
cycles per second, determine a convenient frequency for which the 
effect will exist. Check the calculations by taking voltage readings 
at the open end of lines of lengths between the limits of which Ferranti 
effect should exist. A convenient way to make this check is to connect 
a cathode-ray oscilloscope first at the input terminals of the line and 
then at the end of the above lengths of open line, noting in each in¬ 
stance whether or not there is an appropriate increase in output voltage. 

Measure, at a frequency for which Ferranti effect exists, the ratio 
of the output voltage of the open-circuit lino to the input voltage at 
lengths equivalent to 1, 2, 3 • • • sections. 

Report: Plot the ratio, Vro/Vu of open-end voltage to input voltage 
against equivalent line length in miles. Plot ± sinh a and sin 6, as 
illustrated in Fig. 6-6, on the same sheet with the above ratio curve. 
Explain the significance of these curves. For what length of line is 
the open-end voltage a maximum? Under what conditions will the 
open-end voltage be larger than the sending-end value? What is the 
length or lengths of line for which the open-end voltage will be equal 
to the sending-end value? Check these values by proper interpre¬ 
tation of the test ratio curve and the plots of sinh a and sin 6. 

7. Determination of Characteristic Impedance. 

Reference: Chapter VII. 

Apparatus needed: Artificial line. 

Impedance bridge. 

Oscillator. 

Exercises: Determine by means of the impedance bridge the neces¬ 
sary data for calculating open- and short-circuit impedances, Zao 
and Zaa, of the line over a frequency range of 600 to 2000 cycles per 
second, taking a set of measurements at 796 cycles per second. Record 
the data as: flo, (Ca), and/. 
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Report: Plot Rg, Lg, etc., against frequency. Calculate and plot 
Zgg and Z,, against frequency. On the same sheet plot the angles of 
Zgg and Z,t against frequency. Calculate Zo and its angle and plot 
both against frequency. Discuss these curves. Calculate a, y, 
X, V and R, L, G, -and C for a frequency of 796 cycles per second, em- 
plo3dng the method of Art. 59. Compare with corresponding items 
obtained from Experiments 3, 4, and 5. Explain how such measure¬ 
ments may be used to locate a fault (open circuit) on a transmission line. 

8. Impedance Characteristics of Filters. 

References: Chapters IX and X. 

Apparatus needed: Constant-fc, T-section, low- and high-pass filters 
having a characteristic impedance of approximately 600 ohms. 

Terminating half-sections for one of the above filters. 

Impedance bridge. 

Oscillator. 

Exercises: Terminate each filter with 600 ohms resistance and obtain 
the necessary data to calculate its input impedance over a frequency 
range which extends a considerable distance both above and below its 
respective cut-off frequency. Record the data as R„ L„ {€,), and/. 

Obtain the necessary data to calculate the open- and short-circuit 
impedances of the filters over the same frequency range and record: 
Rtg, R», Lgg, {Cag), L,„ (flaa), and /. Connect the terminating half¬ 
sections to the appropriate filter and repeat the measurements for the 
determination of open- and short-circuit impedances. Again record 
the data as above. 

Report: Plot input resistance, R„ and input reactance, X„ against 
frequency. Discuss the variation of these quantities with frequency 
and determine, by inspection of the curves, the approximate cut-off fre¬ 
quency of each filter. From the open- and short-circuit measurements 
determine the components i?o and Xo of the characteristic impedance, 
Zq, of each filter as a function of frequency. Plot J?o and Xq against 
frequency and from these curves determine the cut-off frequencies. 
Compare these values of /o with the values obtained previously. 

Calculate and plot the absolute value of Zo against / for the filter 
having the terminating half-sections when (grating with and without 
the terminating half-sections. Discuss the differences which exist be¬ 
tween the curves of J2o» -Xo, and Zo for the two conditions of operating 
with ^d without the terminating half-sections. 
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9. Impedance Transformation. 

Reference: Chapter XI. 

Apparatus needed: Oscillator. 

Transformers and reactance T networks. 

Impedance bridge. 

Exercises: (a) Terminate the transformers with the following loads 
and measure the input impedance at 796 cycles per second. (1) Re¬ 
sistance. (2) Capacitive reactance. (3) Inductive reactance. (4) 
Impedances involving combinations of the above. 

(b) Measure, at 796 cycles per second, the input impedances of the 
reactive T sections when terminated in pure resistance loads which vary 
in value over a considerable range. 

Report: List the input impedances measured in part a and compare 
with the terminating impedances. From the turn ratios of the trans¬ 
formers calculate the input impedance for each termination. Discuss 
any discrepancy which may appear. 

Check the value of each input impedance obtained in part b by using 
the known elements of the T section and the theory of Chapter XI. 

10. Impedance Matching by Short-Circuit Stubs. 

References: Chapter XL 

Apparatus needed: Parallel-wire transmission line approximately 
three wavelengths long. 

HF oscillator generating about 100 megacycles per second. 

Voltage detector for determining voltages along the line. 

Short-circuited stub approximately one-quarter wavelength long 
and having a Zq equal to that of the transmission line. 

Terminating resistor, R, 

Exercises: Set up the line to be energized from the oscillator and 
tune to resonance at the fundamental by means of a short-circuiting bar. 
Use a suitable detector to determine the resonant condition. By means 
of the detector and an additional short-circuiting bar or by moving the 
first shunting bar, find an adjacent bar position which will again produce 
resonance. The wavelength and hence the frequency are determined 
from these measurements. 

Calculate the Zq of the line and the frequency of operation. 

With the line open-circuited at the receiving end, determine, by 
means of a detector, points of voltage (or current) maxima. Using 
the detector, obtain data for plotting the approximate distribution of 
voltage (or current) along the line. Connect a resistance across the 
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receiver end of the line of a value different from the characteristic im¬ 
pedance of the line and again determine the distribution of voltage 
(or current). Note any change produced by the terminating resistor. 

Calculate the length and position of a short-circuited stub which 
will match the line and cause reflection phenomena to disappear when 
the line is terminated by the above load resistance. Connect this 
matching stub to the energized limj and again determine the voltage 
(or current) distribution. Make adjustments in the length of the 
stub and its position, noting in each instance whether any improvement 
occurs in the voltage (or current) distribution. 

Report: Plot curves showing the voltage (or current) distribution 
along the line before and after matching. Explain the theory under¬ 
lying this method. Check the position and length of the stub by use 
of Fig. 11-20, page 222. 

11. Properties of Wave Guides. 

References: Chapters XII, XIII, and XIV. 

Apparatus needed: UIIF generator (3000 megacycles). 

Coaxial coupling line. 

Two transfer sections (wave guide to coaxial line). 

Horn. 

Wire grid to fit opening of the horn. 

Resonant chamber. 

Pinch pipe. 

Hand probe detector. 

(Note : For 3000 megacycles per second the diameter of the guide 
should be about 3 inches. The opening of the horn should be about 
12 inches.) 

Exercises: (a) Set up equipment as shown in Fig. 16-4. Terminate 
the wave guide in a horn across the opening of which has been fastened a 



Coaxial line 

Fio. 16-4. Horn coupled to a wave guide. 


cardboard panel. Using a hand probe, determine the pattern of the 
field. With a parallel-wire grid over the opening of the horn determine 
the effect on the field pattern as the grid is rotated. 





PROPERTIES OF WAVE GUIDES 


341 


(b) Replace the horn with a resonant chamber as shown in Fig. 16~5 
and determine the positions of the plunger for obtaining two successive 
maxima or minima. Measure the wavelength \g. 




Wave 


Toe 


Shunt detector 


guide 




=0 Plunger 


Resonant chamber 


Coaxial line 

Fig. lG-5. Resonant chamber coupled to a wave guide. 


(c) By means of a transfer section couple the wave guide to a coaxial 
wavemeter and measure the wavelength in air, Xa. See Fig. IG-G. 


i 

n 1 

I^^Tuning stub 




.Plunger 

Toosc.*^- 

To wavemetei 

l_l 

r**- 

^Resonant chamber 


Fig. 16-^. Wavemeter coupled to a wave guide through a transfer section. 

(d) Using a pinch pipe as shown in Fig. 16-7, determine the diam¬ 
eter of the tube for which cut-off occurs. 


I 



Fig. 16-7. The use of a pinch pipe in wave guides. 


Report: Discuss the field patterns obtained in part a and compare 
with the theory as presented in Chapter XIV. Explain the effect of 
rotation of the wire grid in front of the horn. Check the value of X^ by 
means of the equation 


X^ 




where Xo = c//o. 

Check the diameter of the pinch pipe for which cut-off occurs with the 
relation do = 0.585Xo. 
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12. Properties of Wave Guides {Continued). 

References: Chapters XII, XIII, and XIV. 

Apparatus needed: The following apparatus is required in addition 
to that enumerated in Experiment 11. 

Two rods, one of polystyrene A and one of polystyrene J5, to fit 
resonant chamber. 

Traveling detector. 

Four irises as sho\vn in Fig. 16-9. 

Exercises: (a) Attach a resonant chamber with detector to a wave 
guide and source and insert an iris at the junction as shown in Fig. 16-8. 


Wave 

guide 


To osc.- 


Coaxial 
feed line 


Detector 


Resonant chamber 

0 Plunger 


X 


sr 

^Position of polystyrene rod 
Position of irises 


Fig. 16-8. Resonant chamber with iris and polystyrene rod. 


Take readings of the detector current and plunger position over a range 
sufficient to obtain a good resonance curve. Repeat the test, using a 
different iris. Repeat, using the smallest iris and a rod of polystyrene A 
inserted in the resonant chamber between the detector and the plunger. 
Repeat, using a rod of polystyrene B together with the smallest iris. 


1 

Traveling detector 

I 

Wave 

guide 


1 


(a) (6) 


Coaxial 

feed line 'S s 

9 to 

O I 




Fig. 16-9. Irises and traveling detector coupled to wave guide. 


(b) Use the traveling detector in order to obtain data for plotting 
standing waves obtained when the detector section is terminated with a 
solid closure. Repeat for each of the other irises and also for an oiien 
end and the horn. See Fig. 16-9. 

(c) Terminate the traveling detector section with a 90® bend in the 
horizontal plane, followed by a horn. Check this arrangement for re¬ 
flections, which will be due to the presence of the bend. Repeat with 
the 90® bend in a vertical plane. 
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(d) With a transfer section attached to the traveling detector as 
shown in Fig. 16-10, feed energy into a properly terminated coaxial 


Plunger 

feed line 

Fig. 16~10. Test for reflections from a transfer sf'ction. 

cable. Check the presence of reflections under this condition of opera¬ 
tion and with various adjustments. 

Report: For part a plot current as a function of plunger position for 
each iris used. Discuss the relationship between these curves. Plot 
curves showing the standing waves of part b and discuss the effects of the 
various terminations used. Write a general discussion of the significance 
of the results of parts c and d. 
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AN INTRODUCTION TO FOURIER SERIES 

In the Introduction it was stated that a transmission problem may be 
looked upon either as a transients problem or as one in which a number 
of frequencies are treated separately and the results combined. For 
instance, suppose that it is required to send a square-top pulse through a 
line. The conditions are that up to a time t = 0 the applied voltage is 
zero, from < = 0 to < = the voltage is E, and after < = /i, is zero 
again. It can be assumed that these pulses follow each other at regular 
intervals and that each interval is sufficiently long to allow the circuit 
to return to normal before a new pulse is applied. This is merely to 
prevent, for the moment, any complication due to overlapping. The 
problem, as outlined, is a transients one and could be solved as such. 

Another way of approach is to consider that the series of pulses can be 
broken down into a large number of sinusoidal waves of different fre¬ 
quencies. When all the frequencies and corresponding amplitudes are 
known the student can treat each component as a separate problem, 
and when he has thus solved for all components he can find the final 
result by the principle of superposition (see Art. 21 ), 

That such a series of square-top pulses can be reduced to a series of 
trigonometric functions has been shown to be the case. In fact, the 
process of reduction to a Fourier series, that is, to a series of trigonomet¬ 
ric functions, can be applied to any periodically recurring phenomenon 
which, wholly or by parts, can be written as an equation. A graphical 
analysis can be applied, however, even when a part or the entire wave 
cannot be written in the form of an equation. The immediate problem 
is to find the coefficients of a trigonometric series such that the series will 
sum up to the required function. Let the function be /(x). 

Assume that/(a;) can be written as 

fix) = ai sm X + 02 sin 2x -h Us sin 3a; -f • • • + Un sin rw; 

+ 6 o + cos a; + &2 cos 2a; + ••• + cos na; [A- 1 ] 

In this series it is necessary to find oi, 02 , 03 , • • * On, 60 , • • • 6 n. 

Obviously, in order to find these coefficients it is necessary to have as 
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many independent equations as there are coefficients. Multiply equa¬ 
tion A-1 by sin mx,. Then there is obtained 

/(x) sin mx — an sin nx sin mx + 5o sin mx + hn cos nx sin mx [A-2] 


where n can have all values from 1 to infinity and the value of m can be 
given any arbitrary value. Let equation A~2, multiplied by dx, be 
integrated from 0 to 27r. 


J '»27r p2ir p2ir 

f{x) sin mjxdx — an I sin nx sin mx dx + bo I sin mx dx 

0 *^0 *^0 


^2r 

bn / t 


+ bn I cos nx sin mx dx 


[A-3] 


Integrating these terms, the first one on the right becomes, after certain 
transformations 
Un 

I [cos(nx — mx) — cos(nx + mx)] dx = 0 for n 9 ^ m 
2 «/o 



(1 — cos 2mx) dx for n = m 


dx — 



cos 2mx 2mdx 


== ^ (2t — 0) — (sin 4m7r — 0) 

= dfnM 

The second integral on the right is zero. 

The third integral is 

• ‘ n2ir 

~ / [sin(w + m)x — sin(n — m)x] dx 

2 */0 


This integral will thus be equal to zero no matter whether n — m or 
9 ^ m, for if ?i == m the integral is 



2 mx — 0) dx = 0 


or if n 9 ^ m the integral is 



px -- sin qx) dx = 0 


where p = 
obtained: 


(n + m) and q- {n — m). Thus the following equation is 



sin mxdx — Cmw 
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or solving for Om 

1 

dm = - I f(x) sin mx dx [A-~4] 

irt/o 


From this equation any one of the a^s can be found. 

To find the general b term, excluding bot multiply equation A-1 by 
cos mx dxy whereupon the following equation is obtained: 


f(x) cosmx dx — an sin nx cos mx dx + bo cos mx dx 
+ bn cos nx cos mx dx 


Through a procedure similar to that used above the following equation 
results: 


or 



cos mx dx = bmTT 


1 

- I fi^) COS mx dx 


[A-5] 


In order to find the bo term, equation A-1 is multiplied by dx and 
integrated from 0 to 27r. Then 



from which 



an sin 7ix(fo + 



bo dx + 


bn COS nx dx 

0 


0 + bo(27r - 0 ) + 0 


[A-6] 


2x&o 



fA-7] 


It is thus seen that all the a^s and can be found from equations 
A"4, A~6, and A~7, and it would be advantageous if the three equations 
could be made to appear reasonable on a physical basis. Integration is 
a summation process, and, if equation A-1 is regarded merely as a rather 
complex wave and the net area between it and the x axis is to be found, 
it is seen that all of the sine and cosine terms are as often positive as they 
are negative and thus the net area associated with these terms becomes 
aero. The only remaining term is bo, which, if present, is a constant of 
finite value either positive or negative and results in a definite area be¬ 
tween the limits x » 0 and x = 2ir. Since bo is a constant, the area 
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represented by the right-hand side of equation A -6 is merely 2ir6o, 

/ (x) dx. Thus equation A-7 is obtained. 

0 

Consider now the physical aspects of determining am* Write 

/ (x) = ai sin x + 02 sin 2a; + • • • + bo + cos a; + 62 cos 2a; + • * * 

[A- 8 ] 

If this equation is integrated directly as it stands it has been shown that 
equation A-7 is obtained and the an and bn disappear. In order to keep 
an and bn from disappearing it is necessary to multiply equation A -8 
through by some factor which will retain one of the a terms or one of the 
b terms and cause all other terms including bo to fall out. This can only 
occur by multiplying by a function which will either cause the bo term 
to be zero or to be a function which has a negative area equal to its posi¬ 
tive area. The simplest multiplier for the purpose is a trigonometric 
function, sine or cosine. Suppose that sin mx be assumed as the multi¬ 
plier, then the right-hand side of equation A -8 will be made up of a 
number of terms of the form sin nx sin mx and cos nx sin mx. Note that 
a cosine term multiplied by a sine term whether they are of the same 
frequency or not will always result in a periodic function which is positive 
as often as it is negative and symmetrical in area about the x axis. The 
area associated with the cosine terms in equation A -8 then is zero if 
taken over at least one cycle of this function. Since multiplying a 
cosine and sine function together always increases the frequency it is 
seen that the interval of integration, covering as it does one wavelength 
of the fundamental, must cover an integral number of wavelengths of 
any one* of the terms. Thus the bn terms drop out. The sin nx sin mx 
terms will also be periodic, positive as often as negative — except for 
one term. When m = n, the term sin^ mx obviously is always positive 
and thus will have a finite area lying between the curve and the x-axis. 
Since the sin^ mx wave, having a maximum amplitude of a,n, is centered 
about an axis which is above the x axis by a distance am/2 the area under 
this curve from a; = 0 to a; = 2 ir will be {am/2)2T = o^iTt, which is an 

j ^ 2 ir 

I /(x) sin mx dx. Thus equation A-4 is 
0 

obtained. 

A similar procedure will establish equation A-5. 

Let these equations be applied to a square-top pulse in order to de¬ 
termine what frequencies must be employed to transmit sudi a pulse 
over a telephone line. Assume that the pulse is as shown in Fig. A-1. 
Here the conditions are: f(x) == 1, x = 0 to x = v; and /(x) — 0, 
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a: == TT to a; = 27r. The coefficients of the sine terms can be found 
from equation A-4. 


1 r 

<hn — ^ I fM sin mx dx 

TTt/o 

1 1 

= - I (1) sin mx da: + - / (0) sin mx dx 

vJq TTt/^ 



Fia. A-1. Plot of first five harmonics obtained in analysis of square-top wave. 


This breaking up of the integral is justified by the fact that only the area 
under/(x) multiplied by sin mx is being found and obviously the second 
part, from tt to 2 t, is zero. Then 




ai = 


02 = 

Og 


ir » 

TTt/o 


sin mx dx 


mw 

J_ 

mw 

mir 


(—cosmx) 

Jo 

(—cos mir + cos mO) 
(1 — cos mTr) 


- (1 — cos tt) = ~ 

TT IT 


— (1 — cos 27r) = 0 

2Tr 

i(l-C08 3 r)-^ 


Whereupon 
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C4 = 0 



The constant, 601 can be found from equation A-7. 


1 /•" 1 

<">* 

rdx=^(r-o)-I 

27r Jq 27r 2 


Note here that bo turns out to be simply the average height of the wave. 
The coefficients of the cosine terms can be found from equation A- 5 . 

bfn - I ( 1 ) cos mx dx + ~ J ( 0 ) cos mx dx 

1 r 1 

= - I cosmx dx = —(sin mx) 
ttJo Jo 


= — (sin niTT — sin 0 ) = 0 for all values of m 
mw 


Thus the series of frequencies becomes 

f(x) = bo + ai sin x + sin 3x + as sin 5x + • • • 

12-2 2 
= - + - sin X + — sin 3x + — sin 6x + • • • 

, 2 TT OW OTT 

= ^ - fsin a; + ~ sin 3a: + ~ sin 5a: + • • -I [A-9] 

2 ttL do J 

It is seen from this simple analysis that an infinite number of frequencies 
must be transmitted. They are all odd harmonics of the fundamental 
and their amplitudes slowly decrease with an increase in frequency. 
Eventually the amplitudes of the harmonics will become sufficiently low 
that they can be neglected. A direct-current term must also be trans¬ 
mitted. The presence of sharp comers on the original waveform is the 
cause of the large number of relatively high-amplitude harmonics which 
are necessary to represent this function correctly. This fact can be seen 
through inspection of Fig. A -1 where equation A~9 is plotted superim¬ 
posed on the square-top pulse. 

A comparison should be made between the number of terms needed to 
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reproduce the square-top pulse and the number needed for such a func¬ 
tion as shown in Fig. A-2 where 

f{x) = sin x, a: = 0 to a; = TT 

f(x) = 0, X — wtox = 27r 

The student should determine the harmonics necessary to represent this 
function in order to see that the amplitudes fall off more rapidly as the 



Fia. A-2. Plot of first four harmonics obtained in analysis of half-wave 
rectification curve. 

frequency increases, than in the case of the square-top wave. It will be 
noted that the portions of poor fit are still at the sharp corners. 

PROBLEMS 

1. Plot equation A-9 for the terms shown. Let 0 < x < 27r, 

2. Find all the coefficients for terms up to the 5th harmonic in the wave repre¬ 
sented by 

0 < a; < TT f(x) — sin x 

T < X <2ir f{x)^0 



APPENDIX II 
LOOP EQUATIONS 

Occasions often arise when a straightforward and easily followed 
system of solving coupled networks is of great value. The use of 
loop equations will often facilitate such calculations. The determi¬ 
nation of network currents by the use of loop equations and determi¬ 
nants will be illustrated by means of a number of typical examples. 
The basic principle of this method depends upon associating with each 
mesh, a loop current which is assumed to flow through all the com¬ 
ponent impedances appearing in the mesh under consideration. 



Fig. A-3. Network with two loop currents. 


In Fig. A-3 is shown a network with two loop currents. In this net¬ 
work a current /i, associated with the mesh abed, flows through the 
generator E, the impedance Zi, and the impedance Z 3 . The current 
I 2 , associated with the mesh cefd, flows through Z 2 > and Z 3 . The 
fact is immediately noted that two currents appear to be flowing 
through Z 3 , one in the direction c-d and the other in the direction d-c. 
The actual currents in the various impedances are as follows. 

In Zi the current is Ii 

InZ2 ‘‘/2 

In Z 3 ‘‘ ‘‘ (/i - I 2 ) or (I 2 - /i) 

In Zj, I 2 

If the emf E is known there are thus only two unknowns, /i and / 2 , 
and only two equations are needed to solve for them. The voltage 
rise in mesh abed is E, and the drops are the drops through Zj and 
Z 3 . Thus 

E « Zi/, + Z 3 (/i ~ I 2 ) 

0 * Z 2/2 + ZrI2 + ^3(/2 ~ h) 
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and upon rearrangement these equations become 

^ = (^1 + -^3^2 

0 = + {^2 + ^3 + ^R)h 

These equations can, of course, easily be solved for A and A. 



This method of solution will now be applied to a more complex net¬ 
work. Let the network be represented as in Fig. A-4. The loop 
equations are written as follows 

JSi = ZiA + ^3 (A ~ h) + ^4(A ” h) 

0 = /sA + ^4(A “ A) 

0 = Z 2 A + ^7(A A) + ^2 + + ^z{h “ A) 

Notice that, in this last equation, the emf E 2 is written along with the 
impedance drops as a drop (a positive term) because in progressing 
around the loop one goes from the high potential side of £2 to the low 
potential side. 

£2 = ^7(A — A) + ^sA 

These four equations may now be rewritten in better order with the 
emf^s on the left side of the equality sign. 

£1 = (Zi + Z3 + Z 4 )A “* Z4A ^ 3 A 
0 * —ZiA + (-^4 + Z5)A 
— £2 = — Z3A + {^2 + Z3 + ^6 + Z 7 )A "" Z7A 
£2 = — Z7A + (^7 + ^s)h 

The determinants needed for the solution are 

(Zi + Z3 4 " ^4) — Z4 “"■^8 0 

. ^ - Z 4 (^4 + ^5) 0 0 

-Z 3 0 (£2 + ^ 3 + ^6 + ^ 7 ) -^7 

0 0 — £7 (£7 + £ 3 ) 
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Ex 

-Z4 

-Z3 

0 

0 

(Z4 + Zz) 

0 

0 

— E2 

0 

{Z2 + Z3 + Za + Z^) 

-Z7 

E2 

0 

-Z-, 

(Z7 + Zg) 

(Zi + ^3 + Zi) 

Ex 

-Zz 

0 

-Zi 

0 

0 

0 

-Zz 

-E2 

(Z2 + Z3 + Zb + Z7) 

— Z7 

0 

E2 

-Z7 

(Z7 + Zs) 

(Zi + Z3 + Z4) 

-Zi 

Ex 

0 

-Z4 

{Zi + Zz) 

0 

0 

-Zz 

0 

-E2 

-Z7 

0 

0 

E2 

(Z7 + Zg) 

(Zi + Z3 + Z4) 

-Z4 

-Zz 

Ex 

-Zi 

(Z4 + Zz) 

0 

0 

-Zz 

0 

(Z2 + Z3 + Zb + Z7) 

— E2 

0 

0 

-Z7 

E2 


The loop currents are given by the following equations: 


h 



h 


A 


h 



h 


A 


After the loop currents have been determined, the individual im¬ 
pedance'currents are easily found by the following relations: 

Current in Z 3 = /i — Iz 
Current in = h — I 2 
Current in Zt — h — h 

As a further illustration of the method, 
a three-mesh network with known impe¬ 
dances and emf^s will be solved. Let 
this circuit be represented in Fig. A-5. 
The direction in which the arrows are 
drawn is immaterial so long as consistency 
is employed in writing the equation. In 
the network 

Fro. A-5, Network with three 

loop currents. 10 = i3(/i — I 2 ) + 3(/i + h) 
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Note that for the 3-ohm resistance the total current is (/i +1 ^) 
because of the manner in which the arrow directions were taken. 

0 = 8/2 + 6(72 + h) +jS{l 2 - /i) 

= —^ 4/3 + 6(/3 + 72 ) +3(73 + 7i) 

These equations are written: 

10= (3+i3)7i -jSh + Sh 
0 = —i37i + (14 +^ 3)72 + 6/3 
j5 = 37i + 6/2 + (9 ~ i4)73 

The determinants are: 



3 +73 

-JS 

3 


A = 


U+j3 

6 

= 348 + j48 


3 

6 

9-i4 

= 351 77.86° 


10 

-JS 

3 


iVi- 

0 

U+j3 

6 

= 1155 - j500 


35 

6 

CD 

1 

= 1260 7-23.40° 


3+j3 

10 

3 


JV2 = 

-3^ 

0 

6 

= 435 +7I8O 


3 


9 — j4 

= 470 722.50° 


3+j3 

-i3 

10 


Na = 

-jS 

14+i3 

0 

= -675 -760 


3 

6 

j5 

= 678 7-174.90° 


The mesh currents then become: 

1260 /-23.40° 

/i= = 3.59 /-31.26° -3.07 -jl.863 

470 /22.50“ 

I 2 = = 1-34 /14.64° = 1.298 + iO.339 

678 7-174.90° 

“ 351 77.86° ~ 


h 


= 1.93 7-182.76° - -1.93 +i0.093 
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HYPERBOLIC FUNCTIONS 

Difficulty in the use of hyperbolic functions often arises because the 
student fails to note the close similarity between them and the more 
familiar circular functions. When mention is made of a function such 
as cos X any engineer knows instinctively what is meant; but when the 
student meets, for the first time, the function cosh x or sinh x he is im¬ 
mediately afflicted with hysteria. An attempt will be made here to 
place these two types of functions upon the same footing. In the first 
place a source of confusion arises because the circular functions are most 
often referred to degrees. Immediately one wishes to know what is 
analogous to degrees in hyperl)olic functions. There is no analogous 
unit. By cos x, cosh x, etc., are meant certain functions of a number, 
X, which is given as so many radians. 

A beginning is made by writing down four functions out of which sub¬ 
sequent material will be developed. 

Circular Functions Hyperbolic Functions 

(1) sin X (3) sinh x 

(2) cos X (4) cosh X 

These items are merely four functions of the quantity x. Their defini¬ 
tions are' 

_ -JX _ -X 

sin X =-—;- sinh x = —r- 

2 j 2 

,yx + ^ -X 

cos X =--- cosh X =--— 

2 2 

From these equations it is easily seen that, from all appearances, the 

hyperbolic functions are simpler than the circular functions. 

It is known from past experience that sin x and cos x are periodic as x 
is increased from zero to plus or minus infinity. Presumably, for the 
present, it is not known how sinh x and cosh x behave, but their charac¬ 
teristics are easily deduced from the above equations. Obviously both 
sinh X and cosh x increase from certain low values to infinity as x is in¬ 
creased. When X is zero sinh x has the value zero and cosh x has the 
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value unity. Thus it is found that while circular functions are periodic, 
hyperbolic functions are not. Tables can be made for both types of 


functions and any one of the four 
quantities mentioned can be 
found by lookipg for the appro¬ 
priate value of X, As an illus¬ 
tration, assume that the values 
of sin 5 and sinh 5 are to be 
found. Since circular-function 
tables are usually compiled in 
terms of degrees instead of ra¬ 
dians it is necessary to change 
the 6 radians to degrees, which 
is done by multiplying by 57.3. 
Thus the procedure is to look 
up sin 286.5® [= sin ( — 73.5°) 
= - sin 73.5® = - 0.959]. Sinh 5 
can be found directly from the 
tables and is 74.2. 

With this brief introduction, 
a development concerning hyper¬ 
bolic functions alone will be 
undertaken. In Fig. A-6 are 
shown plots of €* and €"* for 
positive values of x. Their sum 
and difference divided by 2 are 
also shown, thus giving a picture 
of the two fundamental func¬ 
tions. Other functions are defined 
on the basis of these two in the 



Fig. A-6. Variation of hyperbolic and 
exponential functions. 


same manner as in circular functions. Thus there exist tanh x, coth x, 


etc. 


tanh X = 

cothx 


sinh X e® — € * 
cosh X -f €”* 


This function begins at zero for x = 0 and increases asymptotically to 
unity as x increases. For the present purposes these four functions will 
be the only ones necessary. 

There exists a whole array of identities involving these functions 
in much the same way as those involving circular functions. For 
instance, it will be desirable to know other means of expressing the fol- 
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lowing combinations: 

sinh a cosh b 
cosh a sinh h 
sinh a sinh b 
cosh a cosh h 

Using fundamental definitions, the first product becomes 

sinh a cosh h =----- — 

2 2 

^a+6 ^a—b _ o-fb _ a—b 


^o+b _ (o-fb) 


sinh (a + 5) + sinh (a — b) 
2 


[A-10] 


Interchanging a and b in equation A~10 will give the second product. 
A close analogy to equation A-10 can be obtained for this product if use 
is made of the fact that sinh x = — sinh (—x). This relation can be 
shown as follows: 

. ^ - c“* 

sinh X = r— 


sinh (“x) = 


= — sinh X 


A similar procedure will show that the cosh x is not changed in value by 
changing the sign of x. Thus 

, . , , sinh (a + b) - sinh (a - b) 

qosh a sinh b -- - - lA-llJ 

Similarly 

. , , cosh (a + b) - cosh (a - 6) ,, 

sinh a smh b -- - - [A-12j 

and 

, , ^ cosh (a + 5) + cosh (a - b) 

cosh a cosh h =-r- [A“13] 

A 


cosh a cosh h 


[A-11] 


[A-12J 


[A-13] 
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Thus four identities have already been found which are similar in form 
to the corresponding ones in circular functions. From these can be 
obtained 

cosh (a + 6) [= (A-12) + (A-13)] = cosh o cosh 6 + sinh a sinh 6 

IA-14] 

cosh (o — 6) [= (A-13) — (A-12)] = cosh a cosh b — sinh a sinh b 

[A-151 

sinh (o + 6) [= (A-10) + (A-11)] = sinh a cosh b + cosh a sinh b 

[A-16] 

sinh (a — fe) [= (A-10) — (A-11)] = sinh a cosh b — cosh o sinh 6 

[A-17] 

By making use of the fundamental definitions the following useful re¬ 
lations can also be easily proved: 

cosh^ X — sinh^ * = 1 [A-18] 

cosh^ X -t- sinh* x = cosh 2x [A-19] 


In order to determine certain expanded forms of equations for hyper¬ 
bolic functions of complex quantities, two relations between circular and 
hyperbolic functions arc needed. From the basic definitions 


Also 


sinhjx = 




= j sin X 


eoshjx = 


€»■* + 
2 


cos® 


Using these, equations A-14, A-15, A-16, and A-17 are readily trans¬ 
formed to 

codi (a + jb) = cosh a cosh jb + sinh a sinh jb 

= cosh o cos 6 -1- j sinh a sin & [A-20] 

cosh (o — jb) = cosh acosb — j sinh a sin 6 [A-21] 

anh (a+jb) — sinh a cosh jb -f cosh a mnihjb 

= sinh a cos & -f i cosh o sin 6 [A-22] 

sinh (o — jb) = sinh acosb — j cosh o sin 6 [A-23] 

It is thus seen that hsnperbolic functions of complex quantities can be 
expressed as complex quantities, M -|- jN, and if a and b are known any 
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one of the expressions (equations A-20, A-21, A-22, and A-23) can be 
calculated. 

Useful forms of equations A~20 and A-22 result when expressed in 
polar form. From equation A-22, using equation A-18 


sinh {a + jh) = sinh a cos 5 + j cosh a sin h 

= Vsinh^ a cos^ h + cosh^ a sin^ h / tan“^ — - ^ 

_ cos h sinh a 


= Vsinh^ a(l — sin^ h) + sin^ 5(1 + sinh^ a) j tan^^ —- ; -^ 


cos 6 sinh a 


/"T-ro- ;—sin h cosh a 

= V sinh^ a + sm^ h / tan ^-——— 

_ cos 6 sinh a 

Similarly 

cosh (a + jh) = Vcosh^ a cos^ 6 + sinh^ a sin^ h j tan 


[A-24] 


sin h sinh a 
cos h cosh a 


= V(1 + sinh^ a) cos^ h + sinh^ a(l — cos^ h) / tan"~^ sin h sinh a 

_ cos h cosh a 

/ sin 6 sinh a 

Ia-25] 


/—-o-;- TZ /X -1 ^ ® 

= Vsinlr a + cos b / tan -;- - — 

cos 6 cosh a 


It is a different matter, however, if, instead of a and h being given, the 
function of (a + jb) is given and it is required to find a and b. For ex¬ 
ample, assume that tanh (a + jb) = M + jN is given in which M and 
N are known. Consider the following development: 


7 .^ . -Tir X 1 . / . •, X sinh (a + jb) 

M +jN ^ tanh (a + jb) = ————— 

cosh {a + jb) 

_ sinh a cos 5 + j cosh a sin b 
cosh a cos 5 + j sinh a sin b 

Rationalizing 

M+jN = 

3 inh a cosh a cos^b -j- sinh a cosh a sin^^b — j sinh^a cos b sin 6 4“ j cosh^o cos 5 sin & 
cosh^ a cos^ b + sinh^ a sin^ b 


Using equation A-18 and the relation presented in the development of 
equation A-25 


ilf+ ii\r = 


sinh a cosh a + j sin 5 cos 5 
sinh^ a -f cos^ b 
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Equating real and quadrature parts and making use of equation A-16 


sinh a cosh a sinh 2a 

sinh^ a + cos^ b 2(sinh^ a + cos^ h) 

sin b cos b __ sin 2b 

sinh^ a + cos^ b 2(sinh^ a + cos^ b) 


[A-26] 

[A-27] 


From equations A-24 and A~25 

\ M +JN\^ = \ tanh (a + jb) 


sinh^ (g + jb) 
cosh^ (a + jb) 


and 


sinh^ a + sin^ b 
sinh^ a + cos^ b 


1+M^ + N^ ^ 


sinh^ a + cos^ b -h sinh'^ a + sin^ b 
sinh^ a + cos^ b 


2 sinh^ a + 1 _ cosh 2a 

sinh^ a + cos^ b sinh^ a + cos^ b 


from equations A-18 and A-19. Similarly 

sinh^ a + cos^ b — sinh^ a — sin^ b 


1 - + N^) = 


sinh^ a + cos^ b 
cos 2b 


sinh^ a + cos^ b 

Using equations A~26 and A-28 gives 

2M 


[A-29] 


tanh 2a = 


\ + M^ + N^ 


[A-30] 


and using equations A~27 and A-29 


tan 2h = 


2N 

1 - (Af2 + N^) 


[A-31] 


In using these equations it must be noted that the function in equation 
A-“31 is multivalued, and in order to fix b definitely some additional 
information must be available. In particular, if the signs of the numera¬ 
tor and denominator of equation A-31 are known separately, then the 
quadrant of 2b is definitely fixed. The sign of the numerator is found, 
of course, from the original expression, tanh {a -|- jb) — Af + jN. The 
sign of the denominator takes care of itself because of the fact that both 
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M and N appear in it squared. As an illustration, refer to Art. 60 
where 


tan 26 = 


-2 X 1.54 
1 - 2.479 


or the ratio of two negative quantities. Accordingly, since only angles 
in the third quadrant have tangents with a negative numerator and 
negative denominator, the angle 26 lies in the third quadrant. 

Where cosh (a + jb) is given, with the requirement that a and 6 be 
found, it will be necessary to change to the hyperbolic tangent. This 
can be effected as follows: 


sinh^ (a + j6) = cosh^ {a + jh) — 1 
sinh (a + jb) = Vcosh^ (a +^6) — 1 

and 


. , / , Vcosh^ (a + i6) - 1 

cosh «.+,(,)— 

When sinh (a + jh) is given, there is obtained 


tanh (a + jh) = 


sinh (a + jh) 


Vsinh^ {a +jb) + 1 


[A-32] 


[A-33] 


Equations A-32 and A~33, although relatively simple in appearance, are 
somewhat difficult to use. The student is advised to work out an ex¬ 
ample in order to become familiar with the procedure. 



APPENDIX IV 

ALTERNATIVE SOLUTION FOR Zq AND 


Expressions for Zq and 7 in terms of distributed line parameters were 
derived in Chapter V. An ‘alternative method of obtaining these same 
relations can be found from equations 4-1 and 4-7, which give Zq and ^ 
for finite sections of a line, by allowing the length of the section to be¬ 
come infinitesimally small. The equations for Zq and y for finite sections 
of a line are 


?0 = ^ZrZ2 + ^ 




AZl 


[4-1] 

[4-7] 


It has been stated previously that since these equations apply to sections 
of finite length they cannot be exactly correct. It is to be expected then 
that, if the length of the section is allowed to become vanishingly small, 
Zo and y should approach their true values as given by a line with dis¬ 
tributed parameters. 

Let it be recalled that Zi is the series impedance and Z 2 is the shunt 
impedance of the finite section of line, whereas z is the series impedance 
and y is the shunt admittance per mile. Since the length of line is to be 
allowed to become very small, its value will be given by Ax. From the 
definition of Ax and z it is clear that Zi = zAx, and I/Z 21 the admittance 
of the section, will be yAx. Let these values be substituted into equa¬ 
tion 4-1. 



As Ax approaches zero, Zo becomes Vz/y, which is equation 5-16 as 
developed in Chapter V. 

For the evaluation of y, equation 4-7 will first be expanded by the 

^ Everitt, W. L., Cimmunicaiion Engineering, New York, McGraw-Hill Book Co., 
1937. 
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binomial theorem. Thus the radical becomes 

and equation 4-7 can be written 

•-'*©"*i©*i©‘* ■ 

Since Z1/Z2 = zy(Ax)^ 

c'v = 1 + \/^ (Aa:) + ^(zy)(Ax)^ + i(zy)^(Ax)* + • • • 


[A-35] 

[A-36] 

[A-37] 


Compare this expression for with the usual exponential series. 

+ y + + + - • [A-38] 

Since Ax is being allowed to approach zero, the terms in (Ax)^ and 
higher may be neglected, and the others equated, term by term. Thus the 
series for the first three terms would be identical if y were made equal to 
y/zy{Ax), and this y would be the propagation constant for the infinitesi¬ 
mally short section. Assume that there is a very large number, n, of 
these short sections per mile. Then the attenuation constant per mile 
is Yw = ~ n‘s/^{Ax), However, if n is the number of sections of 

length Ax per mile, then r?Ax = 1, and Ym = or in the more usual 
notation without the subscript 


Y = 



APPENDIX V 

ALTERNATIVE DERIVATION OF EQUATIONS 6-6 AND 6-6^ 

The derivation of certain general equations of a transmission line by a 
method which provides a means of partly visualizing the phenomenon 
which takes place is presented here. Reflection, as it occurs on a trans¬ 
mission line, actually consists of a sequence of events: (1) A wave 
front proceeds along the line and when it arrives at the termination, pro¬ 
vided the termination is other than Zo> part of its energy is absorbed and 
part is reflected; (2) the reflected wave travels back along the line until 
it meets the sending-end impedance, where part of its energy is further 
absorbed and the remainder is again reflected toward the receiving end. 
This process of reflection continues until the loss in the line and in the 
terminating impedances reduces the energy of the wave to zero. The 
resultant line current or voltage, as measured by instruments, is the sum 
of all of these reflected waves. Obviously, since these waves are con¬ 
tinually subject to the effects of attenuation and phase constants, the 
phenomenon is impossible to visualize clearly. 

A simplification which will provide an opportunity of forming a physi¬ 
cal picture of reflection, even though it is incorrect, is desirable. It is 
known that if a line is terminated in its characteristic impedance Zq it 
acts as an infinite line, propagation takes place in one direction only, and 
its current and voltage at any point may be readily calculated. Hence, 
it is proposed to fashion two correctly terminated lines out of the given 
line together with its improper termination. These two lines can then 
be treated separately, their currents and voltages at any point found, 
and by the superposition theorem these currents or voltages can be 
added together to obtain the true current or voltage. 

Let it be assumed that there are provided (1) a generator of emf Eg and 
impedance (2) a line of characteristic impedance Zq and propaga¬ 
tion ylf and (3) a receiving-end impedance Zr. In Fig. A-7 are shown 
the given line a and the successive stages involved in the process of 
breaking it up into two correctly terminated lines. 

In Fig. A-7b the generator impedance Zg has been replaced by two 
impedances {Zf^Zo) and Zq. Likewise the receiving-end impedance Zr 

^Everitt, W. L., Communication Engineering^ p. 132, New York, McGraw-Hill 
Book Co., 1937. 
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has been replaced by the impedances {Zr-Zo) and Zo- Inspection of the 
diagram will show this break-up to be perfectly legitimate. Since the 
compensation theorem, Art. 23, allows an impedance drop to be re¬ 
placed by an equivalent generated emf, the circuit of Fig. A~7c is ob¬ 
tained by substituting the emf’s Ea and Eb for the impedance drops 



Fig. A-7. Transformation of a given Une into two correctly terminated lines. 

/,(Z(^Zo) and /r(Zr-Zo). The two circuits of Figs. A-7d and A-7e are 
obtained from Fig. A-7c and each of them will yield part of the final 
result. It will be noted that in d a correctly terminated line is trans¬ 
mitting toward the right and its generator is made up partly of the origi¬ 
nal generator and partly of the fictitious generator added because of the 
drop through the impedance {Z^Zq), The diagram in e represents a 
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correctly terminated line transmitting toward the left, and its generator 
is a fictitious one owing to the impedance drop /r(Zr--^o)- In neither of 
these lines will there be any reflection. After the current and voltage at 
any point of the line are calculated due to each circuit separately the 
results can be superposed to give the actual existing values. It must be 
realized, however, that obviously the picture of only two waves, one to 
the right and one to the left, is wrong. However, the great advantage 
of the method lies in the fact that it often enables problems to be handled 
by a graphical or step-by-step analytical method. 

The following notation will be used in the analytical derivation of 
equations 6-5 and 6-6: 

Vg is the line voltage at sending end due to sending-end generator 

v: 

V'/ 

v:' 

li 

I'r 

/." 

The following equations can be written, based upon Figs. A-7d and 
A-7e. On a correctly terminated line Vr = and Ir = from 

equation 4-8. The propagation constant for the entire line is yi 
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Is = /.' + /." 
Ir = Ir + /r" 


From Fig. A-7d, 


rf _ 
— 


I.iZa - ^o) 


From Fig. A-7e, 


/; = = 

/r" = 


2Zo 

[Eq - I,iZ„ 


^o)K 


:-r« 


-IriZr 


2Zo 

-Zo) 


2Zo 

-iriZr - Zo)ry^ 


2Zn 


[A-39] 

[A-40] 

[A-41] 

[A-t2] 

tA-43] 

[A-44] 


Let equations A-41 to A-44 be substituted into equations A-39 and 
A-40. 

^ E, - I.{Z„ - /q) _ IrjZr - 
* 2Zo 2Zo 


[A-46] 











ALTERNATIVE DERIVATION OF EQUATIONS 6-5 AND 6-6 367 


and 


or 


and 


[E, - /.(Z„ - IriZr - Zq) 

2^0 2^0 

E„ - /,(Z„ - Zq) - /,(Z, - 

22 o 

- 7,(7, - Zp) 


[A-16] 

[A-47] 

[A-48] 


Equations A-47 and A-48 may be treated as simultaneous equations 
and solved for Ir and /«. The solution yields 

/ =__ rA-491 

’■ (Zo + Zr){Z, + ^0)*^' + {Zo - Zr) {Z„ - Zo)€-’* ^ ^ 

/ = £J(Zo + Zr)e^^ + (/o - Zr)e-^'] 

* (Zo + Zr) (Z, + Zo)*''' + (Zo - Zr) (Z„ - Zo)*-’' ^ 


It is desirable to have these equations expressed in terms of Fg, the 
voltage across the line, instead of the generator emf Eg] so by making 
Eg = 7, and Zg = Q the input voltage across the line F* will appear in 
the equations. Thus 

_ 2 FgZo _ 

■■ (Zo + Z,)Zo*’' + (Zo - Z,)(-Zo)*-’' 




^2 + *“’' 
Zo X h ZoZr r 


= ^ ^ ^ [A-51] 

Zo sinh yl + Zr cosh yl 

This equation is the same as equation 6-5, whore v^>Si takes the place 
of yL Likewise 

Fg[(Zo + Z,)€^' + (Zo - Z,)e-"^'l 


Is- 


(Zo + Z,)Zo€^' + (Zo - Z,)(~Zo)€~^' 


which, on rearranging and making substitutions of the hyperbolic func¬ 
tions, becomes 


Fg(Zo cosh yl + Zr sinh yl) 
Zo{Zr cosh yl + Zo sinh yl) 


This corresponds to equation 6-6, 
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The preceding analysis easily leads to a reasonably satisfactory physi¬ 
cal picture of the conditions on an open- (or a short-) circuited trans¬ 
mission line if a may be considered as zero. For this case, since there is 
no decrease in the amplitude of the wave as it progresses along the line, 
the superposition of the two waves traveling in opposite directions is 
comparatively easy to visualize. The wave traveling toward the re¬ 
ceiver end of the line will be considered as the direct wave and the one 
sent back from the receiver end as the reflected wave. The voltage (or 
current) along the line at any point may be considered as the vector sum 
of these two waves. 

As an illustration, let the voltage distribution on a short-circuited line 
be considered. It should be remembered that, with respect to time, 
vectors rotate counterclockwise and with respect to distance traversed 
they rotate clockwise. For this illustration, since it is the distribution 



along the line at a particular instant which is of interest, the vectors 
concerned will rotate clockwise as long as one is progressing in the direc¬ 
tion of transmission. The voltage vector at the receiving end of the line 
undergoes a phase shift of 180® because only in this way can the sum of 
the two vectors produce the necessary boundary condition at a short 
circuit, that of zero voltage. The vector, after reversal, may be con¬ 
sidered at successive points along the line back to the sending end, its 
rotation always being clockwise, and at certain points the vectors repre¬ 
senting the direct and reflected waves are found to be 180® out of 
phase just as they are at the receiving end. Thus there are positions 
along the line of zero voltage, and also positions of maximum voltage 
where the vectors are added linearly. 

The general situation can be seen more clearly in Fig. A~8, where a 
l5i-wavelength line is considered. V[ represents the input voltage at 
the sending end of the line. As one progresses along the line the direct 
wave vector takes positions at every quarter-wavelength, as shown by 
the vectors Vi, K 2 , • * • Fr'. At the receiver end a complete reversal of 
Vr takes place in order to fulfill the condition of zero voltage at that 
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point. This new vector is designated as VW and its successive positions 
at points separated by quarter wavelengths along the line are repre¬ 
sented by F 2 ', • • • As stated previously, the voltage at any 
point of the line will be given by the vector sum of the two vectors at 
that point. Thus at the voltage is a maximum, Vi + V'', at a it is 
zero, and so on along the line until zero voltage is again attained at r. 
If the negative loops were reversed to indicate merely meter readings 
then the similarity between this curve and the curve of V for the short- 
circuited line of Fig. G-13 could easily be seen. 
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MAXWELL’S EQUATIONS 

Maxwell's equations are usually written in vector form. However, 
for the purposes of certain derivations presented in this text, the equa¬ 
tions which are of immediate use will be written in scalar form because 
the use of vector notation here serves no useful purpose. Written in this 
manner, the two equations will appear as six. The first group of three 
refers to the relation between electric currents and the resultant magnetic 
fields, and the second group refers to the relation between the electric 
field and the time rate of change of current, or magnetic field. It will be 
seen presently that these equations are merely general statements oi the 
circuital law of magnetism and Faraday's emf law respectively, expressed 
in differential forms. The equations are especially useful in the treat¬ 
ment of the propagation of electromagnetic waves, and they find applica¬ 
tion not only in radio but also in many problems of wire or guided trans¬ 
mission. Many books treat of their derivation and reference should be 
made to them for greater completeness.^ 

Derivation of Maxwell’s Equations in Cartesian Coordinates, (a) 
MaxwelVs First Law, The first set of equations is based on the circuital 
law of magnetism which in equation form and in rationalized units is 

fH-dl=I [A-53] 

^ Doherty, R. E., and E. G. Keller, Mathemahcs of Modern Engineeringy New York, 
John Wiley & Sons, 1947. Bronwell, A. B., and R. E. Beam, Theory and Application 
of Microwaves^ New York, McGraw-Hill Book Co., 1947. Hund, A., Phenomena in 
High Frequency Systems^ New York, McGraw-Hill Book Co., 1936. King, R. W. P., 
Electromagnetic Engineering^ Vol. 1, New York, McGraw-Hill Book Co., 1945. 
Marchand, N., Ultrahigh Frequency Transmission and Radiation^ New York, John 
Wiley & Sons, 1947. Mcllwain, K., and J. G. Brainerd, High Frequency Alternating 
Currents^ New York, John Wiley & Sons, 1939. Page, L., Introduction to Theoretical 
Physics, New York, Van Nostrand Co , 1930. Ramo, S., and J. R. Whinnery, Fields 
and Waves in Modem Radio, New York, John Wiley & Sons, 1944. Schelkunoff, S. A., 
Electromagnetic Waves, New York, Van Nostrand Co., 1943. Skilling, H. H., Funda¬ 
mentals of Electric Waves, New York, John Wiley & Sons, 1948. Stratton, J. A., 
Electromagnetic Theory, New York, McGraw-Hill feook Co., 1941. Ware, L.A., 
Elements of Electromagnetic Waves, New York, Pitman Publ. Corp., 1949. Sarbacher, 
R. I., and W. A. Edson, Hyper and Ultrahigh Frequency Engineering, New York, 
John Wiley & Sons, 1943. 
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where H is the magnetic-field intensity in amperes per meter and I is 
the displacement or distance along the closed path which encircles the 
(*iirrent. In this derivation, the current / is expressed in amperes and 
the displacement I is expressed in meters. (It is understood that in 
general II is a function of both time and space.) 

If all space is assumed to be filled with electric currents and the 
associated magnetic fields, it is a relatively simple matter to establish 



the relationships between the space variations in H and the current 
densities which exist at any point in space. This set of relationships is 
sometimes referred to as Maxwell's first law. Let Fig. A-9 represent 
an elemental section of space filled with electric and magnetic fields, and 
with the associated currents. Also let Px, py, and p* represent the current 
densities in the Xy and z directions respectively. The magnetic-field 
intensities along the x, y, and z axes respectively will be represented by 
Hx, Hyy and Hz- The general principle involved in the establishment of 
the first equation to be considered can be seen by treating only one 
surface of the element of volume. Assume that the area ochdo is 
selected. Through this area the total current is 

Ix = Ps4ydz = pxidA 


[A-64] 
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Around the boundary of this surface there exist magnetic intensity or 
H vectors, two of which are indicated in Fig. A-9, namely, Hy along the 
dy path and Hz along the dz path. 

The magnetic potential drops around the ocbao loop taken individually 
are 

d(along oc) ~ Hydy 

J77 77 J . ^{Hzdz) ^ r, ^ ^ 

dc/2(aiongc6) = Hzdz ^--- dy = Ilzdz + —dydz 

dy dy 

dt/3(aiong 6a) I-“1/^2/ “h dz I Hydy dydz 

d?/4(along ao) ~ "^Hzdz 


In arriving at these expressions it is of course recognized that dz is not a 
function of y and neither is dy a function of z. The four magnetic 
potential drops are to be taken in the ocbao direction around the loop 
since +Ix establishes H vectors in this direction around the loop in 
accordance with the right-hand rule. 

From the circuital law of magnetism (equation A-63), it is plain that 

^H-dl = dUi + dUs + dUz + dU^ 


or 


fdjh 

\Qy 


dHy \ 

dz ) 


dydz = pxdydz 


[A-55] 


dHz dHy 
dy dz 


[A-56] 


In this equation px the current density existing over the dydz face 
and directed along the x axis is made up of two parts. One is the 
conduction current density gEx^ where g is the specific conductance per 
unit volume and Ex is the x component of the electric-field intensity in 
volts per meter. The other is the displacement current density, dDxIdt, 
where D* is the electric flux density. Since D = zEy where e is the 
permittivity of the medium, the total current density may be written 


Px ^ gEx + t 


dEx 

dt 


Equation A-“56 now becomes 


dHz 

dy 




[A-57] 


In an exactly similar manner two other equations, for the remaining 
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two coordinate directions, may be derived. They are 


and 


djh 

dz 

dJHy 

dx 


-5;^-«£, + .-5^ 

— = grS, + e — 
dy dt 


[A-58] 

[A-59] 


These three equations together make up the expression of one of Max¬ 
wells laws. They express three of the necessary relations which must 
always exist between H and E in the electromagnetic field. 

(b) MaxwelVs Second Law. Equations A~67, A-58, and A-59 are 
based on the circuital law of magnetism. Another set of three equations 
based on Faraday's law will now be derived. Again Fig. A~9 will be 
used with the p's replaced by flux densities B and with the if's giving 
place to corresponding electric intensities (£"s) expressed in volts per 
meter. 

Consider the area ocbao and assume that the flux density B^ is decreas¬ 
ing so that its derivative with respect to time is negative. Also assume 
for the moment that the boundaries of the area are fine wires, with 
practically infinite resistance if we wish, in which emf’s are induced by 
the time rate of change of The decrease of flux through the area 
will induce a voltage e in the wire boundary which will be in the sense 
ocbao. The magnitude of this voltage is given by Faraday's law to be 

e= <fE‘dl=-^^- ^dydz [A-60] 

dt dt 


where E is the electric intensity vector 

I is the displacement directed along the periphery of loop oabco 
<t>x is the magnetic flux crossing the dydz surface 
Bx is the flux density at the dydz surface 

The minus sign accounts for the fact that the voltage induced in the 
ocbao loop is measured by the time rate of decrease of magnetic flux 
through the loop. 

The electric potential differences around the closed path ocbao (taken 
in the right-hand screw direction around +Bx) are individually 

(along oc) ~ Ej/ly 

d(E^z) dEz 

dv 2 {z\ongch) = E4z H-T —- dy =« E4z + — dydz 

oy ay 

= -Ej4y - ^dydz 

dV4(alongao) ~ '^Eg^Z 
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From equation A-CO it is seen that 

—- ■^]dydz= - -^dydz [A-61] 

dy dz / at 

Recognizing that R* = n^Hx 


BE, 

dy 


dEu 


dHx 


dz dt 


[A-62] 


If the same procedure is applied to faces dxdz and to dxdy respectively, 
we find that 


and 


BEx 

BEx _ 

BHy 

Bz 

Bx 


BEy 

BEx _ 

BHx 

dx 

By 



[A-^3] 

[A-64] 


Equations A-62, A-63, and A-64 express three more necessary rela¬ 
tions which always exist between the H and E vectors in the electro¬ 
magnetic field. Taken collectively, they are sometimes referred to as 
Maxwell's second law. 

Equations A-57, A-58, A-59, A--62, A-63, and A-64 have been 
derived in rationalized mks units and hence are most directly applicable 
in this system of units where 

pio = 47r X henry/meter, the permeability of free space 
e = €o€r, the permittivity expressed in farads/meter 
€o == l/(367r X 10®) farad/meter, the permittivity of free space 
€r = the relative permittivity or dielectric constant of the me¬ 
dium, having a value of unity for free space and essentially 
unity for air 

g = the conductivity of the medium expressed in mho-m/sq m, 
the numerical value for hard-drawn copper being 0.565 X 
10 ® mho-m/sq m. 


The symbol mo may actually be interpreted to mean MoMr where fir is 
the relative permeability of a ferromagnetic medium, but, since only 
nonferromagnetic materials are encountered here, the numeric Mr is 
considered to be unity and as such does not appear in the equations. 

Derivation of Maxwell’s Equations in Cylindrical Coordinates. The 
derivation of Maxwell's equations in cylindrical coordinates follows 
exactly the general principle used in the above development for Cartesian 
coordinates, the differences having to do with the fact that some of the 
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elemental lengths are not independent of the other coordinates. The 
elemental volume to be employed here is shown in Fig. A~10 where the 
(ioordinates are r, and z. It will be noti(;ed in particular that the 
elemental length oa is a function of r as well as of 6. 

(a) MaxweJVs First Law. First the line-integral law of magnetism 
will be applied to the face oabco of the elemental volume at which the 



Fig. A-10. Element of volume in the electromagnetic field. 

C'ylindrical coordinates. 

current density Pr exists. The magnetic potential drops around the 
oabco path taken individually are 

(q.ln ng nn) H$V(i6 

dUiisiong ab) = H4 z + d9 = H4z + - • ^ 'rd^dz 

ou r ou 

(since dz is not a function of 6) 

dC^3(aion«6c) = “ ^trdS + —■ rfzj- HerdO - ^ rdMz 

^^4(along co) HzdZ 

Hence 

• dl = dUi + dU2 + dU^ + dU^ = - ^dddz 

= prvdddz [A--65] 
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and 


or 


1 dH z dH$ 
r 66 dz 


[A-66] 


I dHz 
r’ 66 


dHe 

6z 


= g^r + S 


6Er 


lA-67] 


A similar procedure may be applied to the other faces of the elemental 
volume which touch the point o, the point in space which is actually 
under investigation in the limit of vshrinking rfr, d6, and dz to zero. 
Because of the nonsymmetry of the coordinates however, it may be well 
to outline the method employed in applying the line integral law to the 
faces ocdgo and ogfao. 

Consider first the ocdgo face across which the current 1$ {= p^rdz) 
flows. The individual magnetic potential drops around the periphery 
of this face are 


oc) Hzdz 

ITT TT j I 6{Hrdr) TT j t 6Hr j 

dU 2 {^\omcd) = Hrdr d--- dz = Hrdr + — drdz 


irr frr _i. . rr 

dg) *“ Hzdz _ dv — Hzdz 

L ar J dr 


drdz 


df/4(ttiong firo) Hfdr 


Hence 


6Hr 

6z 


6Hz 

6r 


gEe + e 


6Ee 

6i 


[A-68] 


Consider next the ogfao face across which the current /« (= Pzrd6dr) 
flows. The component magnetic potential drops taken around the 
periphery of this face are 


d(along og) Hfdr 

.rr rr .. . d{Herd6) ^ . 1 d(//,r) 

dU 2 u\onKgf) = HBrd6 H-- dr = Herd^ + - • —— rd6dr 

^ 6r r 6r 

= - \H4r + = -H4r - rdBdr 

^^4{alongoo) ™ ~~H0Tdd 


It follows, as before, that 


1 

r 


- 9r 


p J- 


[A-60I 



MAXWELL’S EQUATIONS 


377 


Taken collectively, equations A-67, A-68, and A-69 describe the same 
physical facts in cylindrical coordinates as equations A~57, A-68, and 
A-59 do in rectangular coordinates. 

(6) Maxwell^s Second Law. In Fig. A-10 we may replace the p^s by 
fi’s and apply Faraday’s emf law to ea(;h of the faces of the elemental 
volume which tou(;h point o. The magnetic flux piercing face oabco, 
for example, is <i>r = BrVdSdZy and the resulting induced emf is 

/ _ „ dBr , , dHr , , 

E •dl - - - rdOdz = —po - '^dSdz 

at ot 


Since E enters into the line integral exactly as H did previously, we may 
write, from equation A-67* 


From equation A-68, 
From equation A-69, 


\ BE^ 

dEe 

— MO 

BHr 

r' ae 


at 

dEr 



aHe 

dz 

dr 

“Mo 

at 

'd(Eer) 


“Mo 

an. 

dr 


at 


[A-70] 

[A~71] 

[A-72] 


Taken collectively, equations A-70, A-71, and A-72 specify in 
cylindrical coordinates the same interrelationships which exist between 
the ii”s and //’s as equations A-62, A-63, and A-64 do in rectangular 
coordinates. 


Illustrative Example. In order to illustrate the application of Maxwell’s 
equations to a relatively simple case, the depth of penetration of an electro¬ 
magnetic wave into a metal will be found employing the field configuration 
shown in Fig. A-11. The assumption will be made that at the surface of the 
conducting plate shown 


= 0 and [A-73] 

leaving only Ey and Hx as finite quantities. In accordance with Poynting’s 
theorem,^ it is understood that, with Ey and Hx present at the surface of metal, 
power will be crossing the surface and dissipated in the metal. Physically, 
Ey represents the electric intensity vector caused by current flow in the y 
direction, and Hx is the magnetic-field intensity vector established by the 
same current. 


2 See Art. 104. 
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On substitution of the relations given in equation A-73 into equations 
A-57, A-58, A-59, A-62, A-63, and A-64 there are obtained two equations in 
Ey and //x, 


a//x 

dz 


[A-741 


and 


dEy _ dixHx 
” d t 


[A-75] 


where Ey and Hx are functions of both time and space. 

Let Hx = and Ey = [A~76] 

where !K*x and &y are functions of space only. See page 271. 



Fig. A-11. Illustrating depth of penetration of elertroinagnetic wave in metal. 


Using the relations given by equation A-76, the time derivatives of 11 and 
E with respect to t become 

0t vt 

dt dt 


and then 


= (ff + 


dS^ 




[A-78] 
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Dividing out the exponential terms gives 

= (? + ju>e)&u 
dz 

cr^ 

dz 

Differentiate e(}uation A-80, and substitute, from equation A-79, 

= joiiiig +jo)-)&y 


Ill those eases where g ^ we, equation A- 81 becomes® 

jo)fig&y [A-82] 

dz^ 

The solution of this type of differential e(|uation is given by &y = 
where A and y are constants to be determined. 

= yAey^ 


^ = f = f s. 

Thus Sy = Ae'i'* is a solution to equation A-82 provided 
y = jwfig 


.so 


wherein A is an arbitrary constant which is specified by the surface value of 
at 2 = 0. The electric-field intensity vector Ey is thus shown to decrease 
exponentially for negative values of z as indicated in Fig. A-11. 


The depth, along the —z direction, at which Ac ^ ^ reduces to 0.368 
(or €~^) of its surface value is called the depth of penetration. This depth, 
indicated as the distance 5 in Fig. A-11, is 


= 


® For copper conductors g « 0.565 X10® mho-m/sq m, and oe « 0.0555 X 10" V; 
hence for / equal to 10® cycles per second (1000 megacycles) g » wc. 
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where p = 1/^ is the resistivity of the conductor material 
Po = X 10“^ henry/meter 
Pr = the relative permeability of the metal 


giving 


8 



meter 


[A-86] 


This particular depth of penetration is used to establish api>roximate formulae 
for the high-frequency resistance of metallic conductors. (See Art. 12.) 

It is also of interest to calculate an effective or intrinsic* impedance of the 
metal using expressions for Ey and Hx within it. The component Ey can be 
written from equation A-84 as 

COS ( 0 )t + SZ) Z ^ 0 
or 

^y(real) = COS (o}t -f «r) [A- 87 ] 


Equation A-80 can be written as 
j d&y 


or 


or 


or 


= - 


cop dz 


_ j dEy 

11X — • 

cop az 

^ JL, [A€**y.s*€^^“*'*‘**^ + 

cop 

A Q 

— _ 1 

cop 

As 

= — €*’(1 — i)[cos (coi -f sz) + j sin (co^ + s^)] 
cop 

V2 As 


*Hir(real) = 


cop 

V2 As 

cop 


€''‘COS ^coi + ~ 

€*^cos(co^ + sz) / — 45° 


[A-88] 


[A-89] 


Using equations A-87 and A-89, an intrinsic impedance Zi can be defined 
for the metal as 

/45° ohms [A-90] 

V2s 


or on substituting for s, from equation A-83, 


- 



ohms 


[A-91] 


which indicates that within the metal the magnetic field lags the electric field 
by 45®. 



APPENDIX VII 

ELEMENTS OF BESSEL FUNCTIONS 


A. Solution of the Zero-Order Equation. The immediate problem 
is to obtain a solution of the following differential eqviation: 




0 


[A-92] 


This equation is “ BessePs equation of order zero ” and is the simplest 
of the equations to be considered here. As a solution of equation A-92 
try the series: 

y = ao + aix + a 2 X^ + +-h Unx'^ + • • • [A-93] 

This may be written y = anx” if it is remembered that a summation is 
implied. First however let the first few terms of equation A'-93 be 
substituted into equation A“92. 

- • ^ - (fli + 2a2X + 3a>sx^ + • • •) 

X ax X 

d^y 

^ = 202 + (ya^x + • • • 


Thus, on substitution into equation A-92, 

2 a 2 + Qa^x + — + 2 a 2 + SasX + Oq + aix + (higher powers of a;) ~ 0 
X 


This expression, instead of being zero when a: = 0, becomes infinite, 
owing to the term ai/x. Thus aj must be set equal to zero. Remember¬ 
ing that ai = 0 and going back to the solution 

y = anX^ 

^ 

dx 


d^y 

dx^ 


= n(n — l)o„a;" * 


equation A-92 becomes 

n(n - 1 + na„a-”~® + a„a:" 
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[A-94] 
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The left side of this equation represents a polynomial with an infinite 
number of terms, each made up of a coefficient and some power of x. 
Thus equation A-94 is 
00 

fn(n — \)anx'^~'^ + nanX^~'^ + anX:‘”] == 0 

n=0 


Expanding the series and writing the (n — 1), n, (n + 1) and (n + 2) 
terms we obtain 

• • • + (n — l)(n — + (n - 

+ n(n ~ + anX^ + {n + l)nan^ix^~^ 

+ (n + 1 + an+ix^'^^ + {n + 2) (n + l)an+ 2 ^'' 

+ (n + 2 )an+ 2 X^ + H-=0 

Since the equality must hold for all values of a:, then the coefficient of 
each power of x must be zero. Setting the coefficient of the a:” term 
equal to zero yields 

®n-f 2 [(^ + 2)(n + 1) + (w + 2)] + On = 0 


Solving for gives 


- 

(n + 2)'^ 


[A—95] 


All the coefficients of the series can be found from this equation. It is 
found that two of the coefficients can be arbitrarily chosen. One of 
these, ai, has already been set equal to zero; the other, oq, can be set 
equal to unity. On this basis then the coefficients are 


From equation A~95, 


flo ~ 1 
ai = 0 


(I 2 ~ 


22 


03 = 0 

_ „ O 2 _ 1 

“ 42 
06 = 0 

1 

®* " 2* • 42.6* 


The series A-93 now becomes 

2®'^ 22.42 


22 • 42.02 


+ • • • = Jo(x) [A-96] 
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This is one particular solution of the equation A~92. It is usually 
written as JqM and called BesseVs function of M first kind and zero 
order. At x = 0 it is seen to have the following characteristics: 


Jo{x) = 2 / = 1 
dx dx 


X = 0 


X = 0 


Since equation A-92 is a second-order differential equation, its general 
solution must be made up of a combination of two independent particular 
solutions, one of which is J^^ix), The other standard particular solution 
is denoted by Fo(‘C) and is called BesseVs function of the second kind 
and zero order. This is the form standardized by Weber, and its deriva¬ 
tion is beyond the scope of this brief treatment.^ Values of both JqM 
and yo(^) can be found in suitable tables.^ Curves of Jo{or) and Yo{x) 
are given in Figs. A'-12 and A-13 respectively. The general solution of 
equation A-92 then becomes 

y = A Jo(x) + BYo{x) [A-97] 

It will be of interest later to write out the first derivative of Jo{x). 
It is as follows (from equation A-96): 

dJo{x) x X® 

dx~ ~ “ 2 ~ 22 . 42 . 6 ’ 

ri 1 TA noi 

“ ~ * L2 ■ 2^ • 42 . 6 j 


B. Solution of the First-Order Equation. BesseFs equation of the 
first order is 


rfV ■ i .rfy ■ 

dx^ X dx 



0 


[A-99] 


Let a solution of this equation be assumed in the form 

y = a:”*(oo + o-ix + 02 *^ + a^x^ + • • • + Ona;” + • • •) [A-lOO] 

where the a’s are not necessarily the same as in the previous article. 

' Refer, for a further treatment, to Mathemalicdl Methods in Engineering, by 
Kirmdn, T. and M. A. Biot, p. 50, McGraw-Hill Book Co., New York, 1940. 

®Jahnke, E., and F. Erode, Funktionentafdn, Leipzig, B. G. Teubner, 1938. 
McLachlan, N. W., Bessel Functions for Engineers, New York, Oxford University 
Press, 1934. Watson, G. N., A Treatise on the Theory of Bessel Functions, Cambridge 
(Eng.), The University Press, 1922. 



Values of (unctions of * Values of function of, 
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X 


Fig. A-12. Curves represoiitiiiK the variation of ./o(ar) and Ji{x) with x. 



X 

Fig. A-13. Curves representing the variation of Ko(a;) and Yi{x) with x* 
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Following a procedure somewhat like the foregoing, 

y = 

(l ~ = ana:"+«‘ - o„a:”-2+»‘ 

^ ^ - (w + = (n + 

X dx X 

d^y 

= (n + m)(n + m — 
dx 

Thus equation A-99 becomes after the substitution 
(n + m)(n + m - ^ ^ ^ 

- anX^^-^”-2 ^ 0 

Factor out x”^. 

x”'[{n + m){n + m — + (n 4- m)anx''~^ + a^x^ - anX^^^] = 0 

[A-101] 

Kememberinft that the lowest value of n is zero, write out the coefficient 
of o*-^. This is, letting n = 0 in the first, second, and fourth terms, 

m{m — l)ao + — ao = 0 

from which m = 1. 

Write out the coefficient of by using n = 1 in the first, second, and 
fourth terms. 

(m + l)wai + (m + l)ai — ai = 0 

where from the above, m = 1. Therefore 

2a\ + 2ai — tti = 0 
which requires ai to be zero. 

Going back to equation A-101 and writing out the general coefficient 
by substituting for n in the first, second, and fourth terms the quantity 
(n + 2); and factoring out x^ and : 

(n 4" ^ + 2)(n + m + 1 )ctw +2 + {n + m + 2 )an ^2 + ctn — an +2 = 0 
where again m = 1. Therefore 

(n + 3)(n + 2)an4.2 + (^ + 3)an+2 + «n ~ «n 4-2 = 0 
Solve for an-i- 2 * 

_ 

" (n + 4)(n + 2) 


[A-102] 
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The coefficients for the series become 


From equation A-102, 


Cl = 0 


02 = — 


Op 

4-2 


03 = 0 


(Z4 — 


_ Qq 

6-4 -4- 2 


Thus the solution becomes 


/ 


+ 


Ooa; 


6-4-4-2 


In this solution op is arbitrary and is set equal to in the standard form 
denoted by /i(x): 


Ji{x) 


^ V2 22 • 4 2* • 42.6 ') 


which is seen to be the same as equation A-98 except for sign. Thus 
in general the first derivative of the solution of the zero-order equation 
is the negative of the solution for the first-order equation. That is 


dJ^{x) 

dx 


-Ji{x) 


[A~103] 


There is also a solution of the second kind for the first-order equation, 
corresponding to yo(^)- It is 

[A-1041 

For Bessel’s first-order equation the general solution is 

y = CJi{x) + DYi(x) [A-105] 

where Ji(x) and Fi(a:) can be found in appropriate tables, for usual 
values of x. Curves of Jiix) and Yi{x) are found in Figs. A-12 and 
A-13 respectively. 

C. The Hankel Functions of Zero Order. It has been seen that two 
solutions for the equation of zero order are Joix) and Fp(a:). Various 
combinations of these two fimctions may be used as solutions of Bessel’s 
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equation, depending on circumstances. Two of these combinations 
are immediately useful in transmission theory and are defined as 

Hl{x) = Jq{x) +jYo{x) [A-IOG] 

and 

Hl(x) = Joix) - jFo(x) [A-107] 


These are known as the Bessel functions of the third kind and zero order 
or as Hankel functions of zero order, 

D. Transformation of Variable. A differential equation frequently 
appears as follows: 



[A-108] 


where m is a constant. This equation can be transformed into the 
standard Bessel equation of zero order by a change of variable, z = mx. 



m 


dx\dx} dz \dz ) dz^ 


Substituting into equation A-108 


^d^y m^dy ^ 

^ H-— + m^y = 0 

dz^ z dz 


out of which the w^s can be canceled, resulting in equation A-92, for 
which solutions have been found to be Jq(z) and Yoiz), Thus the 
solution for equation A-108 is 

y = AJo{mx) + BYoinix) [A-109] 

Similarly the solution for the first-order equation can be found to be 

y = CJiimx) + DYiimx) [A-110] 
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WIRE TABLE, STANDARD ANNEALED AND HARD 
DRAWN (97.3% Cond.) COPPER 


Gage No. 
A.W.G. 

Diam¬ 
eter in 
Mils at 
20*C 

Cross Section at 20“C 

Ohms per 1000 feet* 

Annealed 

Hurd Drawn (97.3% Conductivity) 

Circular 

.mils 

Square 

inches 

20*C.68“F 

0“C,32“F 

20“C, 68*F 

25*C, 77'’F 

60‘‘C, 122“ F 

KtlB] 

460.0 

211 600. 


0.049 01 


0.050 37 

0.051 33 

0.056 15 


400.6 

167 800. 

0.1318 

0.061 80 

0.058 67 

0.063 52 

0.064 73 

0.070 80 

00 

364.8 

133 100. 

0.1045 

0.077 93 

0.073 98 


0.081 62 

0.089 27 

0 



0.082 89 

0.098 27 


0.101 0 

0.102 9 

0.112 6 

1 

289.3 

83 690. 

0.065 73 

0.123 9 

0.117 6 

0.127 4 

0.120 8 

0.142 0 

2 

257.6 

66 370. 


0.156 3 

0.148 3 

0.160 6 

0.163 7 

0.179 0 

3 

229.4 

52 640. 

0.041 34 

0.197 0 

0.187 0 

0.202 5 

0.206 4 

0.225 7 

4 


41 740. 

0.032 78 

0.248 5 

0.235 8 

0.255 4 

0.260 2 

0.284 6 

6 

181.9 

33 100. 

0.026 00 

0.313 3 

0.297 4 

0.322 0 

0.328 1 

0.358 9 

6 


26 250. 

0.020 62 

0.395 1 



0.413 8 

0.452 6 

7 

144.3 

20 820. 

0.016 35 

0.498 2 

0.472 9 


0.521 8 

0.570 7 

8 

128.5 

16 510. 

0.012 97 

0.628 2 

0.596 3 


0.657 9 

0.719 6 

9 

114.4 

13 090. 

0.010 28 

0.792 1 

0.751 9 

0.814 1 

0.829 7 

0.907 4 

10 

101.9 

10 380. 

0.008 155 

0.998 9 

0.948 1 

1.027 

1.046 

1.144 

11 

90.74 

8234. 

0.006 467 

1.260 

1.196 

1.294 

1.319 

1.443 

12 


6530. 

0.005 129 

1.5S8 

1.508 

1.632 

1.663 

1.819 

13 

71.96 

5178. 


2.003 

1.901 

2.058 

2.098 

2.294 

14 

64.08 


0.003 225 

2.525 

2.397 

2.595 

2.645 

2.893 

15 

57.07 

3257. 

0.002 558 

3.184 

3.023 

3.273 

3.335 

3.648 

16 

50.82 

2583. 

0.002 028 

4.016 

3.812 

4.127 

4.206 

4.600 

17 

45.26 


0.001 609 

5.064 

4.806 

5.204 

5.303 

5.800 

18 

40.30 

1624. 

0.001 276 

6.385 

6.061 

6.562 

6.687 

7.314 

19 

35.89 

1288. 

0.001 012 

8.051 

7.642 

8.275 

8.433 

9.223 

20 

31.96 


0.000 802 3 

10.15 

9.637 

10.43 

10.63 

11.63 

21 

28.46 


0.000 636 3 

12.80 

12.15 

13.16 

13.41 

14.66 

22 

25.35 

642.4 

0.000 504 6 

16.14 

15.32 

16.59 

16.91 

18.49 

23 

22.57 



20.36 

19.32 

20.92 

21.32 

23.32 

24 

Kifrtl 


0.000 317 3 

25.67 

24.37 


26.88 

29.40 

25 

17.90 

320.4 


32.37 

30.72 


33.90 

[ 37.08 

26 

15.94 

254.1 

0.000 199 6 

40.81 

38.74 


42.75 

46.75 

27 

14.20 

201.5 

0.000 158 3 

51.47 

48.85 

52.89 

53.90 

58.96 

28 

12.64 

159.8 

0.000 126 5 

64.90 

61.60 

66.70 

67.97 

74.34 

29 

11.26 

126.7 


81.83 

77.68 

84.10 

85.71 

93.74 

30 




103.2 

97.95 

106.1 

108.1 

118.2 

31 

8.028 

79.70 

0.000 062 60 

130.1 

123.5 

133.7 

136.3 

149.1 

32 

7.950 

63.21 

0.000 049 64 

164.1 

155.7 

168.6 

171.9 

188.0 

33 

7.080 

50.13 

0.000 039 37 

206.9 

196.4 

212.6 

216.7 

237.0 

34 


39.75 


260.9 

247.6 

268.1 

273.3 

298.9 

85 

6.615 

31.52 

0.000 024 76 

329.0 

312.3 

338.1 

344.6 

376.9 

36 



0.000 019 64 

414.8 

393.8 

426.4 

434.5 

475.2 

37 

4.453 

19.83 


523.1 

496.5 

637.6 

647.9 

599.2 

38 

3.965 

15.72 

0.000 012 35 

659.6 

826.1 

677.9 

690.9 

766.6 

30 

3.531 

12.47 

0.000 009 793 

831.8 

789.5 

854.8 

871.2 

952.8 

40 

3.145 

9.888 

0.000007 766 

1,049.0 

995.6 

1,078. 

1,099. 

1,201. 


*IMiitimc 0 at the stated temperatures of a wire whose leneth is 1000 feet at 20”C. 

3SS 














APPENDIX rx 

NATURAL HYPERBOLIC FUNCTIONS 

[Reprinted by permigeion from the Smithaonian Mathematical Tableej 


X 

sinh X 

cosh X 

tanh X 

0.00 


1.00000 

0.00000 

0.01 

0.02 

0.03 

0.01000 

0.02000 

0.03000 

1.00005 

1.00020 

1.00045 

0.01000 

0.02000 

0.02999 

0.04 

0.05 

0.06 

0.04001 

0.05002 

0.06004 

1.00080 

1.00125 

1.00180 

0.03998 

0.04996 

0.05993 

0.07 

0.08 

0.09 

0,07006 

0.08009 

0.09012 

1,00245 

1.00320 

1.00405 

0.06989 

0.07983 

0.08976 

0.10 

0.10017 

1.00500 

0.09967 

0.11 

0.12 

0.13 

0.11022 

0.12029 

0.13037 

1.00606 

1.00721 

1.00846 

0.10956 

0.11943 

0.12927 

0.14 

0.15 

0.16 

0.14046 

0.15056 

0.16068 

1.00982 

1.01127 

1.01283 

0.13909 

0.14889 

0,15865 

0.17 

0.18 

0.19 

0.17082 

0.18097 

0.19115 

1.01448 

1.01624 

1.01810 

0.16838 

0.17808 

0.18775 

0.20 

0.20134 

1.02007 

0.19738 

0.21 

0.22 

0,23 

0.21155 

0.22178 

0.23203 

1.02213 

1.02430 

1.02657 

0.20697 

0.21652 

0.22603 

0.24 

0.25 

0.^26 

0.24231 

0,25261 

0.26294 

1.02894 

1.03141 

1.03399 

0.23550 

0.24492 

0.25430 

0.27 

0.28 

0.29 

0.27329 

0.28367 

0.29408 

1.03667 

1.03946 
1.04235 

0.26362 

0.27291 

0.28213 


0.30452 

1.04534 

0.29131 

0.31 

0.32 

0.33 

0.31499 

0.32549 

0.33602 

1.04844 

1.05164 

1.05495 

0.30044 

0.30951 

0.31852 

0.34 

0.35 

0.36 

. 0.34659 
0.35719 
0.36783 

1.05836 

1.06188 

1.06550 

0.32748 

0.33638 

0.34521 

0.37 

0.38 

0.39 

0.37850 

0.38921 

0.39996 

1.06923 

1.07307 

1.07702 

0.35399 

0.36271 

0.37136 

0.40 

0.41075 

1.06107 

0.37995 


X 

sinh X 

cosh X 

tanh X 

0.40 

0.41075 

1.08107 

0.37995 

0.41 

0.42 

0.43 

0.42158 

0.43246 

0.44337 

1.08523 

1.08950 

1.09388 

0.38847 

0.39693 

0.40532 

0.44 

0.45 

0.46 

0.45434 

0.46534 

0.47640 

1.09837 

1.10297 
1.10768 

0.41364 

0.42190 

0.43008 

0.47 

0.48 

0.49 

0.48750 

0.49865 

0.50984 

1.11250 

1.11743 

1.12247 

0.43820 

0.44624 

0.45422 

0.50 

0.52110 

1.12763 

0.46212 

0.51 

0.52 

0.53 

0.53240 

0.54375 

0.55516 

1.13289 

1.13827 

1.14377 

0.46995 

0.47770 

0.48538 

0.54 

0.55 

0.56 

0.56663 

1 0.57815 
0.58973 

1.14938 

1.15510 

1.16094 

0.49299 

0.50052 

0.50798 

0.57 

0.58 

0.59 

0.60137 

0.61307 

0.62483 

1.16690 

1.17297 

1.17916 

0.51536 

0.52267 

0.52990 

0 60 

0.63665 

1.18547 

0.53705 

0.61 

0.62 

0,63 

0.64854 

0.66049 

0.67251 

1.19189 

1.19844 

1.20510 

0.54413 

0.55113 

0.55805 

0,64 

0.65 

0.66 

0.68459 

0.69675 

0.70897 

1.21189 

1.21879 

1.22582 

0.56490 

0.57167 

0.57836 

0.67 

0.68 

0.69 

0.72126 

0.73363 

0.74607 

1.23297 

1.24025 

1.24765 

0.58498 

0.59152 

0.59798 

0.70 

0.75858 

1.25517 

0.60487 

0.71 

0.72 

0.73 

0.77117 

0.78384 

0.79659 

1.26282 

1.27059 

1.27849 

0.61068 

0.61691 

0.62307 

0.74 

0.75 

0.76 

0.80941 

0.82232 

0.83530 

1.28652 

1.29468 

1.30297 

0.62915 

0.63515 

0.64108 

0.77 

0.78 

0.79 

0.84838 

0.86153 

0.87478 

1.31139 

1.31994 

1.32862 

0.64693 

0.65271 

0.65841 

0.80 

0.88811 

1.88748 

0.66404 


389 




390 


APPENDIX IX 


X 

sinh X 

cosh X 

tanb X 

■>y?i 

0.88811 

1.33743 


0.81 

0.82 

0.83 

0.90152 

0.91503 

0.92863 

1.34638 

1.35547 

1.36468 

0.66959 

0.67507 

0.68048 

0.84 

0.85 

0.86 

0.94233 

0.95612 

0.97000 

1.37404 

1.38353 

1.39316 

0.68581 

0.69107 

0.69626 

0.87 

0.88 

0.89 

0.98398 

0.99806 

1.01224 

1.40293 

1.41284 

1.42289 

0.70137 

0.70642 

0.71139 

0.90 

1.00662 

1.43309 

0.71630 

0.91 

0.92 

0.93 

1.04090 

1.05539 

1.06998 

1.44342 

1.45390 

1.46453 

0.72113 

0.72590 

0.73059 

0.94 

0.95 

0.96 

1.08468 

1.09948 

1.11440 

1.47530 

1.48623 

1.49729 

0.73522 

0.73978 

0.74428 

0.97 

0.98 

0.99 

1.12943 

1.14457 

1.15983 

1.50851 

1.51988 

1.53141 

0.74870 

0.75307 

0.75736 

1.00 

1.17620 

1.64808 

0.76169 

1.01 

1.02 

1.03 

1.19069 

1.20630 

1.22203 

1.55491 

1.56689 

1.57904 

0.76576 

0.76987 

0.77391 

1.04 

1,05 

1.06 

1.23788 

1.25386 

1.26996 

1.59134 

1.60379 

1.61641 

0.77789 

0.78181 

0.78566 

1.07 

1.08 

1.09 

1.28619 

1.30254 

1.31903 

1.62919 

1.64214 

1.65525 

0.78946 

0.79320 

0.79688 

1.10 

1.38666 

1.66862 

0.80060 

1.11 

1.12 

1.13 

1.35240 

1.36929 

1.38631 

1.68196 

1.69557 

1.70934 

0.80406 

0.80757 

0.81102 

1.14 

1.15 

1.16 

1.40347 

1.42078 

1.43822 

1.72329 
1.73741 
' 1.75171 

0.81441 

0.81775 

0.82104 

1.17 

1.18 
1.19 

1.45581 

1.47355 

1.49143 

1.76618 

1.78083 

1.79565 

0.82427 

0.82745 

0.83058 

1.20 

1.60946 

1.81066 

0.83366 

1.21 

1.22 

1.23 

1.52764 

1.54598 

1.56447 

1.82584 

1.84121 

1.85676 

C ,83668 
0.83965 
0.84258 

1.24 

1.25 

1.26 

1.58311 

1.60192 

1.62088 

1.87250 

1.88842 

1.90454 

0.84546 

0.84828 

0.85106 

1.27 

1 . 2 S 

1.29 

1.64001 

1.65930 

1.67876 

1.92084 

1.93734 

1.95403 

0.85380 

0.85648 

0.85913 


1.69888 

1.97091 

0 86172 


1 

X 

sinh X 

cosh X 

tanh X 

1.30 

1.69838 

1.97091 

0.86172 

1.31 

1.32 

1.33 

1.71818 

1.73814 

1.75828 

1.98800 

2.00528 

2.02276 

0.86428 

0.86678 

0.86925 

1.34 

1.35 

1.36 

1.77860 

1.79909 

1.81977 

2.04044 

2.05833 

2.07643 

0.87167 

0.87405 

0.87639 

1.37 

1.38 

1.39 

1.84062 

1.86166 

1.88289 

2.09473 

2.11324 

2.13196 

0.87869 

0.88095 

0.88317 

1.40 

1.90430 

2.16090 

0.88636 

1.41 

1.42 

1.43 

1.92591 

1.94770 

1.96970 

2.17005 
2.18942 
2.20900 

0.88749 

0.88960 

0.89167 

1.44 

1.45 

1.46 

1.99188 

2.01427 

2.03686 

2.22881 

2.24884 

2.26910 

0.89370 

0.89569 

0.89765 

1.47 

1.48 

1.49 

2.05965 

2.08265 

2.10586 

2.28958 

2.31029 

2.33123 

0.89958 

0.90147 

0.90332 

1.60 

2.12928 

2.36241 

0.90616 

1.51 

1.52 

1.53 

2.15291 

2.17676 

2.20082 

2.37382 

2.39547 

2.41736 

0.90694 

1 0.90870 
0.91042 

1.54 

1.55 

1.56 

2.22510 

2.24961 

2.27434 

2.43949 

2.46186 

2.48448 

0.91212 

0.91379 

0.91542 

1.57 

1.58 

1.59 

2.29930 

2.32449 

2.34991 

2.50735 

2.53047 

2.55384 

0.91703 

0.91860 

0.92015 

1.60 

2.37667 

2.67746 

0.92167 

1.61 

1,62 

1.63 

2.40146 

2.42760 

2.45397 

2.60135 

2.62549 

2.64990 

0.92316 

0.92462 

0.92606 

1.64 

1.65 

1.66 

2.48059 

2.50746 

2.53459 

2.67457 

2.69951 

2.72472 

0.92747 

0.92886 

0.93022 

1.67 

1.68 
1.69 

2.56196 

2.58959 

2.61748 

2.75021 

2.77596 

2.80200 

0.93155 

0.93286 

0.93415 

1.70 

2 64663 

2.82832 

0.93641 

1.71 

1.72 

1.73 

2.67405 

2.70273 

2.73168 

2.85491 

2.88180 

2.90897 

0.93665 

0.93786 

0.93906 

1.74 

1.75 

1.76 

2.76091 

2.79041 

2.82020 

2.93643 

2.96419 

2.99224 

0.94023 

0.94138 

0.94250 

1.77 

1.78 

1.79 

2.85026 

2.88061 

2.91125 

3.02059 

3.04925 

3.07821 

0.94361 

0.94470 

0.94576 

1.80 

2.94217 

3.10747 

0.94681 
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X 

smh X 

cosh X 

tanh X 

1 80 

2 94217 

3 10747 

0 94681 

1 81 

2 97340 

3 13705 

0 94783 

1 82 

3 00492 

3 16694 

0 94884 

1 83 

3 03674 

3 19715 

0 94983 

1 84 

3 06886 

3 22768 

0 95080 

1 85 

3 10129 

3 25853 

0 95175 

1 86 

3 13403 

3 28970 

0 95268 

1 87 

3 16709 

3 32121 

0 95359 1 

1 88 

3 20046 

3 35305 

0 95449 1 

1 89 

3 23415 

3 38522 

0 95537 

1 90 

3 26816 

3 41773 

0 96624 

1 91 

3 30250 

3 45058 

0 95709 

1 92 

3 33718 

3 48378 

0 95792 

1 93 

3 37218 

3 51733 

1 0 95873 

1 94 

3 40752 

3 55123 

0 95953 

1 95 

3 44321 

3 58548 

0 90032 

1 96 

3 47923 

3 62009 

0 96109 

1 97 

3 51561 

3 65507 

0 96185 

1 98 

3 55234 

3 69041 

0 96259 

1 99 

3 58942 

3 72611 

0 96331 

2 00 

3 62686 

3 76220 

0 96403 

2 01 

3 66466 

3 79865 

0 96473 

2 02 

3 70283 

3 83549 

0 96541 

2 03 

3 74138 

3 87271 

0 96609 

2 04 

3 78029 

3 91032 

0 96675 

2 05 

3 81958 

3 94832 

0 96740 

2 06 

3 85926 

3 98671 

0 96803 

2 07 

3 89932 

4 02550 

0 96865 

2 08 

3 93977 

4 06470 

0 96926 

2 09 

3 98061 

4 10430 

0 96986 

2 10 

4 02186 

4 14431 

0 97046 

2 11 

4 06350 

4 18474 

0 97103 

2 12 

4 10555 

4 22558 

0 97159 

2 13 

4 14801 

4 26685 

0 97215 

2 14 

4 19089 

4 30855 

0 97269 

2 15 

4 23419 

4 35067 

0 97323 

2 16 

4 27791 1 

4 39323 

0 97375 

2 17 

4 32205 

4 43623 

0 97426 

2 18 

4 36663 

4 47967 

0 97477 

2 19 

4 41165 1 

4 52356 

0 97526 

2 20 

4 46711 

4 56791 

0 97674 

2 21 

4 50301 

4 61271 

0 97622 

2 22 

4 54936 

4 65797 

0 97668 

2 23 

4 59617 

4 70370 

0 97714 

2 24 

4 64344 

4 74989 

0 97759 

2 25 

4 69117 

4 79657 

0 97803 

2 26 

4 73937 

4 84372 

0 97846 

2 27 

4 78804 

4 89136 

0 97888 

2 28 

4 83720 

4 93948 

0 97929 

2 29 

4.88684 

4 98810 

0 97970 

2.80 

4 93696 

5 08722 

0 98010 


X 

sinh X 

cosh X 

ta.y>h X 

2 30 

4 93696 

5 03722 

0 98010 

2 31 

4 98758 

5 08684 

0 98049 

2 32 

5 03870 

5 13697 

0 98087 


5 09032 

5 18762 

0 98124 

2 34 

5 14245 

5 23878 

0 98161 

2 35 

5 19510 

5 29047 

0 98197 

2 36 

5 24827 

5 34269 

0 98233 


5 30196 

5 39544 

0 98267 

2 38 

5 35618 

5 44873 

0 98301 

2 39 

5 41093 

5 50256 

0 98335 

2 40 

6 46623 

6 66696 

0 98367 

2 41 

5 52207 

5 61189 

0 98400 

2 42 

5 57847 

5 66739 

0 98431 

2 43 

5 63542 

5 72346 

0 98462 

2 44 

5 69294 

5 78010 

0 98492 

2 45 

5 75103 

5 83732 

0 98522 

2 46 

5 80969 

5 89512 

0 98551 

2 47 

5 86893 

5 95352 

0 98579 

2 48 

5 92876 

6 01250 

0 98607 

2 49 

5 98018 

6 07209 

0 98635 

2 60 

6 06020 

6 13229 

0 98661 

2 51 

6 11183 

6 19310 

0 98688 

2 52 

6 17407 

6 25453 

0 98714 

2 53 

6 23692 

6 31658 

0 98739 

2 54 

6 30040 

6 37927 

0 98764 

2 55 

6 36451 

6 44259 

0 98788 

2 56 

6 42926 

6 50656 

0 98812 

2 57 

6 49464 

6 57118 

0 98835 

2 58 

6 56068 

6 63646 

0 98858 

2 59 

6 62738 

6 70240 

0 98881 

2 60 

6 69473 

6 76901 

0 98903 

2 61 

6 76276 

6 83629 

0 98924 

2 62 

6 83146 

6 90426 

0 98946 

2 63 

6 90085 

6 97292 

0 98966 

2 64 

6 97092 

7 04228 

0 98987 

2 65 

7 04169 

7 11234 

0 99007 

2 66 

7 11317 

7 18312 

0 99026 

2 67 

7 18536 

7 25461 

0 99045 

2 68 

7 25827 

7 32683 

0 99064 

2 69 

7 33190 

7 39978 

0 99083 

2 70 

7 40626 

7 47347 

0 99101 

2 71 

7 48137 

7 54791 

0 99118 

2 72 

7 55722 

7 62310 

0 99136 

2 73 

7 63383 

7 69905 

0 99153 

2 74 

7 71121 

7 77578 

0 99170 

2 75 

7 78935 

7 85328 

0 99186 

2 76 

7 86828 

7 93157 

0 99202 

2 77 

7 94799 

8 01065 

0 99218 

2 78 

8 02849 

8 09053 

0 99233 

2 79 

8.10980 

8 17122 

0 99248 

2 80 

8 19192 

8 26278 

0 99268 
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APPENDIX IX 


X 

sinh X 

cosh X 

tanh X 

2.80 

8.19192 

8.26273 

0.99263 

2.81 

2.82 

2.83 

8.27486 

8.35862 

8.44322 

8.33506 

8.41823 

8.50224 

0.99278 

0.99292 

0.99306 

2.84 

2.85 

2.86 

8.52867 

8.61^97 

8.70213 

8.58710 

8.67281 

8.75940 

0.99320 

0.99333 

0.99346 

2.87 

2.88 
2.89 

8.79016 

8.87907 

8.96887 

8.84686 

8.93520 

9.02444 

0.99359 

0.99372 

0.99384 

2.90 

9.06966 

9.11468 

0.99396 

2.91 

2.92 

2.93 

9.15116 

9.24368 

9.33712 

9.20564 

9.29761 

9.39051 

0.99408 

0.99420 

0.99531 

2.94 

2.95 

2.96 

9.43149 

9.52681 

9.62308 

9.48436 

9.57915 

9.67490 

0.99443 

0.99454 

0.99464 

2.97 

2.98 

2.99 

9.72031 

9.81851 

9.91770 

9.77161 

9.86930 

9.96798 

0.99475 

0.99485 

0.99496 

3.00 

10.0179 

10.0677 

0.99606 

3.01 

3.02 

3.03 

10.1191 

10.2212 

10.3245 

10.1683 

10.2700 

10.3728 

0.99515 

0.99525 

0.99534 

3.04 

3.05 

3.06 

10.4287 

10.5340 

10.6403 

10.4765 

10,5814 

10.6872 

0.99543 

0.99552 

0.99561 

3.07 

3.08 

3.09 

10.7477 

10.8562 

10.9658 

10.7942 

10.9022 

11.0113 

0.99570 

0.99578 

0.99587 

3.10 

11.0766 

11.1216 

0.99696 

3.11 

3.12 

3.13 

11.1882 

11.3011 

11.4151 

11.2328 

11.3453 

11.4588 

0.99603 

0.99611 

0.99618 

3.14 

3.15 

3.16 

11.5303 

11.6466 

11.7641 

11.5736 

11.6895 

11.8065 

0.99626 

0.99633 

0.99641 

3.17 

3.18 

3.19 

11.8827 

12.0026 

12.1236 

11.9247 

12.0442 

12.1648 

0.99648 

0.99655 

0.99662 

3.20 

12.2469 

12.2866 

0.99668 

3.21 

3.22 

3.23 

12.3694 

12.4941 

12.6200 

12.4097 

12.5340 

12.6596 

0.99675 

0.99681 

0.99688 

3.24 

3.25 

3.26 

12.7473 

12.8758 

13.0056 

12.7864 

12.9146 

13.0440 

0.99694 

0.99700 

0.99706 

3.27 

3.28 

3.29 

13.1367 

13.2691 

13.4028 

13.1747 

13.3067 

13.4401 

0.99712 

0.99717 

0,99723 

3.80 

13.6379 

13.6748 

0.99728 


X 

sinh X 

cosh X 

tanh X 

3.30 

13.6379 

13.6748 

0.99728 

3.31 

3.32 

3.33 

13.6743 

13.8121 

13.9513 

13.7108 

13.8483 

13.9871 

0.99734 

0.99739 

0.99744 

1 3.34 

3.35 

3.36 

14.0918 

14.2338 

14.3772 

14.1273 

14.2689 

14.4120 

0.99749 

0.99754 

0.99759 

3.37 

3.38 i 

3.39 

14.5221 

14.6684 

14.8161 

14.5565 

14.7024 

14.8498 

0.99764 

0.99768 

0.99773 

3.40 

14.9664 

14.9987 

0.99777 

3.41 

3.42 

3.43 

15.1161 

15.2684 

15.4221 

15.1491 

15.3011 

15.4545 

0.99782 

0.99786 

0.99790 

3.44 

3.45 

3.46 

15.5774 

15.7343 

15.8928 

15.6095 

15.7661 

15.9242 

0.99795 

0.99799 

0.99803 

3.47 

3.48 

3.49 

16.0528 

16.2145 

16.3777 

16.0839 

16.2453 

16.4082 

0.99807 

0.99810 

0.99814 

3.60 

16.6426 

16.6728 

0.99818 

3.51 

3.52 

3.53 

16.7092 

16.8774 

17.0473 

16.7391 

16.9070 

17.0766 

0.99821 

0.99825 

0.99828 

3.54 

3.55 

3.56 

17.2190 

17.3923 

17.5674 

17.2480 

17.4210 

17.5958 

0.99832 

0.99835 

0.99838 

3.57 

3.58 

3.59 

17.7442 

17.9228 

18.1032 

17.7724 

17.9507 

18.1308 

0.99842 

0.99845 

0.99848 

3.60 

18.2866 

18.3128 

0.99861 

3.61 

3.62 

3.63 

18.4695 

18.6554 

18.8432 

18.4966 

18.6822 

18.8697 

0.99854 

0.99857 

0.99859 

3.64 

3.65 

3.66 

19.0328 

19.2243 

19.4178 

19.0590 

19.2503 

19.4435 

0.99862 

0.99865 

0.99868 

3.67 

3.68 

3.69 

19.6132 

19.8106 

20.0099 

19.6387 

19.8358 

20.0349 

0.99870 

0.99873 

0.99875 

3.70 

20.2113 

20.2360 

0.99878 

3.71 

3.72 

3.73 

20.4147 

20.6201 

20.8276 

20.4391 

20.6443 

20.8516 

0.99880 

0.99883 

0.99885 

3.74 

3.75 

3.76 

21.0371 

21.2488 

21.4626 

21.0609 

21.2723 

21.4859 

0.99887 

0.99889 

0.99892 

3.77 

3.78 

3.79 

21.6785 

21.8966 

22.1169 

21.7016 

21.9194 

22.1395 

0.99894 

0.99896 

0.99898 

3.80 

22.3394 

22.3618 

0.99900 
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X 

sinh X 

cosh X 

tanh X 

X 

smh X 

cosh X 

tanh X 


22 3394 

22 3618 

0 99900 

4 30 

36 8431 

36 8667 

0 99963 

3 81 

22 5641 

22 5863 

0 99902 

4 31 

37 2135 

37 2270 

0 99964 

3 82 

22 7911 

22 8131 

0 99904 

4 32 

37 5877 

37 6010 

0 99965 

3 83 

23 0204 

23 0421 

0 99906 

4 33 

37 9656 

37 9787 

0 99965 

3 84 

23 2520 

23 2735 

0 99908 

4 34 

38 3473 

38 3603 

0 99966 

3 85 

23 4859 

23 5072 

0 99909 

4 35 

38 7328 

38 7457 

0 99967 

3 86 

23 7221 

23 7432 

0 99911 

4 36 

39 1222 

39 1350 

0 99967 

3 87 

23 9608 

23 9816 

0 99913 

4 37 

39 5155 

39 5281 

0 99968 

3 88 

24 2018 

24 2224 

0 99915 

4 38 

39 9128 

39 9253 

0 99969 

3 89 

24 4452 

24 4657 

0 99916 

4 39 

40 3140 

40 3264 

0 99969 

3 90 

24 6911 

24 7113 

0 99918 

4 40 

40 7193 

40 7316 

0 99970 

3 91 

24 9395 

24 9595 

0 99920 

4 41 

11 1287 

41 1408 

0 99970 

3 92 

25 1903 

25 2101 

0 99921 

4 42 

41 5421 

41 5542 

0 99971 

3 93 

25 4437 

25 4633 

0 99923 

4 43 

41 9598 

41 9717 

0 99972 

3 94 

25 6996 

25 7190 

0 99924 

4 44 

42 3816 

42 3934 

0 99972 

3 95 

25 9581 

25 9773 

0 9992b 

4 45 

42 8076 

42 8193 

0 99973 

3 96 

26 2191 

20 2382 

0 99927 

4 46 

43 2380 

43 2495 

0 99973 

3 97 

26 4828 

26 5017 

0 99929 

4 47 

43 6726 

43 6841 

0 99974 

3 98 

20 7492 

26 7679 

0 99930 

4 48 

44 1117 

44 1230 

0 99974 

3 99 

27 0182 

27 0307 

0 99932 

4 49 

44 5551 

44 5663 

0 99975 

4 00 

27 2899 

27 3082 

0 99933 

4 50 

45 0030 

46 0141 

0 99976 

4 01 

27 5644 

27 5825 

0 99934 

4 51 

45 4554 

45 4664 

0 99976 

4 02 

27 8416 

27 8595 

0 99936 

4 52 

45 9124 

45 9232 

0 99976 

4 03 

28 1216 

28 1393 

0 99937 

4 53 

46 3739 

46 3847 

0 99977 

4 04 

28 4044 

28 4220 

0 99938 

4 54 

46 8401 

46 8507 

0 99977 

4 05 

28 6900 

28 7074 

0 99939 

4 55 

47 3101 

47 3215 

0 99978 

4 06 

28 9785 

28 9958 

0 99941 

4 56 

47 7865 

47 7970 

0 99978 

4 07 

29 2699 

29 2870 

0 99942 

4 57 

48 2069 

48 2772 

0 99979 

4 08 

29 5()43 

29 5812 

0 99943 

4 58 

48 7521 

48 7623 

0 99979 

4 09 

29 8616 

29 8783 

0 99944 

4 59 

49 2421 

49 2523 

0 99979 

4 10 

30 1619 

30 1784 

0 99945 

4 60 

49 7371 

49 7472 

0 99980 

4 11 

30 4652 

30 4816 

0 99946 

4 61 

50 2371 

50 2471 

0 99980 

4 12 

30 7715 

30 7877 

0 99947 

4 62 

50 7421 

50 7519 

0 99981 

4 13 

31 0809 

31 0970 

0 99948 

4 63 

51 2522 

51 2619 

0 99981 

4 14 

31 3934 

31 4094 

0 99949 

4 64 

51 7673 

51 7770 

0 99981 

4 15 

31 7091 

31 7249 

0 99950 

4 65 

52 2877 

52 2973 

0 99982 

4 16 

32 0280 

32 0436 

0 99951 

4 66 

52 8133 

52 8228 

0 99982 

4 17 

32 3500 

32 3655 

0 99952 

4 67 

53 3442 

53 3536 

0 99982 

4 18 

32 6753 

32 6906 

0 99953 

4 68 

53 8804 

53 8897 

0 99983 

4 19 

33 0038 

33 0190 

0 99954 

4 69 

54 4220 

54 4312 

0 99983 

4 20 

33 3357 

33 3507 

0 99955 

4 70 

64 9690 

64 9781 

0 99983 

4 21 

33 6708 

33 6857 

0 99956 

4 71 

55 5216 

55 5306 

0 99984 

4 22 

34 0094 

34 0241 

0 99957 

4 72 

56 0797 

56 0886 

0 99984 

4 23 

34 3513 

34 3659 

0 99958 

4 73 

56 6434 

56 6522 

0 99984 

4 24 

34 6967 

34 7111 

0 99958 

4 74 

57 2127 

57 2215 

0 99985 

4 25 

35 0456 

35 0508 

0 99959 

4 75 

57 7878 

57 7965 

0 99985 

4 26 

35 3979 

35 4121 

0 99960 

4 76 

58 3687 

58 3772 

0 99985 

4 27 

35 7538 

35 7678 

0 99961 

4 77 

58 9554 

58 9639 

0 99986 

4 28 

36 1133 

36 1271 

0 99962 

4 78 

59 5480 

59 5564 

0 99986 

4 29 

36 4764 

36 4901 

0 99962 

4 79 

60 1465 

60 1548 

0 99986 

4 30 

36 8431 

86 8567 

0 98963 

4 80 

60 7611 

60 7693 

0 90986 
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X 

sinh X 

cosh X 

tanh X 

X 

sinh X 

cosh X 

tanh X 

i.80 

60.7611 

60.7698 

0.99986 

6.30 

100.1669 

100.1709 

0.99996 

4.81 

61.3617 

61.3699 

0.99987 

5.31 

aOl.1726 

101.1776 

0.99995 

4.82 

61.9785 

61.9866 

0.99987 

5.32 

102.1895 

102.1944 

0.99995 

4.83 

62.6015 

62.6095 

0.99987 

5.33 

103.2166 

103.2214 

0.99995 

4.84 

63.2307 

63.2386 

0.99987 

5.34 

104.2540 

104.2588 

0.99995 

4.85 

63.8663 

63.8741 

0.99988 

5.35 

105.3018 

105.3065 

0.99995 

4.86 

64.5082 

64.5160 

0.99988 

5.36 

106.3601 

106.3648 

0.99996 

4.87 

65.1566 

65.1643 

0.99988 

5.37 

107.4291 

107.4338 

0.99996 

4.88 

65.8115 

65.8191 

0.99988 

5.38 

108.5088 

108.5134 

0.99996 

4.89 

66.4730 

66.4805 

0.99989 

5.39 

109.5994 

109.6040 

0.99996 

4.90 

67.1412 

67.1486 

0.99989 

6.40 

110.7009 

110.7066 

0.99996 

4.91 

67.8160 

67.8234 

0.99989 

5.41 

111.8136 

111.8180 

0.99996 

4.92 

68.4977 

68.5050 

0.99989 

5.42 

112.9375 

112.9418 

0.99996 

4.93 

69.1861 

69.1934 

0.99990 

5.43 

114.0724 

114.0768 

0.99996 

4.94 

69.8815 

69.8887 

0.99990 

5.44 

115.2189 

115.2233 

0.99996 

4.95 

70.5839 

70.5910 

0.99990 

5.45 

116.3769 

116.3812 

0.99996 

4.96 

71.2934 

71.3004 

0.99990 

5.46 

117.5466 

117.5508 

0.99996 

4.97 

72.0100 

72.0169 

0.99990 

5.47 

118.7280 

118.7322 

0.99996 

4.98 

72.7338 

72.7406 

0.99991 

5.48 

119.9213 

119.9254 

0.99997 

4.99 

73.4648 

73.4716 

0.99991 

5 49 

121.1265 

121.1307 

0.99997 

6.00 

74.2032 

74.2099 

0.99991 

6.60 

122.3439 

122.3480 

0.99997 

5.01 

74.9490 

74.9557 

0.99991 

5.51 

123.5735 

123.5776 

0.99997 

5.02 

75.7023 

75.7090 

0.99991 

5.52 

124.8155 

124.8195 

0.99997 

5.03 

76.4632 

76.4698 

0.99991 

5.53 

126.0700 

126.0739 

0.99997 

5.04 

77.2318 

77.2382 

0.99992 

5.54 

127.3370 

127.3410 

0.99997 

5.05 

78.0080 

78.0144 

0.99992 

5.55 

128.6168 

128.6207 

0.99997 

5.06 

78.7921 

78.7984 

0.99992 

5.56 

129.9095 

129.9133 

0.99997 

5.07 

79.5840 

79.5903 

0.99992 

5.57 

131.2151 

131.2190 

0.99997 

5.08 

80.3839 

80.3901 

0.99992 

5.58 

132.5339 

132.5377 

0.99997 

5.09 

81.1918 

81.1980 

0.99992 

5.59 

133.8659 

133.8697 

0.99997 

6.10 

82.0079 

82.0140 

0.99993 

6.60 

136.2114 

135.2160 

0.99997 

5.11 

82.8322 

82.8382 

0.99993 

5.61 

136.5703 

136.5739 

0.99997 

5.12 

83.6647 

83.6707 

0.99993 

5.62 

137.9429 

137.9465 

0.99997 

5.13 

84.5056 

84.5115 

0.99993 

5.63 

139.3293 

139.3329 

0.99997 

5.14 

85.3550 

85.3608 

0.99993 

5.64 

140.7296 

140.7331 

0.99997 

5.15 

86.2128 

86.2186 

0.99993 

5.65 

142.1440 

142.1475 

0.99998 

5.16 

87.0794 

87.0851 

0.99993 

5.66 

143.5726 

143.5761 

0.99998 

5.17 

87.9546 

87.0603 

0.99994 

5.67 

145.0155 

145.0190 

0.99998 

5.18 

88.8386 

88.8442 

0.99994 

5.68 

146.4730 

146.4764 

0.99998 

5.19 

89.7315 

89.7371 

0.99994 

5.69 

147.9451 

147.9485 

0.99998 

6.20 

90.6884 

90.6389 

0.96994 

6.70 

149.4820 

149.4864 

0.99898 

5.21 

91.5443 

01.5498 

0.90994 

5.71 

150.9339 

150.9372 

0.99998 

5.22 

92.4644 

02.4698 

0.99994 

5.72 

152.4508 

152.4541 

0.99998 

5.23 

93.3037 

03.3001 

0.99994 

5.73 

153.9830 

153.9863 

0.99998 

5.24 

04.3324 

04.3377 

0.99994 

5.74 

155.5306 

155.5338 

0.99998 

5.25 

95.2805 

05.2858 

0.99994 

5.75 

157.0938 

157.0969 

0.99998 

5.26 

06.2381 

06.2433 

0.99995 

5.76 

158.6726 

158.6757 

0.99998 

5.27 

07.2054 

97.2106 

0.99995 

5.^7 

160.2673 

160.2704 

0.99998 

5.28 

08.1824 

08.1875 

0.99995 

5.78 

161.8781 

161.8811 

0.99998 

5.29 

09.1602 

00.1742 

0.99995 

6.79 

163.5050 

163.5080 

0.99998 

6.60 

100.1669 

100.1709 

0.99996 

6.80 

166.1483 

186.1613 

0.99998 
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z 

sinh z 

cosh z 

tanh z 

X 

sinh X 

cosh X 

6 

80 

166 

1483 

166 

1613 

0 

99908 

6 

90 

182 

6174 

182 

6201 

5 

81 

166 


166 

8111 

0 

99998 

5 

91 

184 

3517 

184 

3544 

5 

82 

168 

4845 

168 

4875 

0 

99998 

5 

92 

186 

2045 

186 

2072 

5 

83 

IKil 

1779 

170 

1808 


99998 

5 

93 

188 

0759 

188 

0786 

5 

84 

171 

8882 

171 

8911 

0 

99998 

5 

94 

189 

9661 

189 

9688 

5 

85 

173 

6168 

173 

6186 

0 

99998 

6 

95 

191 

8754 

191 

8780 

5 

86 



175 

3635 

0 

99998 

5 

96 

193 

8038 

193 

8064 

5 

87 

177 

1231 

177 

1259 

0 

99998 

5 

97 

195 

7516 

195 

7541 

5 

88 

178 


178 

9060 

0 

99998 

5 

98 

197 

7189 

197 

7214 

5 

89 



fm 



99998 

5 

99 

199 

7061 

199 

7086 

6 

90 

182 

5174 

182 

Q| 

I 

99998 

6 

00 

m 

7132 

aoi 

7166 


Note. If x is lurffer than 6 00, ainh x * cosh * * y x * 1. 


tanh z 


onm 

0 99909 
0 99999 
0 99999 

0 99999 
0 99999 
0 99999 

0 99999 
0 99999 
0 99999 

0 99999 
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Admittance, characteristic, 223 
Amplifier, 67 
Attenuating sections, 189 
Attenuation, 63, 187, 260 
below cut-olT, 309 
constant, 63, 81, 83, 84, 293 
factor, 64, 123 
line, 66 

of cylindrical wave guide, 307, 310 
minimum, 261, 311 
of filter, 160, 178 

of rc^ct angular wave guide, 260, 288, 
293 

minimum, 260 

Balanced section, 190 
Band-elimination filler, 167 
cut-olT frequencies of, 168 
design equations for, 168 
Band-pass filter, 163 
cut-off frequencies of, 165 
design equations for, 166 
Bei function, 25 
Bel, 64 

Ber function, 25 

Bessel functions, 24, 246, 297, 319, 381 
Bilateral impedance, 48 
Boundary conditions, 247 

Cable, coaxial, 6, 246 
Cable line, 81 

Calculator, transmission line, 233 
CampbelFs equation, 133 
Capacitance, 10, 12, 13, 136 
of coaxial line, 12, 330 
of concentric cylinders, 12 
of parallel wires, 10 
proximity effect on, 13 
Cartesian coordinates, Maxwell^s equa¬ 
tions, 370 

Characteristic admittance, 223 
Characteristic impedance, 57, 75, 85, 
109,157,180, 282, 306, 329, 337 


Characteristics of filter, 338 
(Charge, electrostatic, 10 
Chart, Smith, 239 

Circle diagram for impedance matching, 
225, 233 

Circuit, 1 
dielec uic, 1 
electric, 1 
magnetic, 1 

Circuital law of magnetism, 4, 370 
Circular functions, 355 
Circular mil, 17 

Coaxial cable, capacitance of, 12, 330 
comparison with wave guide, 312 
high-frequency inductance' of, 9 
self-induct anc(‘ of, 6, 330 
transmission, 84 

Coaxial line, capacitance of, 12, 330 
characteristic impedance of, 329 
electric field in, 328 
electromagnetic theory of, 323 
inductance of, 6, 330 
magnetic field in, 328 
mode of transmission in, 327 
propagation constant of, 327 
Compensation theorem, 48, 52 
Components, field, 291, 302, 319 
Composite filter, 175 
Concentric cylinders, capacitance of, 12 
Conductance, leakage, 32 
shunt, 31, 135 
specific, 372 

Conduction current density, 248, 372 
Conductivity, 250, 374 
Conformal transformation, 233, 237 
Conjugate, impedance, 53 
matching, 198 

Constant, attenuation, 63, 81, 83, 293 
line, measurement of, 129 
phase, 63, 81, 83, 85, 328 
propagation, 57, 61, 64, 76, 300, 363 
wavelength, 63, 83 
Constant-fc filter, 146, 148 
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Current, conduction, density, 248, 372 
displacement, density, 248, 372 
Cut-off frequencies, of band-elimination 
filter, 168 

of band-pass filter, 165 
Cut-off frequency, 155, 165, 257, 275, 
300, 320, 327 

Cylindrical coordinates, 252 
Maxwell’s equations in, 374 
Cylindrical wave guide, see Wave guide 

Decibel, db, 65 
Delay distortion, 68 
Density, conduction current, 248, 372 
displacement current, 248, 372 
Depth of penetration, 29, 377, 380 
Designation of modes, 270, 297 
Detection, 260, 263, 266 
Detector, crystal, 266 
traveling, 266, 342 
Determinants, 39, 351 
Dielectric circuit, 1 
Direct wave, 93, 104, 106, 368 
Displacement current density, 248, 372 
Distortion, 57 
delay, 68 
frequency, 68, 82 
phase, 82 

Distortionless line, 82 
Dominant mode, 270, 313 
Dominant wave in cylindrical guides, 313 
characteristic impedance, 321 
cut-off frequency, 320 
phase velocity, 321 
wavelength, 321 

Efficiency, 138 
of high-frequency line, 139 
Electric field, in coaxial line, 328 
in cylindrical wave guide, 297, 302, 
305, 319 

in rectangular wave guide, 247, 273, 
279 

Electric field intensity, 11 
Electromagnetic theory of coaxial line, 
323 

Electrostatic charge, 10 
Electrostatic flux, 10 
Equivalent w section, 37, 333 
Equivalent T section, 37, 128, 333 


Excitation, 263 
modes of, 249, 263, 265 
Experiments, 333 

Factor, attenuation, 123 
reflection, 122, 211 
Faraday's law, 373 
Ferranti effect, 98, 337 
Field components, 291, 302, 319 
Field configuration, 246, 253 
in cylindrical guides, 303 
in rectangular guides, 253 
Field distribution, 247 
E and H, 249 

electromagnetic, properties of, 247 
intensity, electric, 11 
translation, 237 
Filter, attenuation of, 160 
band-elimination, 167 
band-pass, 163 

characteristic impedance of, 157, 338 
characteristics of, 338 
constant-/:, 146, 148 
characteristic impedance, 157, 158 
cut-off frequency, 156 
composite, 175 
illustrative design of, 185 
effect of resistance in, 168 
high-pass, 147, 157, 257 
constant-A*, 158 

characteristic impedance, 157,158 
cut-off frequency, 156 
m-derived, 179 

characteristic impedance, 180-181 
cut-off frequency, 177 
impedance, 157 
low-pass, 146, 156 
constant-A;, 158 

characteristic impedance, 157,158 
cut-off frequency, 156 
Tw-derived, 177 

characteristic impedance, 180,181 
cut-off frequency, 177 
w-derived, 175, 177, 179 
characteristic impedance of, 180, 
181 

cut-off frequencies, 176, 177 
high-pass, 179 
low pass, 177 
phase shift in, 160 
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Filter, m-derived, r section, 147 
prototype, 148 

rejection, single frequency, 169 
T section, 147 
Flux, electrostatic, 10 
Flux linkage, 2 
Fourier series, 344 
Four-terminal network, 43 
Free space, permeability, 3 
permittivity, 11 

Frequency, cut-off, 155, 165, 257, 276, 
300, 320, 327 

Frequency distortion, 68, 82 
Functions, bei, 25 
ber, 25 

Bessel, 24, 246, 297, 319, 381 
circidar, 355 
Hankel, 386 
hyperbolic, 355, 389 

Gain, 67 
reflection, 122 
Group velocity, 287 
Guide, wave, see Wave guide 

Half-section, terminating, 182 
Ilalf-wavelength line, 209 
Hankel functions, 386 
High-frequency inductance, 6 
High-frequency line, 108 
efiiciency of, 139 
half-w^avclength, 209 
quarter-wavelength, 205, 209 
High-frequency resistance, 28 
of parallel conductors, 30 
of coaxial line, 30 
High-pass filter, 147, 157, 257, 301 
Hyperbolic functions, 355 
table of, 389 
Hyperbolic radian, 78 
H pad, 189 

Ideal transformer, 121 
Impedance, bilateral, 48 
characteristic, 57,75,85,109,157,180, 
282, 306, 329, 337 
of filter, 157, 180 
conjugate, 53 
half-wavelength, 112 
input, 96, 109 


Impedance, intrinsic, 291, 380 
iterative, 58 
linear, 48 
matched, 120 

matching, 98,182,198,210,225,230,339 
of filter, 157 

open-circuit, 41, 59, 104, 110 
output, 42 

quarter-wavelength, 112 
sending-end, 96 
series, 58, 71 

short-circuit, 41, 59, 106, 110, 113 
shunt, ^S, 71 
surge, 75 
transfer, 96 

transformation of, 189, 192, 198, 233, 
339 

transformer, 205, 210 
Inductance, 2, 135, 330 
definition of, 5 
external, 4 
high-frequency, 6 
internal, 2 
of coaxial cable, 6 
of coaxial line, 330 
of parallel wires, 5 
self-, 2, 26 

Infinite line, 57, 71, 335 
Input impedance, 96 
lossless line, 109 
open-circuit line, 96 
short-circuit line, 97 
Insertion loss, 123 
Intensity, electric field, 11 
Intrinsic impedance, 291, 380 
Iris, 342 

Iterative impedance, 58 

Kirchhoff’s law, 36, 38 
Klystron, 266 

Lattice network, 44 
Law, circuital, of magnetism, 4 
Faraday^s, 373 
Kirchhoff's, 36, 38 
line integral, 376 
Maxwell's, first, 370, 375 
second, 373, 377 
Ohm's, 36 

Leakage conductance, 32 
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Line, attenuation, 66 
cable, 81 
coaxial, 323 
constants, 135 
correctly terminated, 57 
distortionless, 82 
half-wavelei\gth, 209 
high-frequency, 108 
infinite, 57, 71, 335 
open-circuit, 91, 102, 336 
power, 135 

quarter-wavelength, 112, 205, 209 
high-frequency, 205 
short, 32 

short-circuit, 91, 105, 336 
transmission, representation of, 32 
Linear, impedance, 48 
transformation, 234 
Line integral law, 376 
Linkage, flux, 2 
Loading, 84, 86, 132 
coils, 89 
effect of, 86 

Longitudinal wave, 313 
Loop equations, 351 
Loss, insertion, 123 
reflection, 122, 123 
Low-pass filter, 146, 156 
L section, 192 

Magnetic circuit, 1 
Magnetic field, in coaxial line, 328 
in cylindrical guide, 297, 302, 319 
in rectangular guide, 247, 278 
Magnetic potential drop, 372, 375 
Magnetism, circuital law of, 4,370 
Match, reflection, 189 
Matched impedance, 120 
Matching, conjugate, 198 
graphical treatment of, 98 
impedance, circle diagram method, 225 
mathematical treatment, 210 
networks, 198 

terminating half-sections, 182 
two-stub method, 230 
Matching stubs, 210, 227, 240, 339 
circle diagram method, 228, 230 
mathematical treatment, 210 
two-stub method, 230 
Maximum power transfer theorem, 48,52 


MaxwelPs equations, 246, 270, 370 
Cartesian coordinates, in, 370 
cylindrical coordinates, in, 374 
first law, 370, 375 
second law, 373, 377 
Af-derived filter, 175 
high-pass, 179 
low-pass, 177 

Mode, designation of, 270, 297 
dominant, 270, 313 
Mode of excitation, 249 
designation of, 270, 297 
Mode of transmission, 251, 253, 254, 
270, 327 

Nep('r, 63 
Networks, 36 
four-terminal, 43 
lattice, 44 
matching, 198 
theorems of, 48 
three-t(‘rminal, 36 
transformation of, 40 

Ohm’s law, 36 

Open circuit, distance to, 115 
Open-circuit impedance, 41, 59, 96, 104 
Op('n-circuit line, 91, 102, 336, 368 
Optimum size wave guide, 311 
Output impedance, 42 

Parallel wires, capacitance of, 10 
sclf-inductanc(i of, 5 
Parameter, 1 

capacitance, 1, 10, 12, 13, 136 
conductance, 1, 32 
determination of, 129 
distributed, 71 
inductance, 1, 2, 135 
resistance, 1, 17 
Pass band, 148 
criteria of, 148 

Penetration, depth of, 29, 377 
Permeability, 3, 20 
of free space, 3, 374 
relative, 3, 374 
Permittivity, 11 
of free space, 11, 374 
relative, 11, 374 

Phase, constant, 63, 81, 83, 85, 328 
distortion, 82 
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Phas(% rotation, 87 
shift, 62, 202, 276 
volocity, 70, 277 
Phase shift, constant, 276 
in cylindrical guides, 300, 320 
in filter, 160, 187 
in rectangular guides, 276 
Phase velocity, 277 
Pinch pipe, 341 
TT section, 1, 36, 37, 41 
('quivahuit, 333 
filter, 147 

Potential differenc(‘, electric, 373 
Potential drop, magnetic, 372, 375 
Power level, 66, 291 
Power line, 135 

Poynting vector, 254, 280, 307 
Propagation, vtdocity of, 70,109,301, *’36 
Propagation constant, 57, 61,64, 70, 274, 
300, 327, 363 
Prototype filter, 148 
Proximity effect, 13, 19 

Quarter-wavekuigth line, 112, 205, 209 
as impedance transformer, 205 

Radian, hyjjerbolic, 78 
Rationalized units, 4, 332, 374 
Ratio, standing wav(‘, 239 
Reactance theorem, 108 
R(*active T section, 198 
Reciprocity theorem, 48, 51, 335 
R(‘ctangular wave guide, see Wave guide 
Reflected wave, 93, 104, 106, 368 
Reflection, 58, 120, 364 
factor, 122, 211 
gain, 122 
loss, 122, 123 
match, 189 
Rejection filter, 169 
Relative permeability, 3, 374 
permittivity, 11, 374 
Rc'peater, 67 
Resistance, 17 
effect in filters, 168 
effective series, 26 
high-frequency, 28 
of parallel conductors, 30 
of coaxial lines, 30 

Resistance, temperature coefficient of, 18 


Resistance, temperature variation of, 18 
Resistivity, 17 

Resonant chambers, 267, 341 
Rotation, phase, 87 

Section, balanced, 100 
L, 192 

TT, 1, 36, 37, 41 
T, 1, 36, 37, 41, 198 
Self-inductanc(‘, 2 
external, 4 
internal. 2, 26 
of coaxj.d cable, 6 
high-frequency, 6 
of conductor, 3 
of p.iiallel win‘s, 5 
high-fr(‘(iu(*ncy, 6 
Sending-('nd impc'dance, 06 
S(u-ies imp(‘danc(», 58 71 
Short-ciicuit impedance, 41, 59, 97, 106, 
113 

Short-circuit lim^, 91, 105, 336, 368 
Short line', 32 

Shunt conductance, 31, 135 
Shunt impi'dance, 58, 71 
Skin (‘ff('ct, 19 
Smith chait, 230 
Specific conductance, 372 
Standing wave, 93, 104, 106, 220 
ratio, 239 
St(>p band, 148 
criteria, 148 

Stub, matching, 210, 227, 240, 339 
circle diagram midhod, 228, 230 
graphical treatment, 228 
length, 216, 220 
mathematical treatment, 210 
point, location of, 213, 220 
two-stub method, 230 
Supt'rposition theorem, 48, 49 
Surge impedance, 75 

Temperature coefficient of resistance, 18 
Terminating hiilf-sections, 182 
Theorem, compensation, 48, 52 
maximum power transfer, 48, 52 
network, 36, 48 
reactance, 198 
reciprocity, 48, 51, 335 
superposition, 48, 49 
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Theorem, Th6venin*s, 48, 334 
Th^venin^s theorem, 48, 334 
Three-terminal network, 36 
Transfer impedance, 96 
Transfer section, 341, 343 
Transformation, conformal, 233, 237 
impedance, 189, 192, 198, 233, 339 
linear, 234 
T and v sections, 36 
Transformer, ideal, 121 
impedance, 205, 210 
Translation field, 237 
Transmission, coaxial cable, 84 
distortionless, 82 

in wave guides, see Mode of trans¬ 
mission 

mode of, 253, 270, 327 
Transmission line, calculator, 233 
representation of, 32 
Transverse, electric, 251, 270 
magnetic, 253, 270 
Traveling detector, 266, 342 
T section, 1, 36, 37, 41, 198 
equivalent, 128, 333 
filter, 147 
reactive, 198 
Tube sizes, 257, 259 


UHF transmission, 246 
Units, rationalized, 4, 332, 374 
unrationalized, 21 
Unrationalized units, 21 

Vector, Poynting, 254, 307 
Velocity, 79, 328 
group, 287 
phase, 277 

Vdocity in wave guide, 275, 277 
of light, 80, 86 

of propagation, 79, 109, 301, 336 
phase, 79, 277 

Wave, direct, 93, 104, 106, 368 
dominant, 270, 313 
reflected, 93, 104, 106, 368 
standing, 93, 104, 106, 220 
Wave guide, 246, 251, 270 
cylindrical, 252, 295 


Wave guide, cylindrical, attenuation of, 
258, 261, 262, 307, 309, 310 
characteristic impedance, 306, 321 
comparison with coaxial cable, 312 
comparison, TEi.i and TMo.i, 321 
components, field, 302 
configuration, 303 
cut-off frequency, 259, 300, 320 
designation of modes in, 253, 297 
dominant wave, 313 
electric field in, 256, 297, 302, 305, 
319 

excitation of modes, 264, 265 
field components, 302 
longitudinal wave, 313 
magnetic field in, 256, 297, 302, 319 
modes of operation, 253 
optimum size, 260, 311 
phase shift constant, 301, 309, 310, 
319, 320 
power loss, 309 
power transmitted, 307 
propagation constant, 300, 309, 
319 

TEo.i, 258, 259, 313 
TEm, 253, 256, 258, 313, 321 
TEi.2, 258, 259 

TMo.i, 253, 256, 295,305, 309, 313, 
321 

TMm, 258, 259 
TMj,!, 258, 259 
transmission in, 262, 295, 301 
velocity in, 301, 321 
wavelength in, 267, 301, 321 
propagation, through, 247 
properties of, 340 
rectangular, 248, 270 
attenuation, 260, 288, 293 
characteristic impedance, 282 
configuration, 253 
cut-off frequency, 257, 275 
designation of modes, 251, 270 
dominant mode in, 270, 313 
electric field in, 247, 254, 279 
intrinsic impedance, 291 
magnetic field in, 247, 254, 278, 281 
modes of excitation, 249, 264, 265 
modes of transmission, 270 
phase shift constant, 276, 277 
power loss, 290 
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Wave guide, rectangular, power trans¬ 
mitted, 290 

propagation constant, 274, 275 
TEo.i, 249, 254, 257, 258, 259, 270 
TEo.2, 249, 255 
TEo.8, 249 

transmission in, 247, 263, 274 
velocity in, 275, 277, 288 


Wave guide, rectangular, wavelength in, 
275, 267, 277 
Wavelength, 79 
constant, 63, 81 
cut-ofT, 257 

in wave guide, 277, 301 
Wavemeter, 267 
Wire table, 388 





